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В работе рассматриваются стационарные пространственные уравнения идеальной 

пластичности с условием текучести Мизеса. Материал предполагается несжимаемым. Подробно 

изучен случай, когда все три компоненты вектора скорости и гидростатическое давление зависят 

только от двух координат x, y. Для этого случая введено новое название – пространственная 

двумерная система уравнений, чтобы отличить ее от общепринятых двумерных систем уравнений, 

когда от нуля отличны только две компоненты вектора скорости и гидростатическое давление. 

Доказано, что система допускает, в смысле С. Ли, алгебру Ли размерности 10. Показано, что 

пространственное двумерное деформированное состояние – это есть суперпозиция плоского 

напряженного состояния и пластического кручения вокруг оси z. Построены два инвариантных 

решения уравнений, описывающих пространственное двумерное деформированное состояние. 

Первое решения можно использовать для описания пластических течений между двумя жесткими 

плитами, которые сближаются с разными скоростями. Второе решение служит для описания 

напряженно-деформированного состояния материала внутри плоского канала, образованного 

сходящимися плитами. 

 

Ключевые слова: пространственные решения уравнений идеальной пластичности, точечные 

симметрии, инвариантные решения. 
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In this paper, we consider stationary 3-dimensional equations of ideal plasticity with the Mises flow 

condition. The material is assumed to be incompressible. The case when all three components of the veloci-

ty vector and hydrostatic pressure depend only on two coordinates x, y is studied in detail. For this case, a 

new name is introduced – 3-dimensional solutions from two variables, to distinguish it from the generally 

accepted two-dimensional state, when only two components of the velocity vector and hydrostatic pressure 

differ from zero. It is proved that the system admits, in the sense of S. Lie, a Lie algebra of dimension 10. It 

is shown that all 3-dimensional solutions from two variables is a superposition of the plane stress state and 
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plastic torsion around the z-axis. Two invariant solutions of the equations describing the 3-dimensional 

deformed state are constructed. The first solution can be used to describe plastic flows between two rigid 

plates that approach at different speeds. The second solution is used to describe the stress-strain state of 

the material inside a flat channel formed by converging plates. 

 

Keywords: 3-dimensional solutions of ideal plasticity equations, point symmetries, invariant solutions. 

 

Introduction 

The notion of “3-dimensional solutions from two variables” has been added to the title of the arti-

cle. Mechanics know the plane deformed state – this is the case when in a two-dimensional Cartesian 

coordinate system two components of the strain rate vector and the hydrostatic pressure depend 

on , .x y  
The plane stress state is also known – this is when the components of the stress tensor 

, ,z xz yz  
 
are equal to zero, and the components , ,x y xy    do not depend on .z  

In our case, all components of the stress tensor do not depend on ,z  just such a case we called the 

spatial two-dimensional state. 

The system of 3-dimensional equations of plasticity in the Cartesian coordinate system 1 ,x x
 

2 ,x y
 3x z  in the stationary case has the form  

             
  2, / 2, 0, 2 , , 1,2,3j ij i ij i j i i i j ij ij ss p s u u u s s k i j              (1) 

Here ,ij ijs
 
are components of the tensor and deviator of the stress tensor; 1 ,u u

 2 ,u v
 3u w

 

– components of the strain rate vector;   – non-negative function; sk
 
– constant plasticity; p – the 

hydrostatic pressure, summation is carried out over repeated indices. 

Eliminating the stress tensor deviator components from the system of equations (1), we obtain the 

following nonlinear system of equations 

           

2 2 2

3

2 2
,  , 0.

2
i jj i ij mn mj n ij ij i i

k k
p u e e u e e A u

A A
         (2) 

It is known that the system of equations (2) is of elliptic type. Let us describe the known solutions 

of this system. 

The solutions of this system were constructed by R. Hill in 1948 [1], W. Prager in 1954 [2], D. D. 

Ivlev in 1960 [3; 4], MA Zadoyan in 1964 [5–8], as well as by the authors of this article [9–13]. We 

also note a number of exact solutions constructed by B. D. Annin [14] for the plasticity equations in 

the spatial case with the Tresk yield condition. 

