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Рассматривается задача распределения заданного числа космических аппаратов по некоторому 

структурированному множеству орбит, состоящему из kn p  орбит. Решение данной задачи  

дано при условии, что множество возможных орбит для космических аппаратов совпадает с 

количеством космических аппаратов. Дополнительно предполагается, что данное множество 

разбито на непересекающиеся подмножества орбит, причем количество орбит в указанных 

подмножествах одинаково. В рассматриваемой ситуации оно равно некоторому простому числу p. 

В настоящее время используется несколько орбит для размещения на них спутников в зависимости 

от решаемых ими задач. Геостационарная орбита используется для прямого телевещания. Низкие 

спутниковые орбиты используются для связи между спутниковыми телефонами. Свои орбиты 

существуют для спутников систем навигации GPS, Navstar, ГЛОНАСС, военных спутников, 

спутников для различных научных исследований. Естественно, что в этих условиях возникает 

задача структурирования множества орбит при некоторых ограничениях на нахождение 

космического аппарата на заданных орбитах в зависимости от назначения космического 

аппарата. Рассмотрен вопрос сложности вычисления количества орбит при данных ограничениях. 
 

Ключевые слова: спутник, орбита, подстановка. 

 

On the choice of orbits for spacecrafts 

 

G. P. Egorythev1, Т. A. Shiryaeva2, A. K. Shlepkin3*,  

K. A. Filippov2, O. V. Pashkovskaya3 

 
1Siberian Federal University 

70, Svobodny Av., Krasnoyarsk, 660074, Russian Federation 
2Krasnoyarsk State Agrarian University 

90, Mira Av., Krasnoyarsk, 660049, Russian Federation 
3Reshetnev Siberian State University of Science and Technology 

31, Krasnoyarskii rabochii prospekt, Krasnoyarsk, 660037, Russian Federation 
*E-mail: ak_kgau@mail.ru 



 
 
 

Part 1. Informatics, computer technology and management 
 

 569 

The problem of distribution of a given number of spacecrafts over a certain structured set of orbits 

consisting of kn p  orbits is considered. The solution to this problem is given under the condition that the 

set of possible orbits for spacecraft coincides with the number of spacecrafts. In addition, it is assumed that 

the given set is divided into disjoint subsets of orbits, and the number of orbits in the indicated subset is the 

same. In the situation under consideration, it is equal to some prime number p. Currently, several orbits 

are used to place satellites on them, depending on the tasks they solve. Geostationary orbit is used for live 

TV broadcasting. Low satellite orbits are used for communication between satellite phones. Their own 

orbits exist for satellites of navigation systems GPS, Navstar, GLONASS, military satellites, satellites for 

various scientific research. Naturally, under these conditions, the problem of structuring a set of orbits 

with some restrictions on the location of the spacecraft in given orbits, depending on the purpose of the 

spacecraft arises. The problem of the complexity of calculating the number of orbits under these 

constraints is considered. 

 

Keywords: satellite, orbit, substitution. 

 

Introduction 

The studies which begun in [1] and were devoted to solving the problem of choosing the most 

favorable orbits for spacecraft of one class or another, as well as the problem of distributing a given 

number of satellites over a given set of orbits with existing prohibitions on satellite detection in some 

orbits, are continued. The article provides a solution to this problem under the following conditions: 

the number of satellites n coincides with the number of possible orbits where satellites can be located; 

each satellite is forbidden to be in exactly one orbit; two satellites cannot be in the same orbit; the 

number of orbits is broken into non-overlapping blocks of a certain configuration ( ).kn p  A formula 

is given that allows to calculate the number of possible combinations for the satellites distributions 

over such orbits. 

 

Problem statement, definitions, labeling 

Mathematical model of the problem. By permutation we mean a one-to-one mapping written in the 

form of a table of dimensions 2 n :  

1 2

1 2
.

n

n
g

i i i

 
  
 

                                                             (1) 

A permutation is called regular if ,kk i  i. е. 

1 21,   2,   ,  . ni i i n                                                              (2) 

It is worth reminding that the order of permutation in the group-theoretic sense is understood as the 

minimum possible natural number m, where 

1 2 1 2 1 2

раз

1 2 1 2 1 2 1 2

1 2

m

n n n

m

n n n n
g e

i i i i i i i i i n

       
            

      
 

– a single permutation. In this case, the product of permutations is a sequential execution of multiplier 

mappings. In this paper, we will consider the case ,kn p where p is a prime number. We will 

consider the problem of listing all regular permutations of degree n that have order p. By the cyclic 

form of a permutation g, of degree n, and of order p, we mean the following:  
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        1 1
1 1

1 1
1 2

1 2   
.

