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Paccmampusaemces 3adaua pacnpedenenus 3a0aHHO20 YUCAA KOCMUHECKUX ANNAPAMO8 NO HEKOMOPOMY
CIMPYKMypUposanHomy MHodicecmey opéum, cocmosuemy us N= p< opbum. Pewenue dannoii 3adauu

0aHO Npu YCAO8UU, YMO MHOICECBO BO3MONCHLIX OpOUM 015 KOCMUHECKUX annapamos coenaoaem ¢
KOAUYECBOM KOCMUYECKUX annapamos. [JononHumenvHo npeonoideaemcs, 4mo OAHHOE MHONCECEO
pasoumo Ha HenepecekarOwuecs NOOMHONCECMEA OpOUm, npuyeMm KOAUYECEO OpoOum 6 YKA3AHHBIX
NOOMHONCECBAX 0OUHAK0B0. B paccmampueaemotl cumyayuu OHO PABHO HEKOMOPOMY NPOCMOMY YUCTY P.
B nacmoswee epema ucnonwb3yemcs HecKoabko opoum 071 pazmeujerus Ha HUX CHYmMHUKO8 8 3a8UCUMOCU
om pewaemvlx umu 3a0ay. I'eocmayuornapuas opouma ucnoavzyemces 0 npsamo2o meneseujanus. Huzxue
CNYMHUKOBbIE OpOUMbBL UCTIOBL3VIOMCS 0N C8A3U MedcOy cnymuuxosvimu menegonamu. Ceou opoumuvl
cywecmayrom 011 cnymuukog cucmem Hasueayuu GPS, Navstar, TJIOHACC, 6oeHHbIX CHYyMHUKOS,
CNYMHUKO8 OJisL PA3TUYHBIX HAYYHBIX UCCAeO08aHUl. Ecmecmeenno, umo 6 3mux yCl08usX 603HUKAeM
3a0aya CMPYKmMypupo8aHusi MHOJNCeCmea opoum npu HEKOMOPbIX OSPAHUYEHUSX HA HAX0NCOeHue
KOCMUYECK020 annapama Ha 3a0aHHbIX OpOumax 6 3Aas8UCUMOCTU OM HA3HAYEHUs KOCMUYECKO20
annapama. Paccmompen 60npoc CloNCHOCMU 8bIHUCTICHUS. KOIUYECMEa opoOum npu OAHHbIX 02PAHUYEHUSIX.
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Part 1. Informatics, computer technology and management

The problem of distribution of a given number of spacecrafts over a certain structured set of orbits
consisting of n= p* orbits is considered. The solution to this problem is given under the condition that the
set of possible orbits for spacecraft coincides with the number of spacecrafts. In addition, it is assumed that
the given set is divided into disjoint subsets of orbits, and the number of orbits in the indicated subset is the
same. In the situation under consideration, it is equal to some prime number p. Currently, several orbits
are used to place satellites on them, depending on the tasks they solve. Geostationary orbit is used for live
TV broadcasting. Low satellite orbits are used for communication between satellite phones. Their own
orbits exist for satellites of navigation systems GPS, Navstar, GLONASS, military satellites, satellites for
various scientific research. Naturally, under these conditions, the problem of structuring a set of orbits
with some restrictions on the location of the spacecraft in given orbits, depending on the purpose of the
spacecraft arises. The problem of the complexity of calculating the number of orbits under these
constraints is considered.

Keywords: satellite, orbit, substitution.

Introduction

The studies which begun in [1] and were devoted to solving the problem of choosing the most
favorable orbits for spacecraft of one class or another, as well as the problem of distributing a given
number of satellites over a given set of orbits with existing prohibitions on satellite detection in some
orbits, are continued. The article provides a solution to this problem under the following conditions:
the number of satellites n coincides with the number of possible orbits where satellites can be located,;
each satellite is forbidden to be in exactly one orbit; two satellites cannot be in the same orbit; the

number of orbits is broken into non-overlapping blocks of a certain configuration (n= p*). A formula

is given that allows to calculate the number of possible combinations for the satellites distributions
over such orbits.

