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The work is devoted to the study of sets of aperiodic words over a finite alphabet. A set of such words can be consid-
ered as some kind of finite formal language. W. Burnside raised the issue of local finiteness of periodic groups. The
negative answer was given only sixty years later by E. S. Golod. Soon S. V. Aleshin, R. I. Hryhorczuk, V. I. Sushchanskii
constructed more examples confirming the negative answer to Burnside's question. Finiteness of the free Burnside
group of period n was established for periods two and three (W. Burnside), for period four (W. Burnside, 1. N. Sanov),
for period six (M. Hall). The infinity of such a group, for odd indicators exceeding 4381, is established in the work
of P. S. Novikov and S. I. Adyan (1967), and for odd indicators exceeding 664 in the book by S. 1. Adian (1975). A more
intuitive version of the proof for odd n > 1 0" was proposed by A. Yu. Olshansky (1989). In this article, we consider
the set of 6-aperiodic words. In the monograph by S. I. Adyan (1975) it was shown the proof of S. E. Arshon (1937)
theory that there are infinitely many three-aperiodic words of any length in the two-letter alphabet. In the book
of A. Y. Olshansky (1989), a proof of the infinity of the set of six-aperiodic words is given and an estimate of the number
of such words of any given length is obtained. Here we try to estimate the function of the number of six-aperiodic words
of any given length in a three-letter alphabet. The results obtained can be useful for encoding information in space
communication sessions.
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6-AITIEPUOIMYECKHUE CJIOBA HAJ TPEXBYKBEHHBIM AJI®ABUTOM
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Paboma nocssawena uzyuenuro MHOMCeCM8 anepuoOUeckKuUx ci08 Ha0 KOHeuHbiM angasumom. MHuodcecmeo maxkux
€108 MOJACHO PACCMAMPUBAMb KAK HEKOMOPbIli KOHeUHblll (hopmanvubill A36iK. Y. Beprcailo 3a0an 80npoc o 10KanAbHOU
KOHeuHocmu nepuooudeckux epynn. Ompuyamenvusiti omeem ObLl nOLy4er auulb yepes uiecmooecam aem E. C. Tono-
oom. Bckope C. B. Anewwunwvim, P. U. I'pucopuykom, B. U. Cywanckum Ovinu nocmpoensvl euje npumepsi, noomeep-
Jrcoarougue ompuyamenvrulil omeem Ha eonpoc bepucaiioa. Koneunocms c80600HOU 6epHCaliO08CKOU epynnvl nepuood
n YCMaHosnena 8 pasHoe epems 0asa nepuooog osea u mpu (Y. Bepucaid), onsa nepuooa uemvipe (V. Bepncaiio;
U H. Canos), orsn nepuooa wecmo (M. Xonn). Becxonweunocms makoiu epynnei, OJisi He4emHulX HOKA3ameel,
npesviwarowux 4381, yemanoenena 6 pabome I1. C. Hosuxosa — C. U. Aoana (1967), a ons neuemuvix noxazameretl,
npesviutarowux 664, — ¢ monoepaguu C. U. Aosna (1975). I'eomempuueckuii memoo 0okazamenbcmea OJisi HeUemHbIX
nokaszameneti, npesvuuarowux 10", npunaonexcum A. FO. Onvwanckomy (1989). B dannoii cmamve paccmampugaen
MHOIHCECMBO 6-anepuoouyeckux cios. l-anepuoouteckum cio8oMm Hazvi6aemcs cioso X, He cooepcaujee Hempueuab-
nvix noocnos muna Y. B kuuee C. H. Adsma (1975) umeemcs o6ocnosanue C. E. Apwona (1937) mozo, umo 6 08yx6y«-
8eHHOM anghasume umeemcs OECKOHeUHO MHO20 MPU-ANEPUOOUdecKux cios mobotl oaunsl. B knuee A. FO. Onvuiancko-
20 (1989) npusedeno ooxazamenbcmeo OECKOHEUHOCHIU MHONCECNBA WECTb-ANePUOOULECKUX CLO8 U NOTYYeHd OYeHKd
Konuvyecmea makux ciog 0ot OanHOU OnuHbl. 30ect Mbl XOMUM OYEHUMb QYHKYUIO KOIUYEC8d Wiechmb-
anepuooudeckux ciog 6ol O0annou OnuHsl 6 aipasume uz mpex Oyks. Ilonyyennvie pezyibmamer mo2ym Ovlmb
NOLe3Hbl NPU KOOUPOBAHUU UHDOPMAYUL 8 CEAHCAX KOCMOCES3U.