 

Symmetries of system (2) 

The group of point symmetries of the system of equations (2) is generated by the following opera-

tors 

   
,

ii xX  
 

,
ii uY  

 
,

ii xN x 
 

,
ii uM u 

 
1,2,3.i   

   3 21 2 3 ,u uT x x   
 1 32 3 1 ,u uT x x   

 2 13 1 2 ,u uT x x     

   3 21 2 3x xZ x x   
3 22 3 ,u uu u   

 1 32 3 1x xZ x x   
1 33 1 ,u uu u     

   2 13 1 2x xZ x x   
2 11 2 , .u u pu u S       

(3) 

The operators , , ,i iX Y N M
 
correspond to the following continuous transformations 
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' ,i i ix x a 
 

' ,i i iu u b 
 

' exp ,i ix x a
 

' exp ,i iu u b
 

1,2,3.i   

These are translations along the coordinates and components of the strain rate vector, as well as 

tension. 

Transformations iT  show that the system of equations (2) does not change under rigid displace-

ments 

2 2 1 3' ,u u с x 
 3 3 1 2' ,u u с x 

 1 1 2 3' ,u u с x 
  

3 3 2 1' ,u u с x 
 2 2 3 1' ,u u с x 

 1 1 3 2' .u u с x 
 

 

The groups generated by the operators Zi, are rotations around the coordinate axes 

2 2 1' cosx x   3 1sin ,x 
 3 2 1' sinx x    3 1cos ,x 

 

3 3 2' cosx x   1 2sin ,x 
 1 3 2' sinx x    1 2cos ,x 

 

1 1 3' cosx x   2 3sin ,x 
 2 1 3' sinx x    2 3cos .x 

 
The last transformation describes the invariance of the hydrostatic pressure with respect to dis-

placements 

.p p d  
 

In all these formulas ai, bi, ci, i, d are group parameters. It is usually assumed that they vary con-

tinuously in a neighbourhood of zero. 

The investigations carried out have shown that all the solutions constructed by R. Hill, V. Prager, D. 

D. Ivlev, and M. A. Zadoyan are invariant solutions with respect to some one-dimensional subgroups of 

point transformations generated by operators (3). The invariance here means that the solutions do not 

change under some transformations generated by the symmetry group (3). Thus, R. Hill's solution is in-

variant under the subalgebra generated by the operator 0 1 1 12C S X Y T    , D. D. Ivlev's solution is 

invariant under the subalgebra 0 1 12C S X Y   , Prager's solution is invariant under the subalgebra 

1 1 2aS X T T    , Zadoyan's solution is invariant under the same subalgebra. What does this fact 

mean? It says that in fact all these solutions are "two-dimensional", that is, in a suitable coordinate sys-

tem they can be written as functions of only two independent variables. The same can be said about the 

solutions constructed by the authors of this work. Then the question arises: what is to be understood by a 

3-dimensional solution? Based on the solutions presented here, the answer is as follows: 3-dimensional 

solutions are solutions that have three components of the velocity vector, pressure, which actually de-

pend on two variables in a suitable coordinate system. These solutions are invariant solutions of rank 2. 

In this case, the problem of finding 3-dimensional solutions can be formally stated as follows: construc-

tion of new invariant solutions of rank 2 for 3-dimensional equations of ideal plasticity. The form of such 

solutions can be easily enumerated if we enumerate all the different, up to inner automorphisms, one-

dimensional subalgebras of the algebra (3).  

There are several subalgebras on which invariant rank 2 solutions can be constructed. Let's list 

them. 

          

3 1 1 1

1 1 1

1 1

1 1 1 1 1 1 1

1 1 1 1 2 2 3

1 1 1 1

, , , ,

, ,

,

, , ,

, ,

.

X S X Z S M N S N Y S

Z N Y S Z N M S

X Z M S

X Y T S X Z T S M N T S

Z Y T S X X T T S

X Z Y T S

           

         

    

            

          

     

 (4) 
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Here , ,  are arbitrary constants, different values of these constants correspond to dissimilar 

subalgebras. 

In this paper, we consider only solutions invariant with respect to the subalgebra 3 .X S   

Note. Other solutions based on subalgebras (4), as well as the form of all invariant solutions that 

can be constructed for the system of equations (1), can be found in [11]. 