   

k kp p

p nn p
n

n
g i i i i

i i i

 

 

  
        
   

                                 (3) 

The above terms from the permutation theory can be found in [2]. Thus, each variant of the 

satellites position in orbits indicated above will correspond to exactly one regular permutation of the 

form (3). Additionally, an estimate of the complexity of calculating the number of indicated orbits is 

given. 
 

Main results 

The number of regular permutations of degree kn p  and of the order p will be denoted 

by    , ,R n p k . 

Theorem 1. 

 
 

 
1 1

!
, , .

!
k

k

p k

p
R n p k

p p
 




                                                        (4) 

Proof. Number of possible combinations for the first cycle 
    1 1

1 pi i  equals 

   1 1 .k k kp p p p      

Taking into account the fact that the cycle does not change as a permutation during a “circular” 

shift of elements, we have: 

   1 1
.

k k kp p p p

p

    
 

The number of possible combinations for the second cycle 
    2 2

1 pi i  equals 

       1 2 1 .k k kp p p p p p        

Taking into account the fact that the cycle does not change as a permutation during a “circular” 

shift of elements, we have  

       1 2 1k k kp p p p p p

p

      
. 

Proceeding in a similar way for the last cycle with number  1 ,kp 
 we obtain 

           1 1
.

k k k k k kp p p p p p p p p p

p

          
 

The product of the number of combinations for all cycles is 

   1 1k k kp p p p

p

    
  

       1 2 1k k kp p p p p p

p

      
    

           1 1k k k k k kp p p p p p p p p p

p

          
   

 1

!
.

k

k

p

p

p


  
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To complete the proof, it suffices to divide the specified value by 1!kp  . We obtain 

 
 1

1

!
, , .

!
k

k

p
k

p
R n p k

p p








 

The theorem is proved. 
 

Estimating the complexity of an optimal algorithm for computing the number  , ,R n p k  

Here are some useful properties of numbers  , , , R n p k  the second of which is of the greatest 

importance, where an estimate of the complexity of the optimal algorithm for calculating the number 

is given. 

Definition. Suppose A(n), B(n) are numerical functions depending on the natural number n. The 

expression    ~ A n B n means that 
 

 
lim 1.
n

A n

B n
  

Theoreme 2. Under n  

   
 1

2

1
1

, , / .
kp p

kR n p k p p e
 

                                         (5) 

Proof. In view of the classical asymptotic Stirling formula for the factorial !n  under n : 

 ! 2 /
n

n n n e   we obtain: 

 
1 1

1
( ) 1

1
1

2
!

, ,
!

2

k

k k

k

p
k

k

k

p k p
k

p k

p
p

ep
R n p k

p p p
p p

e

 







 
  

 
  

  
  

 

1 1

1 1

2

11 1
1 2

k k

k k

k k

p pkk k
k

p pkk k
p k p

p p
p p

e e

p p
p p p p

e e

 

 
 



   
   
   

  

   
   
   

 

1 1

1 1

1

2 2

1 1 1

2

k k

k k

k k

p pk k k

p pk k k
p p

p p
p p

e e

p p
p

e
p p

e

 

 
  

   
   
   

  

   
   
   

 

1

1 1 1

1 1

1 11 1
12 2

12

1 1

k k

k k
k k

k

k k k

k k

p p
k k

p p
p p

k
p

p p p
k k

p p

p p
p p p p

e

e

e p p
p

epp p
p p

e



  

 

 




 

   
   

    
     

    
   




  

  

 1 1

1
11 11

2 2 .

k k k

k k
p p p p

k k
p pp

e

p
p p p

e

 


 


   

       
   

  

The theorem is proved. 
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Formula (5) shows that the number  , ,R n p k  grows very fast with increasing k, as 

  11

 .

kp p
p

O
e

 
  
   
 

 At the same time, V. V. Kochergin in 1994 in [3] presented an optimal algorithm 

to find the value 2n
 (based on 2) for  

 logO n                                                                       (6)  

arithmetic multiplication operations. In turn, R. V. Borwein in 1985 in [4] gave a fast algorithm for 

calculating the factorial   !, n  the complexity of which is equal to  

    2
log log   log   O n n n                                                         (7) 

(also refer to [5; 6]). Complexity estimates (6) and (7) as applied to formula (4) for the 

number  , , ,R n p k  containing two factorials  !kp and  1 !kp 
, give the following result.  