Kniouesvie crosa: 10kanbHo KOHeUHAs ecpynna, cl1060, anepuoduqnocmb, OY€eHKA, qupM(l]lebll; A3bIK.
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Introduction. The paper is devoted to the study of
sets of aperiodic words over a finite alphabet. The set of
such words can be considered as some finite formal lan-
guage.

The group B(d,n) with d generators and an identical
relation x" =1 is called a free Burnside group of rank d
and period n.

The finiteness of a free Burnside group is established
at different times for period two (the trivial case), for pe-
riod three by W. Burnside, for period four by W. Burnside
for two generating elements; by I. N. Sanov for an arbi-
trary number of generating elements, and for period six by
M. Hall.

William Burnside one hundred and twenty years ago
raised the question of local finiteness of groups, with the

identity x" =1 [1]. This problem is known as the Burn-
side’s one. A group is called locally finite if any of its
finitely generated subgroups is finite.

A negative answer to the Burnside problem was
obtained in 1968 in the works of P. S. Novikov and
S. I. Adyan [2—-4]. The proof of the infinity of the group
B(d,n), with the number of generators greater than
or equal to two, for odd exponents exceeding 4380 was
given in [2-4], and for odd periods exceeding 665
in S. I. Adyan monograph [5].

More detailed results on the Burnside problem can be
found in the work of S. I. Adyan [6].

Theorems about non-repetitive words in a three-letter
alphabet and 3-aperiodic words of any length in a two-
letter alphabet were proved by A. Thue in 1906 [7]
(see also lemma 1 in [6]). In the article by S. E. Arshon in
1937 [8], the existence of an n-digit asymmetric non-
repetitive sequence for an alphabet of at least three letters
is proved. In the monograph of S. I. Adyan [5] on pages
13-16, by means of Arshon's method [8] it was proved
that there are infinite 3-aperiodic sequences in an alphabet
of two characters. The work [9] belongs to the same the-
ory. In the monograph of A. Yu. Olshansky [9] proved the
infinity of the set of 6-aperiodic words in the two-letter
alphabet and obtained an estimate of the number of such
words of any given length.

A report on the topic of aperiodic words was made by
the author at the conference “Reshetnev Readings” [10],
then research on this issue was continued: in [11]

A. Yu. Olshansky's assessment of the number
of 6-aperiodic words in the two-letter alphabet was
improved.

In this article, we study the set of 6-aperiodic words in
the three-letter alphabet. The results obtained can be use-
ful for encoding information in space communication
sessions. Previously we also considered 5-periodic words
[12] and 12-aperiodic words [13].

Main result. For ease of reading, we first give a few
necessary definitions.

Definition. 4 periodic word with period H is any
subword of some word H”, p > 0.

For example, ababa is a periodic word with the period
ab or ba.

Definition. An l-aperiodic word is a word X that does
not contain non-trivial subwords of type Y.
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S. I. Adyan [4] proved that in the two-letter alphabet
there is an infinite set of arbitrarily long 3-aperiodic
words.

We also considered the problem of the existence of
arbitrarily long words, free of squares, over the three-
letter alphabet [8].

A. Yu. Olshansky [9] considered a set of 6-aperiodic
words and obtained an estimate of the function f(n)

of the number of such words of length n: there are arbi-
trarily long 6-aperiodic words and the number f(n) of

such words of length » is greater than (%)" in the two-

letter alphabet. A. Yu. Olshansky [11] improved this es-
timate of the number of 6-aperiodic words over the two-
letter alphabet.

We are interested in estimating the number of
6-aperiodic words in the three-letter alphabet.

When getting the estimate, we apply the same method
as A. Yu. Olshansky used [9].

Theorem. There are arbitrarily long 6-aperiodic words
and the number f(n) of such words of length # is greater

than ( %)” in the three-letter alphabet.

Theorem proving. Let {a, b, ¢} be the alphabet. In
this alphabet, we will consider 6-aperiodic words. First,
we prove the inequality f(n+1)>(5/2)f(n) using the

method of mathematical induction.
1. f2)> % - £(1), where
S =3, f(2)=9. It means that the base of induction is

proved.

A 6-aperiodic word of length n+1 can be obtained by
adding the letters a, b, or ¢ to the right of the 6-aperiodic
word of length #n. In this way 3f(n) words X of length

Consider the case n

n+1 are obtained.

