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The work is devoted to the study of sets of aperiodic words over a finite alphabet. A set of such words can be consid-

ered as some kind of finite formal language. W. Burnside raised the issue of local finiteness of periodic groups. The 
negative answer was given only sixty years later by E. S. Golod. Soon S. V. Aleshin, R. I. Hryhorczuk, V. I. Sushchanskii 
constructed more examples confirming the negative answer to Burnside's question. Finiteness of the free Burnside 
group of period n was established for periods two and three (W. Burnside), for period four (W. Burnside, I. N. Sanov), 
for period six (M. Hall). The infinity of such a group, for odd indicators exceeding 4381, is established in the work  
of P. S. Novikov and S. I. Adyan (1967), and for odd indicators exceeding 664 in the book by S. I. Adian (1975). A more 
intuitive version of the proof for odd n > 1010 was proposed by A. Yu. Olshansky (1989). In this article, we consider  
the set of 6-aperiodic words. In the monograph by S. I. Adyan (1975) it was shown the proof of S. E. Arshon (1937) 
theory that there are infinitely many three-aperiodic words of any length in the two-letter alphabet. In the book  
of A. Y. Olshansky (1989), a proof of the infinity of the set of six-aperiodic words is given and an estimate of the number 
of such words of any given length is obtained. Here we try to estimate the function of the number of six-aperiodic words 
of any given length in a three-letter alphabet. The results obtained can be useful for encoding information in space 
communication sessions. 
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Работа посвящена изучению множеств апериодических слов над конечным алфавитом. Множество таких 

слов можно рассматривать как некоторый конечный формальный язык. У. Бернсайд задал вопрос о локальной 
конечности периодических групп. Отрицательный ответ был получен лишь через шестьдесят лет Е. С. Голо-
дом. Вскоре С. В. Алешиным, Р. И. Григорчуком, В. И. Сущанским были построены еще примеры, подтвер-
ждающие отрицательный ответ на вопрос Бернсайда. Конечность свободной бернсайдовской группы периода 
n установлена в разное время для периодов два и три (У. Бернсайд), для периода четыре (У. Бернсайд;  
И. Н. Санов), для периода шесть (М. Холл). Бесконечность такой группы, для нечетных показателей, 
превышающих 4381, установлена в работе П. С. Новикова – С. И. Адяна (1967), а для нечетных показателей, 
превышающих 664, – в монографии С. И. Адяна (1975). Геометрический метод доказательства для нечетных 
показателей, превышающих 1010, принадлежит А. Ю. Ольшанскому (1989). В данной статье рассматриваем 
множество 6-апериодических слов. l-апериодическим словом называется слово Х, не содержащее нетривиаль-
ных подслов типа Yl. В книге С. И. Адяна (1975) имеется обоснование С. Е. Аршона (1937) того, что в двухбук-
венном алфавите имеется бесконечно много три-апериодических слов любой длины. В книге А. Ю. Ольшанско-
го (1989) приведено доказательство бесконечности множества шесть-апериодических слов и получена оценка 
количества таких слов любой данной длины. Здесь мы хотим оценить функцию количества шесть-
апериодических слов любой данной длины в алфавите из трех букв. Полученные результаты могут быть 
полезны при кодировании информации в сеансах космосвязи. 
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Introduction. The paper is devoted to the study of 
sets of aperiodic words over a finite alphabet. The set of 
such words can be considered as some finite formal lan-
guage. 

The group B(d,n) with d generators and an identical 

relation 1nx   is called a free Burnside group of rank d 
and period n. 

The finiteness of a free Burnside group is established 
at different times for period two (the trivial case), for pe-
riod three by W. Burnside, for period four by W. Burnside 
for two generating elements; by I. N. Sanov for an arbi-
trary number of generating elements, and for period six by 
M. Hall. 

William Burnside one hundred and twenty years ago 
raised the question of local finiteness of groups, with the 

identity 1nx   [1]. This problem is known as the Burn-
side’s one. A group is called locally finite if any of its 
finitely generated subgroups is finite. 

A negative answer to the Burnside problem was  
obtained in 1968 in the works of P. S. Novikov and  
S. I. Adyan [2–4]. The proof of the infinity of the group 
B(d,n), with the number of generators greater than  
or equal to two, for odd exponents exceeding 4380 was 
given in [2–4], and for odd periods exceeding 665  
in S. I. Adyan monograph [5]. 

