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The plane problem for elasticity equations is well studied. It can be explained by its importance for applications and
by the fact that the equations can be reduced to the Cauchy-Riemann system. In spite of this importance, exact solutions
that would describe the stress-strain state of bodies of finite dimensions are not numerous. Conservation laws for
differential equations have been appeared more than a hundred years ago, but, as a rule, they were not used to solve
specific problems, but were of purely academic interest. The situation changed with the development of the technique of
construction of conservation laws for arbitrary systems of differential equations, and then with the use of conservation
laws to solve boundary value problems of the theory of plasticity and elastic-plasticity. In this article, new conservation
laws are constructed for the equations of the plane theory of elasticity in the stationary case. These laws form an infi-
nite series, which is closely related to the elasticity equations solving. This fact made possible to reduce solving of
boundary value problems, in terms of displacements, to the calculation of contour integrals along the boundary of a
domain bounded by the studying elastic body. As it follows from the proposed technique, the studied area can be
multiply connected, and the considered boundary can be piecewise-smooth.
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IInockas 3a0aya 0na ypasnenuil ynpy2ocmu 00CMamo4Ho Xopoulo usyueHda. Imo 00wbACHAEMCA ee 8aAHCHOCbIO Ois
NPUNONCEHUT U meM, YMo ypasHenust ceooamcs Kk cucmeme Kowwu — Pumana. Hecmomps na smo, mounvix peuienuil,
Komopvle Onucbléaiu Obl HANPINCEHHO-0eBOPMUPOBAHHOE COCMOsHUE Mel KOHEUHbIX pPAZMEepo8, He MAaK MHO20.
3axonvl coxpanenust a5 OupepenyuanbHblx ypasHeHull NoSGUIUCs Oojlee cma jem Ha3ao, HO, KaK Npasuio, OHU He
UCNONB308ANUCH OJIsL PEUeHUs. KOHKPEMHUbIX 3a0ad, a NPeoCmasisaiu «4ucmo akademudeckuily unmepec. Cumyayus
UBMEHUNACH C PA36UMUEM MEXHUKU NOCMPOEHUsL 3AKOHO08 COXPAHEHUN O/ NPOU3BOIbHLIX CUCmeM OuhepeHyuaibHbLx
VPasHeHull, a 3amem — ¢ UCNOTIb308AHUEM 3AKOHO8 COXPAHEHUs OISl peueHUsl Kpaesblx 3a0ay meopuu niacmudHOCmu
u ynpyeo-niacmuyHocmu. B smotl cmambe nocmpoenvl Hogble 3aKOHbl COXPAHEHUsl OJisl YPAGHEHUL NIOCKOU Meopuu
VAPY2OCmU 6 CMAYUOHAPHOM Cyyae. Dmu 3aKOHbL 00pazyion 6ECKOHEUHYI0 cepulo, KOmopask MeCHO C653aHA C peule-
HUSIMU ypasHenutl ynpyzocmu. Mmenno smom (haxm no3eonun ceecmu peuieHue Kpaesblx 3a0a4 6 mepmMuHax nepeme-
WeHUll K GbIMUCTICHUIO KOHMYPHBIX UHMEZPAN08 NO 2panuye 0061aCmu, OZPAHUYEHHOU U3YYAeMbIM YNPYeUM MENOM.
M3 dannoii memoouxu ciedyem, 4mo 061acmsb MOXHcem ObiMb MHO20CEA3HOU, A 2PAHUYA — KYCOYHO-2TIAOKOU.

Kniouegvie cnosa: sakonvl coxpanenusl, kpaesas 3a0a4da, ypagHeHust ynpy2ocmu.
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Introduction. Usually, the equations of two-
dimensional static elasticity are solved using the complex
variable theory methods. These methods were developed
by G. V. Kolosov and N. I. Muskhelishvili. The use of
complex variable theory methods for solving elasticity
problems requires a good knowledge of the complex vari-
able theory technique and, as a rule, is used for areas fac-
eted with smooth contours [1; 2]. This article proposes a
method for solving the same problems using conservation
laws. Apparently, for the first-time conservation laws for
elasticity equations were calculated in [3; 4]. These calcu-
lations were based on the theorem of E. Noether. The
found laws did not find any practical application and were
of purely academic interest [5]. In [6—10] it is shown that
conservation laws can be successfully used in solving
boundary value problems of the theory of plasticity and
elastic-plasticity. G.P. Cherepanov [11; 12] noticed that
the complex variable theory methods used in solving
plane problems actually go back to conservation laws. In
the presented work, an endless series of new conservation
laws was found. These conservation laws made it possible
to obtain formulas with the help of which one can effec-
tively reduce the boundary value problems to quadratures.
The latter are curvilinear integrals over a closed contour
and can be easily solved numerically for given boundary
conditions in displacements.

1. Formulation of the problem. Consider the
equations of two-dimensional elasticity in the stationary
case

F=0+2wu, +(A+pv,, +pu, =0,

Fy= (et 20w, + (b iy, + v, =0, (1)

where A, p are constants called Lamé parameters, u, v are
components of the deformation vector, the indices below
indicate the derivatives with respect to the corresponding
components.

Let us find conservation laws of a special form for (1).
The conservation law for the system of equations (1) is an
expression of the form

A%, 2, u, V) + B, (%, you, V) =0 F+ 07 Fy, (2)

where ®; some functions of x, y, which are simultane-
ously not identically equal to zero. The magnitudes 4, B
will be called the components of the conserved current.
We are looking for the components of the conserved cur-
rent in the form:

A=ao' (A + 2w, + Bluy +y1uvx + 81vy,
B= oc2u)C + Bzuy +y2vx + 82vy, 3)

where 7', 8" are some functions depended on x, y only.