Some of these words may contain A°degrees. Then
estimate the number of such extra options.
When attributed to the right, the only identity of

X =Y4° form is obtained, since otherwise the beginning
of the length n of the word X with the length n+1 con-

tains A°. For the words A4 of length 1 (only three such
words), there are less than 3/ (n—5) words of X =YA4°

form, where the word Y is 6-aperiodic and |Y | =n-5:

n-s
Obviously, there are 9 words A4 of length 2. The corre-
sponding words of the X =YA°® type of length n+1 are
less than 9 f(n—11), where the word Y is 6—aperiodic of
length n—11.
Continuing the reasoning in the same way, we have:

f(n+1)>3f(n)-3f(n—5)—
-3 f(n-11)-3f(n—-17)—...
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Since by the inductive assumption
Jy>Ch) - fn=k),
SO
SO+ >31) =) f(m)+
+3 ) S+ T f )+,
Transform the resulting inequality:

S+)> fB-G(H " +3 (™ +3 ) +.).

Since {3 < y , S0 the geometric progression on the
right side of the inequality is decreasing with the

ratio 3( % ).

Then estimate the second factor of the right part S us-
ing the geometric progression formula

§=3 ——3(%)75 .
1-3(35)°
We need to prove that S > % .
Transform this inequality:
32909 3097 #3097 -2
1-3(35)° '

After simplification we get:

Since 1-3( %)’6 >0, it remains to check the correct-

ness of the inequality:

3—9(%)‘6—%>0.

We are convinced of its correctness by direct calcula-
tion. Hence, it is proved that the inequality

f(n+1)> % f(n) exists for any natural n. The theorem

is proved.

Conclusion. The problem of estimating the number
of aperiodic words is still being studied. The set
of 6—aperiodic words in the three-letter alphabet is con-
sidered and an estimate is obtained for the function of the
number of such words of any given length.

Acknowledgment. This work is supported by the
Krasnoyarsk Mathematical Center and financed by the
Ministry of Science and Higher Education of the Russian
Federation in the framework of the establishment
and development of regional Centers for Mathematics
Research and Education (Agreement No. 075-02-2020-
1534/1).

Baarogapuoctu. Pabora mnonmepkana KpacHosip-
CKMM MATEMaTHYeCKHMM LIEHTPOM, (HHAHCHPYEMBIM
Muno6puayku P® B paMkax MEpONpHUATHI 1O CO3IAHHIO
u passutHio pernoHansHEIX HOMI] (Cornamenue
075-02-2020-1534/1).

References

1. Burnside W. [On an unsettled question in the the-
ory of discontinuous groups]. Quart. J. Pure. Appl. Math.
1902, Vol. 33, P. 230-238.

2. Novikov P. S., Adyan S. I. [On infinite periodic
groups]. Izv. AN SSSR, Ser. mat. 1968, No. 1 (32),
P. 212-244 (In Russ.).

3. Novikov P. S., Adyan S. I. [On infinite periodic
groups. II]. Izv. AN SSSR, Ser. mat. 1968, No. 2 (32),
P. 251-524 (In Russ.).

4. Novikov P. S., Adyan S. I. [On infinite periodic
groups. III]. Izv. AN SSSR, Ser. mat. 1968, No. 3 (32),
P.709-731 (In Russ.).

5. Adyan S. 1. Problema Bernsayda i tozhdestva v
gruppakh [The Burnside Problem and Identities in
Groups]. Moscow, Nauka Publ., 1975, 336 p.

6. Adyan S. I. [Burnside's problem and related
questions]. Uspekhi Mat. sciences. 2010. Vol. 65,
Issue. 5 (395), P. 5-60 (In Russ.).

7. Thue A. Uber unendliche Zeichenreih. Norcke
Vid. Selsk. skr., I Mat. Nat. KI. Christiania. 1906. Bd. 7.
P. 1-22.

8. Arshon S. E. [Proof of existence of 71 -unit infinite
asymmetric sequences]. Mat. sb. 1937, No. 4(2 (44)),
P. 769-779 (In Russ.).

9. Olshansky A. Yu. Geometriya opredelyayushchikh
sootnosheniy v gruppakh [Geometry of defining relations
in groups]. Moscow, Nauka Publ., 1989. 448 p.

10. Senashov V. 1. [Aperiodic words]. Reshetnevskiye
chteniya: materialy XIX Mezhdunar. nauch.-prakt. konf.,
posvyashch. 55-letiyu Sib. gos. aerokosmich. un-ta im.
akad. M. F. Reshetneva [Reshetnev Readings: materials
of XIX Intern. scientific and practical. conf. for 55th
anniversary of Sib. State. Aerokosmich. Univ. Acad.
M. F. Reshetnev] (10-14 Nov. 2015, Krasnoyarsk). Kras-
noyarsk, 2015, part 2, P. 132—133 (In Russ.).