Solutions invariant with respect to this subalgebra should be sought in the form 

            ( , ),  ( , ),  ( , ),  ( , ) .u u x y v v x y w w x y p p x y z       
(5) 

Substituting relations (5) into the system of equations (1), we obtain 

           
0,x x y xy     

 
0,x xy y y     

 
,x xz y yz      
 

0,x yu v   
 

           
2( )x y 

2( )x z   2 2 2 2 2( ) 6( ) 6 ,y z xy xz yz sk           

           
,x xp u   
 

,y yp v   
 

0,z p  
 
2 ( ),xy x yv u     

 

           
2 ,xz xw  

 
2 .yz yw  

 

(6) 

We make the change of variables in (6) by the following formulas  

( 3cos sin cos2 ),x k    
 

( 3cos sin cos2 ),y k    
 

sin sin 2 .xy k     (7) 

Here ,  0 1sk k    
 
is some constant. 

Substituting these relations into (6), we obtain 

 

         
( cos 3sin cos2 ) x      3sin sin2 y    2sin 0,y    

         
(cos 3sin cos2 ) y     3sin sin 2 x    2sin 0,x     

         
,x xz y yz      
 

0,x yu v   
 

2 2 2 2 2 ,xz yz sk k K       

         
,x xp u   
 

,y yp v   
 

0,z p  
 
2 ( ),xy x yv u     

 

         
2 ,xz xw  

 
2 .yz yw    

(8) 

From (8) we see that the original system split into two subsystems: the first two equations essential-

ly coincide with the equations describing the plane stress state 

         
( cos 3sin cos2 ) x      3sin sin2 y    2sin 0,y    

         
(cos 3sin cos2 ) y     3sin sin 2 x    2sin 0,x     

(9) 

and equations reminiscent of the equations describing the plastic torsion of a rod, at 0   and differ-

ent yield point  

         
,x xz y yz      
 

2 2 2 2 2.xz yz sk k K       (10) 

Solving equations (9) and (10), it is possible to find the components of the stress tensor, while 

1/ 2( ).z x yp      The only problem is to determine the constant .k  

To determine the components of the velocity vector, we obtain the following equations 
 

2

x

x y

u


   2

y

y x

v


 
,

6

x y

xy

v v  


  

2 2
( )x

x

x y

w

w w


 


2 2

( ) .
y

y

x y

w

w w


  


 

 

Note that the last equation for   0 has not yet been sufficiently studied, it has not even been in-

cluded in the handbook [15]. 
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As a result, it turned out that the solution of the system of equations (6) is actually a superposition 

of the plane stress state and plastic torsion around the z axis. 

Let us give some other solutions of equations (6). For this, we find the group of point symmetries 

of the system of equations (6). 

This group is generated by the operators 

         1 ,xX  
 2 ,yX  

 
,

ii uY  
 xN x  ,yy 

 
,

ii uM u 
 

1,2,3.i   

         2 11 2 ,u uT x x   
 2 13 1 2x xZ x x   

2 11 2 , .u u pu u S       
(11) 

We are looking for a solution that is invariant under the subalgebra generated by the operators
 

1 1 3 .X T Y Y S       

The solution should be sought in the form  

          
2( ), / 2 ( ),  ( ),  ( ).u x xy U y v x V y w x W y p x P y            (12) 

From the incompressibility equation we obtain 

2 2
1/ 2( ) .v x y y C      

Substituting (12) into (6) and we obtain the system of ordinary differential equations 

          
( ') ,

d
U

dy
    2 2 2 2 2 2( ') 0, 6 2(1 ) 6(( ') ( ') ).s

d
W k y U W

dy

         (13) 

From (13) we have 

2 3' ,  ' .U y C W C       

Here 1 2 3,  ,  C C C  – arbitrary constants. 

We obtain 

2 3'/ ' ( ) / ,U W y C C  
 

2 2 2 2 2 2
4 3 4 2 36 2(1 ) 6( (1 ( ) )( ') ),  / ,   / .sk y C y W C C C C             

The system of equations (13) can be reduced to quadratures, which are expressed through elliptic 

integrals.  

The constructed solution can be used to describe the plastic flow of a layer compressed by rigid 

plates orthogonal to the oz axis. 