Problem statement, definitions, labeling
Mathematical model of the problem. By permutation we mean a one-to-one mapping written in the
form of a table of dimensions2xn:
2 ....n
g =[. . . J (1)
R PR

A permutation is called regular if k #i,, i.e.
W=l i, #2,..., 0, #n (2)

It is worth reminding that the order of permutation in the group-theoretic sense is understood as the
minimum possible natural number m, where

. [1 2 .. nj (1 2 .. nj (1 2 .. nj (1 2 .. nj
g = . - - . . . el . R . = =e
T AN U P L 12 ...n

m pas

— a single permutation. In this case, the product of permutations is a sequential execution of multiplier
mappings. In this paper, we will consider the case n=p*, where p is a prime number. We will

consider the problem of listing all regular permutations of degree n that have order p. By the cyclic
form of a permutation g, of degree n, and of order p, we mean the following:
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g:(: 2 - _njz(ip_..ig>).....[igft;)...igpk1>]. ®

|2 ces |n

The above terms from the permutation theory can be found in [2]. Thus, each variant of the
satellites position in orbits indicated above will correspond to exactly one regular permutation of the
form (3). Additionally, an estimate of the complexity of calculating the number of indicated orbits is
given.

Main results
The number of regular permutations of degree n=pX and of the order p will be denoted
by R(n, p,k).
Theorem 1.
K1
R(n, p,k):k_(lp—)'. 4)
pP ‘(pk—l)!

Proof. Number of possible combinations for the first cycle (il(l) .. .ig)) equals

p~ -(pk —1)-...-(p" - p+1).
Taking into account the fact that the cycle does not change as a permutation during a “circular”
shift of elements, we have:

p -(pk —1)-...-(p" - p+1)
5 .
The number of possible combinations for the second cycle (il(z) .. .igz)) equals

(p" - p)-(p" —(p+1))-...-(pk —(2p—1)).

Taking into account the fact that the cycle does not change as a permutation during a “circular”

shift of elements, we have
(pk _ p)(pk —( p+1))(pk —(Zp—l)) .
p
Proceeding in a similar way for the last cycle with number ( pk’l), we obtain
(97~ ) (o (" ~(o-1))-(* (" ~(p(p-1)

p
The product of the number of combinations for all cycles is

p -(p" —1)~...-(p" - p+1)

. X
x(pk _ p).(pk _(p+1))""'(pk _(Zp_l))-,,.x
P
(57 PP (1)) (o~ (p-1)
p
- pt!1
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Part 1. Informatics, computer technology and management

To complete the proof, it suffices to divide the specified value by p*~1. We obtain
Ky
R(n, p, k) = ﬁ
p . pk71!

The theorem is proved.

Estimating the complexity of an optimal algorithm for computing the number R(n, p,k)
Here are some useful properties of numbersR(n, p,k), the second of which is of the greatest

importance, where an estimate of the complexity of the optimal algorithm for calculating the number
is given.
Definition. Suppose A(n), B(n) are numerical functions depending on the natural number n. The

expression A(n)~B(n)means that IimM 1.
" B(n)

Theoreme 2. Under n — oo

1 K=
R(n, p,k)C pz(pk /e)p (>, (5)

Proof. In view of the classical asymptotic Stirling formula for the factorial n! under n—oo:
n!d«2nn-(n/e)" we obtain:

p:
R(n, p,k)= = =
(npK)=—— N
p p k-1 P
pp ank71 L
(5]
pX k p
S 2 oz P
- NS - ~ NS -
ppk‘l pk’l k-1 ppk_l p% pk 1
e e
k pK p
e e
€ €
= k1 k1
ppk‘l pkzl( pk—1]P ppk_l[ pk—lJP
(5] e
k k
17 k-1\P 17 k-1\P
pZ(p] ppk pZ[p] ppk 1 1 pkfpk_l
k-1 k-1 k-1
ok pk_l P pk-1 pk_1 P pP €
P e P (]
k-1 kfl(p_)

The theorem is proved.
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Formula (5) shows that the numberR(n, p,k) grows very fast with increasing k, as
k-1

(p-L)p
@) (Rj . At the same time, V. V. Kochergin in 1994 in [3] presented an optimal algorithm
e

to find the value 2" (based on 2) for
O(logn) (6)

arithmetic multiplication operations. In turn, R. V. Borwein in 1985 in [4] gave a fast algorithm for
calculating the factorial n!, the complexity of which is equal to

O(n(log n(log (log n)))z) @)

(also refer to [5; 6]). Complexity estimates (6) and (7) as applied to formula (4) for the
number R(n, p,k), containing two factorials (pk)!and (pk‘l)!, give the following result.