 

Theoreme 3. The fast Kochergin and Borwein algorithms for kn p and 1kn p  respectively 

generate an optimal algorithm for calculating the number  , ,R n p k , with complexity equal to  

  
2

log log   log .k k kO p p p
 
 
 

                                                     (8) 

Generating functions of various types, as well as integral representations of functions of one and 

several complex variables, are the main tools of modern enumerative combinatorial analysis [7–15]. 

Using the following well-known integral formulas for the factorial !n and 1/ !,n for example [6], 

0

! ,n sn s e ds


                                                                    (9) 

11 1
,  0 ,

! 2

x n

x

e x dx
n i

 



    
                                                  (10) 

we obtain 

 

Theoreme 4. The number  , ,R n p k  has the following integral representation: 

  1

0

1
, , ,  0 .

2

n s x n

x

R n p k s e ds e x dx
i


  



     
                                   (11) 

We will carry out the final calculations using the method of Egorychev coefficients of the integral 

representation and the calculation of combinatorial sums [14; 15]. 

 

Definition. Let us introduce into consideration integrals of the form  

 
0

,
ps s

pH e ds


                                                              (12) 

where p – prime number;   – real number, independent of s. 

Supposing S(z) – generating function of power type for the sequence  , , ,R n p k   

k = 1, 2, …, 
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     
1 1

., , , ,
kn p

k k

S z R n p k z R n p k z
 

 

    

Theorem 5 (integral representation for the function S(z)). The generating function S(z) admits the 

following representation: 

   1

0

1
, ,

2

p ps tz s

t u

S z e t A t k dsdt
i


  




                                               (13) 

where the function (series) A(t,k) – the kernel of the integral representation of the function S(z) has the 

following form: 

   
1

1

, , 1 
kp

k

A t k pt pt






   under any p                                         (14) 

or taking into account (12)  

     11
, .

2

p
p

t u

S z t H tz A t k dt
i






                                                 (15) 

 

Proof. Applying the formula (11) for the numbers  , , , R n p k  we have  

   
1

, ,
kp

k

S z R n p k z




   

1

1

1

1 0

1 1

2

k k k

k

p p s x p

p
k x

z s e ds e x dx
ip






  

 

   


    

   1 1 1

1

1

1 0

1 1

2

k k k

k

p p
p p s x p

p
k x

z s e ds e x dx
ip

  




  

 

   


    

     
1

1

1 1

1 0 0

1 1
.

2

k

k

p p
m m s x p k

p
k m x

z s e ds e x dx m p
ip





 
   

  

 
 

     
  

                      (16) 

Here  1km p    – delta function: 

 
11 11

, ( 0 ).
2

kk m p

t u

m p e dt u
i

   



     
  . 

Then, the formula (16) has the form 

   
1

1

1

1 0 0

1 1 1

2 2

k

k

p m
m p s x m m p

p
k m tx u

z s e ds e x dx dt
ip

e
i





 
   

   

 
 

    
   

      

(regrouping the terms in the last sum, highlighting in square brackets those that contain the index m)  

 
1

1

1 1

1 00

1 1 1

2 2

k

k

m
p p x m s p

p
k mt u x

tz s e x dx e t dsdt
i ip





 
    

  

  
 

     
     

     

(summation in square brackets at index m, substitution rule, permitution
p px tz s ) 

1

1

1

1 0

1 1

2

p p k

k

tz x s p

ut
p

k

e e t dsdt
ip






  

 

 


    
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(entering the summation sign for the integral sign). At the same time, since the choice of the parameter 

u is not limited by anything, we choose 1/ 2, u  so that the inequation 1 pt  is satisfied for any 

prime p,  

 
1

1

10

1

2

kp p ps tz s

t ku

e t pt dsdt
i

 
  



 
  

  
  , 

which completes the proof of the theorem 5. 

 

Conclusion 

Thus, the problem of distributing satellites over a given set of orbits under certain conditions has 

been solved: the number of possible combinations is determined by the number of regular 

permitutions    , ,R n p k . An estimate of the complexity of the optimal algorithm for calculating this 

number is given. 

It should be noted that transformation (16) is somewhat paradoxical, since it introduces an 

additional sum over the index m and therefore substantially complicates the original expression. 

However, this transformation together with the introduction of the delta function, made it possible to 

obtain an integral representation of a new type for the number R(n, p, k). We also note that it was the 

first time transformation (16) was encountered in practice of the coefficient method, which provides 

new opportunities for the above method effective application. 

In view of the above it makes sense to pose the following problem: to study the properties of a 

(new) special function  
0

ps s
pH e ds


     – part integral representation kernel (15) of the generating 

function S(z). 
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