Let us write system (6) in a cylindrical coordinate system , , .r z  

      
1 ( ) / 0,r r r rr r

          
 

1 2 / 0,r r rr r
          

  

      
1 / 0,r rz z rzr r

       
 

,r rp u   
 

( / / ),p u r v r      
 

0,z p  
  

      
2 ( / ( / )),r ru r r v r      

 
12 ,z r w

    
 
2 ,zr r w  

  

      
2( )r  

2( )r z   2 2 2 2 2( ) 6( ) 6 ,z r z rz sk         
 ru / / 0.u r v r     

(14)
 

We are looking for an invariant solution on a subalgebra 3 ,Z M  it has the form 

                
( ),u U 

 
( ),v V 

 
( ),  ( ) ln .w W p P r      (15) 

Substituting (15) into (14), we obtain the system of ordinary differential equations 

                
( ) ,r rd      

 
2 0,rd     

 
0,r rzd    

 
0,r p  

  

                
( / '/ ),p U r V r    

 
0,z p  

 
2 ( '/ ( / )),r rU r r V r    

  

                
12 ',z r W

  
 
2 / ,zr r  

  

                
2( )r   2( )r z   2 2 2 2 2( ) 6( ) 6 ,z r z rz sk         

   

                
' 0.U V   

(16)
 

Here the prime means the derivative with respect to . 
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From this we obtain the system of ordinary differential equations 

           
2 2 2 2( ( ' )) ' , ( ' ) , ( ') ' 0, 6 ( ' ) ( ') 1.sU V U V P W k U V W              

(17

) 

System (17) is solved completely similarly to system (13).  

The found solution can be used to describe plastic flow in a converging flat channel with rigid and 

rough walls.  

Other solutions of system of equations (1) can be found in [11]. 

 

Conclusion 

In this work, a class of equations has been studied, which is called the equations describing the 3-

dimensional deformed state. For these equations, a group of point symmetries is found, admitted by 

them in the sense of Lie. It is shown that a two-dimensional stress state is a superposition of a plane 

stress state and torsion around the z axis. Several invariant solutions of these equations are construct-

ed. 

 

Библиографические ссылки 

 

1. Хилл Р. Математическая теория пластичности. М. : ГИТТЛ, 1956. 408 с. 

2. Прагер В. Трехмерное пластическое течение при однородном напряженном состоянии. 

Механика // Сб. переводов и обзоров иностр. лит-ры. 1958. № 3. С. 23–27. 

3. Предельное состояние деформируемых тел и горных пород / Д. Д. Ивлев, Л. А. 

Максимова, Р. И. Непершин и др. М. : Физматлит, 2008. 832 с. 

4. Ивлев Д. Д. Теория идеальной пластичности. М. : Наука, 1966. 232 с. 

5. Ольшак В., Мруз З., Пежина П. Современное состояние теории пластичности. М. : Мир, 

1964. 243 с. 

6. Задоян М. А. Частное решение уравнений идеальной пластичности // Докл. АН СССР 

СССР. 1964. Т. 156, № 1. С. 38–39. 

7. Задоян М. А. Частное решение уравнений идеальной пластичности в цилиндрических 

координатах // Докл. АН СССР СССР. 1964. Т. 157. № 1. С. 73–75. 

8. Задоян М. А. Пространственные задачи теории пластичности. М. : Наука, 1992. 382 с. 

9. Сенашов С. И., Савостьянова И. Л. Новые трехмерные пластические течения, 

соответствующие однородному напряженному состоянию // Сиб. журн. индуст. матем. 2019. Т. 

22, № 3. С. 114–117. 

10. Сенашов С. И. Пластические течения среды Мизеса со спирально-винтовой симметрией 

// Прикладная матем. и механика. 2004. Т. 68, № 1. С. 150–154. 

11. Аннин Б. Д., Бытев В. О., Сенашов С. И. Групповые свойства уравнений упругости и 

пластичности. Новосибирск : Наука, 1983. 140 с. 

12. Сенашов С. И. Решение уравнений пластичности в случае спирально-винтовой 

симметрии // Докл. АН СССР, 1991. Т. 317, № 1. С. 57–59. 

13. Сенашов С. И. Решение уравнений пластичности в случае спирально-винтовой 

симметрии // Известия РАН. Механика твердого тела. 1991. № 5. С. 167–171. 

14. Аннин Б. Д. Новые точные решения пространственных уравнений пластичности Треска 

// Доклады Академии наук. 2007. Т. 415. № 4. С. 482–485. 

15. Polyanin A. D., Zaitsev V. F. Handbook of nonlinear partial differential equations. 2nd edition, 

2012, Taylor&Francis Group. 1875 p. 