Theoreme 3. The fast Kochergin and Borwein algorithms for n=p*and n= p**respectively

generate an optimal algorithm for calculating the number R(n, p, k), with complexity equal to

O( p¥ -(Iog p* - log (Iog pk))z). 8)

Generating functions of various types, as well as integral representations of functions of one and
several complex variables, are the main tools of modern enumerative combinatorial analysis [7-15].
Using the following well-known integral formulas for the factorial n'and 1/ n!, for example [6],

n'= Is”e‘sds, 9)
0

1 i I e*x " dx, 0<y<oo, (10)
n!  2ri Xy

we obtain
Theoreme 4. The number R(n, P, k) has the following integral representation:

R(n,p.k)= fs”e’sds-i_ .[ e*x "dx, O<y<w. (11)
0 m L,

We will carry out the final calculations using the method of Egorychev coefficients of the integral
representation and the calculation of combinatorial sums [14; 15].

Definition. Let us introduce into consideration integrals of the form

H,(8)= e 55" gs, (12)
0
where p — prime number; & — real number, independent of s.
Supposing S(z) — generating function of power type for the sequence R(n, p,k),
k=1,2, ...,
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=>R(n, p,k)z" =>R(n,p,k)z°
k=l =

Theorem 5 (integral representation for the function S(z)). The generating function S(z) admits the
following representation:
S(2)=—= [ [e e ria(tK)dect, (13)
2mi 2u

where the function (series) A(t,k) — the kernel of the integral representation of the function S(z) has the
following form:

A(tk)=>(pt k_l,|pt|>1 under any p (14)
k=1
or taking into account (12)
1 1
S(z)=— | t7H_(tzP)A(t,k)dt. 15
()= ] (")) (15)

Proof. Applying the formula (11) for the numbers R(n, p,k), we have

o0

S(z)=>R(n, p,k)zpk =

k=1

1 &k ok 1 kA
=—=>7z° -jsp e Sds-— j e*x P Tdx =
pk 1 &

27 7
=y
1 °°( pk—l)p °°( pk—l)p s 1 xo1pkl
yA -|ls evds-— | e'x dx =
ppkfl kZ:; '([ 2mi X.L
S A Pt m\P ,-s i X —1—pk’l . _ nk1
pp kz_;{nz_lo( ) J(;(s ) e~%ds ZniXJ: e*x dx S(m p )} (16)
Here S(m— pk‘l) — delta function:
1 k-1
S(m—ptt)=—— [ e P "dt, (0O<u<w)..
( ) 2mi t’[u

Then, the formula (16) has the form

DB J e ek [

p — —
p k=1 | m=0 ‘X‘ % ‘t‘

(regrouping the terms in the last sum, highlighting in square brackets those that contain the index m)

-y 2 Jug {Z(tzps ) 'T ] exxmldX]’estlpkldsdt -

7
pP ka1 m=0 K=y

(summation in square brackets at index m, substitution rule, permitution x =tz°s®)

_ ePxP st 10 et
p k -1 ZZTEI tJ.u.(').
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(entering the summation sign for the integral sign). At the same time, since the choice of the parameter
u is not limited by anything, we choose u>1/2,so that the inequation |pt|>1is satisfied for any
prime p,

_ Zim J' J'es+tzPsPt1[i( pt)—pk_l stdt ,

lt}=u 0 k=1

which completes the proof of the theorem 5.

Conclusion

Thus, the problem of distributing satellites over a given set of orbits under certain conditions has
been solved: the number of possible combinations is determined by the number of regular
permitutions R(n, p,k). An estimate of the complexity of the optimal algorithm for calculating this

number is given.

It should be noted that transformation (16) is somewhat paradoxical, since it introduces an
additional sum over the index m and therefore substantially complicates the original expression.
However, this transformation together with the introduction of the delta function, made it possible to
obtain an integral representation of a new type for the number R(n, p, k). We also note that it was the
first time transformation (16) was encountered in practice of the coefficient method, which provides
new opportunities for the above method effective application.

In view of the above it makes sense to pose the following problem: to study the properties of a

(new) special function H (8) = J-e‘“ﬁspds — part integral representation kernel (15) of the generating
0

function S(z).
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