Substitute expressions (3) into (2). As a result, one can
obtain a polynomial of the first degree in the variables

Ups Uyyy Uy, Uy Uy Viy V), Vi, Vo, V. Equating the
coefficients at the derivatives in this polynomial to zero

and taking into account that o', p’,y’, 8 are functions

only from x, y, one can get after exclusion o,i=12
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B? =pa',

8 =(A+2u)y,

O+ 20 +a; =0,y +7; =0,
B, +PB; =0, 8, +8 =0.

o’ =B+ +pyy',

v ==8'+(L+p)a’,
4

This implies:
O+ 20, =B, + (A +pyy), =0,

1 sl 1 ©)
Wy, =6, +(A+poa, =

Bl +pol, =0, (A+2u)y, +8, =0. (6)

Substituting (6) into (5) one can obtain

(L +2wol, + (A + )yl +pal, =0, -
(ot 20)7 3, + ()0t + iy, =0,

It is obvious that (7), up to notation, coincides with
system (1). Therefore, o', y' is an arbitrary smooth solu-
tion to the system of equations (1). From (3) taking into
account (4), one obtains the conserved current

A=a'(L+ 2p)(u, +v,)+ ylp.(vx —-u,),
! ®
B=1 (h+20)(u, +v,) +o'u(v, —u,),
where o', y' is arbitrary solution of the system of equa-
tions (1).
2. Construction of solutions to the boundary value
problem. It is known that

MZGI —4(11 )(XGI +yG2 +G0)x =
-V

= G'—o(xG' +yG* +G°),, 9)
v=G" - o(xG'+yG* +G"),,

is the solution to the system of equations (1). Here G’ are
arbitrary harmonic functions, v is Poisson's ratio, which
can be expressed through the Lamé parameters.

From (9) one gets

u,+v, =(G,+G)(1-0/2),
' (10)
—U, +V, :—G;, +G2.
Let x,, y, be an arbitrary point of a domain €2 with
Let us

Glzln((x—x0)2+(y—y0)) Inr?, G*=0. Then one

a  smooth  boundary T. assume

obtains

v, =270y gy =222
’ r r
From (2), by Green's formula, follows
H(A + B, )dxdy = 36 Ady + Bdx =
(j) ( K+2u u, +vy)+yu(vx—uy))dy+ (12)

I
+(y1 k+2p U, +v >+oc u(v —u ))dx 0.
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Now let the contour I'; consist of two contours: I' and
a circle of radius ¢: (x—xo)2 +(y —yo)2 =g,

Assuming in (12) instead of I" the contour I'l and tak-
ing into account relation (11), one can obtain

Y=
gS ( o0 2 jdy—i—

I

((mzp) p 0)+0L},L(v —u )]dx= (13)

:cﬁ + 4) =0.

2_2
I (x= Xo) +(y=y9)"=¢

Let's represent the equation of a circle in parametric
form:

X—X,=€Cc0osQ, y—y,=¢esin@, 0<p<2m.

Then the last of the integrals in formula (13) will be
written as follows:

(x=x0) +(y-yp)* =¢?

2n

- I—(ql(x+2u)2m005(p_yluzsin(p)cosq)d(er (14)
0

+ (yl (A +2w)2coso+ a'p2sin q))sin odo =

=2na' (x, 3, ) (- (A +2p) .

In formula (14), the mean value theorem was used.
Finally, from (13) one obtains

-1
2n(p—(k+2u)(x)([£}_
—[(11(7\.+2M)2(0( J Zyu[y yoDdy+
r? r (15)

o) ol

=a' (X, ¥p)-

now in

Assuming equations

(10)
G =In((x=x,)" +(y =) )—lnr G'=0. In this
case, similar reasoning and calculations give a formula
for "/l(xod’o)

One obtains

-1
_— X
2n(u+ (A +2p)®
x(j.)( 7»+2p Zm(y y0j+2yu( de+
T r r’ (16)
+(y A+2p) 20) S y°j+2au[ _xoj]dxz
r r
:Yl(xoayo)'

Formulas (15), (16) make it possible to calculate
a',y' at any point (x9,¥) in the area if the values of
these functions are known on the boundary of I'. And

since o', y' are a solution to equations (1), one can ob-

tain a method for constructing solutions to system (1)
according to their boundary conditions. Namely, let
the following boundary value problem be set: there is an
area () with a boundary I'. On T', the components of the
displacement vector are given

ulp=uy(x,), vIp=vy(x,»). (17)
Then, based on formulas (15), (16), the solution to

problem (17) for the system of equations (1) can be writ-
ten in the form

——135_
2n(u - (A +2p)o 5.

—(uo(k+2p)2w( j 2v0p(yry°Ddy+
+(v0(x+2u)2m( j 2u0u(yry0j]dx_

=Uy (xo’ J’o)-
-1
—X
2n(u+ (A +2p)®

x (j}(uo (0 + 2@&»(%} Zvou(x

r

-X,
> j}dy+
"‘(Vo (h+ 2u)20)(y ;2)’0 j + 2u0u(x —2x0 jjdx =
=% (xo, J’O)-

Conclusion. In the article, conservation laws that de-
pend on derivatives of the first order and linear on them
are found. It is shown that two coefficients at the deriva-
tives are solutions of the elasticity equations in the plane
case. This made it possible to reduce the solution of
boundary value problems in displacements to the calcula-
tion of contour integrals along the boundary of the area.
The proposed technique can be easily generalized to mul-
tiply — connected domains [13-15], as well as to the
three-dimensional case.

(18)

(19)
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