 



 
 
 

Siberian Aerospace Journal. Vol. 22, No. 3 

 

 458 

References 

 

1. Hill R. Matematicheskaya teoriya plastichnosti [Mathematical theory of plasticity]. Moscow, 

GITTL Publ., 1956, 408 р. 

2. Prager V. [Three-dimensional plastic flow at a homogeneous stress state]. Mechanics. Collection 

of translations and reviews of foreign languages. literatures. 1958, No. 3, P. 23–27 (In Russ.). 

3. Ivlev D. D., Maksimova L. A., Nepershin R. I. Predelnoe sostoyanie deformirovannykh tel i 

gornykh porod [The ultimate state of deformed bodies and rocks] Moscow, Fizmatlit Publ., 2008, 832 p. 

4. Ivlev D. D. Teoriya ideal'noj plastichnosti [Theory of ideal plasticity]. Moscow, Nauka Publ., 

1966, 232 р. 

5. Olshak V., Mruz Z., Pezhina P. Sovremennoe sostoyanie teorii plastichnosti [The current state of 

the theory of plasticity]. Moscow, Mir Publ., 1964, 243 р. 

6. Zadoyan M. A. [Partial solution of equations of ideal plasticity]. Dokl. AN SSSR SSSR. 1964, 

Vol. 156, No. 1, P. 38–39 (In Russ.). 

7. Zadoyan M. A. [Partial solution of equations of ideal plasticity in cylindrical coordinates]. Dokl. 

AN SSSR SSSR. 1964, Vol. 157, No. 1, P. 73–75 (In Russ.). 

8. Zadoyan M.A. Prostranstvennye zadachi teorii plastichnosti [Spatial problems of the theory of 

plasticity] Moscow, Nauka Publ., 1992, 382 p. 

9. Senashov S. I., Savost'yanova I. L. [A new three-dimensional plastic flow, corresponding to a 

homogeneous stress state]. Sibirskiy zhurnal industrial'noy matematiki. 2019, Vol. XX11, No. 3(71), 

P. 114–117 (In Russ.). 

10. Senashov S. I. [Plastic flows of the Mises medium with spiral-helical symmetry]. Prikladnaya 

matem. i mekhanika. 2004, Vol. 68, No. 1, P. 150–154 (In Russ.). 

11. Annin B. D., Bytev V. O., Senashov S. I. Gruppovye svojstva uravnenij uprugosti i plastich-

nosti [Group properties of equations of elasticity and plasticity]. Novosibirsk, Nauka Publ., 1983, 140 

р. 

12. Senashov S. I. [Solution of plasticity equations in the case of helical-helical symmetry]. Docl. 

AN SSSR. 1991, Vol. 317, No. 1, P. 57–59 (In Russ.). 

13. Senashov S. I. [Solution of plasticity equations in the case of helical-helical symmetry]. 

Izvestiya RAN. Mekhanika tverdogo tela. 1991, No. 5, P. 167–171 (In Russ.). 

14. Annin B. D. [New exact solutions of spatial equations of Tresk plasticity]. Doklady Akademii 

nauk. 2007, Vol. 415, No. 4, P. 482–485 (In Russ.). 

15. Polyanin A. D., Zaitsev V. F. Handbook of nonlinear partial differential equations. 2nd edition, 

2012, Taylor&Francis Group. 1875 p. 
 

 Senashov S. I., Savostyanova I. L., 2021 

 

Сенашов Сергей Иванович – доктор физико-математических наук, профессор, заведующий кафедрой 

ИЭС; Сибирский государственный университет науки и технологий имени академика М. Ф. Решетнева.  

E-mail: sen@sibsau.ru.  

Савостьянова Ирина Леонидовна – кандидат педагогических наук, доцент кафедры ИЭС, Сибирский 

государственный университет науки и технологий имени академика М. Ф. Решетнева. E-mail: savostyano-

va@sibsau.ru. 

 

Senashov Sergei Ivanovich – Dr. Sc, Professor, Head of the Department of IES; Siberian State University of Sci-

ence and Technology. E-mail: sen@sibsau.ru. 

Savostyanova Irina Leonidovna – Cand. Sc., Associate Professor of the Department of IES, Siberian State Uni-

versity of Science and Technology. E-mail: savostyanova@sibsau.ru. 