11. Senashov V. 1. [Improved estimates of the number
6-aperiodic words of fixed length]. Vestnik SibGAU.
2016, Vol. 17, No. 2, P. 168-172 (In Russ.).

12. Senashov V. I. [Estimation of the number
of 5-aperiodic words]. Vestnik Tuvinskogo gos. un-ta.
Tekhn. i fiz.-mat. nauki. 2017, No. 3, P. 132—-138 (In Russ.).

13. Senashov V. I. [Estimation of the number
of 12-aperiodic words of fixed length]. Vestnik SibGAU.
2017, Vol. 18, No. 1, P. 93-96 (In Russ.).

bub6auorpadguyeckue ccblIKM

1. Burnside W. On an unsettled question in the theory
of discontinuous groups // Quart. J. Pure. Appl. Math.
1902. Vol. 33. P. 230-238.

2. HoBuxkos II. C., Agaa C. 1. O GecKOHEYHBIX IIe-
proanueckux rpynnax // 3s. AH CCCP, cep. mart. 1968.
Ne1(32).C.212-244.

3. Hosukos II. C., Ansa C. 1. O GecKOHEUHBIX Iie-
puoanueckux rpymmnax. Il // M3s. AH CCCP, cep. mart.
1968. Ne 2 (32). C. 251-524.

4. Houxkos II. C., Agsu C. 1. O GecKOHEUHEIX IIe-
proanueckux rpynmax. III // Uzs. AH CCCP, cep. mart.
1968. T. 32, Ne 3. C. 709-731.

5. Ansa C. U. Ilpobnema BbepHcaiima u ToKaecTBa
B rpymmax. M. : Hayxka. 1975. 336 c.

335



Cubupckuil srcypHan Hayku u mexvoaoeui. Tom 21, Ne 3

6. Ansa C. W. Ilpobnema beprcaiina u cBsi3aHHBIE
c Heil Bompocwl // Ycmexu mar. nHayk. 2010. T. 65,
Bemm. 5 (395). C. 5-60.

7. Thue A. Uber unendliche Zeichenreih // Norcke
Vid. Selsk. skr., I Mat. Nat. KI. Christiania. 1906. Bd. 7.
P. 1-22.

8. Apmion C. E. Jloka3aTenscTBO CyLECTBOBAHUS 7l -
3HAQYHBIX OECKOHEYHBIX ACHMMETPHYHBIX I10CJIE0Ba-
teapHOocTel // Mart. ¢6. 1937. Ne 4 (2 (44)). C. 769-779.

9. Ompmanckuit A. 0. T'eomeTpus ompeneNsronIinx
COOTHOIIIEHNH B rpymmax. M. : Hayxka. 1989. 448 c.

10. CenamoB B. . Anepuoauueckue ciosa / Pemer-
HEBCKME uTeHMs :@ Marepuanbl XIX MexayHap. Hayd.-
paKT. KOoHQ., mocesmr. 55-netuo Cub. roc. a3poKoCMHY.
yH-Ta uM. akaa. M. ®@. PemierneBa (10-14 Hos16. 2015,

r. KpacHosipck) : B 2 4. / mox obmr. pen. FO. 1O. Jloruu-
HOBa ; CuO. Toc. aspokocmmd. yH-T. KpacHosipck, 2015.
Y.2.C. 132-133.

11. CenamoB B. W. VnyumieHne ONeHKH KOJIAYECTBA
6-amepruoOJNUECKUX CJIOB (PUKCHpPOBaHHOH ITWHBI //
Bectauk Cu6I'AY. 2016. T. 17, Ne 2. C. 168-172.

12. CenamoB B. WM. Omenka koinudecTBa S-amepuo-
Jquueckux cioB // Bectauk TyBuHckoro roc. yH-ta. TexH.
n usz.-maTt. Hayku. 2017. Ne 3. C. 132-138.

13. CenamoB B. U. Onenka konudectsa 12-amepuo-
JUYECKUX CJIOB (PUKCHPOBAHHOW JuHBI // BecTHHK
Cu6l'AY. 2017.T. 18, Ne 1. C. 93-96.

© Senashov V. I.,2020

Senashov Vladimir Ivanovich — Dr. Sc., professor,
of SB RAS. E-mail: senl112home@mail.ru.

leader researcher of Institute of Computational Modelling

Cenamon Baaguvup UBanoBHY — 10KTOp (PU3MKO-MaTeMaTHYECKUX HAYK, Mpodeccop, BeAyIUid HAyYHBIH CO-
TpynHUK; MHCTUTYT BRruncimTenbHoro moaenuposanust CO PAH. E-mail: senl112home@mail.ru.