More detailed results on the Burnside problem can be 
found in the work of S. I. Adyan [6]. 

Theorems about non-repetitive words in a three-letter 
alphabet and 3-aperiodic words of any length in a two-
letter alphabet were proved by A. Thue in 1906 [7]  
(see also lemma 1 in [6]). In the article by S. E. Arshon in 
1937 [8], the existence of an n-digit asymmetric non-
repetitive sequence for an alphabet of at least three letters 
is proved. In the monograph of S. I. Adyan [5] on pages 
13–16, by means of Arshon's method [8] it was proved 
that there are infinite 3-aperiodic sequences in an alphabet 
of two characters. The work [9] belongs to the same the-
ory. In the monograph of A. Yu. Olshansky [9] proved the 
infinity of the set of 6-aperiodic words in the two-letter 
alphabet and obtained an estimate of the number of such 
words of any given length. 

A report on the topic of aperiodic words was made by 
the author at the conference “Reshetnev Readings” [10], 
then research on this issue was continued: in [11]  
A. Yu. Olshansky's assessment of the number  
of 6-aperiodic words in the two-letter alphabet was  
improved. 

In this article, we study the set of 6-aperiodic words in 
the three-letter alphabet. The results obtained can be use-
ful for encoding information in space communication 
sessions. Previously we also considered 5-periodic words 
[12] and 12-aperiodic words [13]. 

Main result. For ease of reading, we first give a few 
necessary definitions. 

Definition. A periodic word with period H is any 
subword of some word Нр, р > 0. 

For example, ababa is a periodic word with the period 
ab or ba. 

Definition. An l-aperiodic word is a word X that does 
not contain non-trivial subwords of type Yl. 

S. I. Adyan [4] proved that in the two-letter alphabet 
there is an infinite set of arbitrarily long 3-aperiodic 
words. 

We also considered the problem of the existence of 
arbitrarily long words, free of squares, over the three-
letter alphabet [8]. 

A. Yu. Olshansky [9] considered a set of 6-aperiodic 
words and obtained an estimate of the function ( )f n   

of the number of such words of length n: there are arbi-
trarily long 6-aperiodic words and the number ( )f n  of 

such words of length n is greater than 3( )2
n  in the two-

letter alphabet. A. Yu. Olshansky [11] improved this es-
timate of the number of 6-aperiodic words over the two-
letter alphabet. 

We are interested in estimating the number of  
6-aperiodic words in the three-letter alphabet. 

When getting the estimate, we apply the same method 
as A. Yu. Olshansky used [9]. 

Theorem. There are arbitrarily long 6-aperiodic words 
and the number ( )f n  of such words of length n is greater 

than 5( )2
n  in the three-letter alphabet. 

Theorem proving. Let {a, b, c} be the alphabet. In 
this alphabet, we will consider 6-aperiodic words. First, 
we prove the inequality ( 1) (5 / 2) ( )f n f n   using the 

method of mathematical induction. 

Consider the case n = 1: 5(2) (1)2f f  , where 

(1) 3f  , (2) 9f  . It means that the base of induction is 

proved. 
A 6-aperiodic word of length 1n   can be obtained by 

adding the letters a, b, or c to the right of the 6-aperiodic 
word of length n. In this way 3 ( )f n  words X  of length 

1n   are obtained. 

Some of these words may contain 6A degrees. Then 
estimate the number of such extra options. 

When attributed to the right, the only identity of 
6X YA  form is obtained, since otherwise the beginning 

of the length n of the word X  with the length 1n   con-

tains 6A . For the words A of length 1 (only three such 

words), there are less than 3 ( 5)f n   words of 6X YA  

form, where the word Y  is 6-aperiodic and 5Y n  : 

(
5

........
n


5

...aa a ) a, 

(
5

........
n


5

...bb b ) b, 

(
5

........
n


5

...ccc ) c. 

Obviously, there are 9 words A of length 2. The corre-

sponding words of the 6X YA  type of length 1n   are 
less than 9 ( 11)f n  , where the word Y  is 6–aperiodic of 

length 11n  . 
Continuing the reasoning in the same way, we have: 
 

2 3

( 1) 3 ( ) 3 ( 5)

3 ( 11) 3 ( 17) ...

f n f n f n

f n f n

    

    
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Since by the inductive assumption 
 

5( ) ( ) ( )2
kf n f n k   , 

so 
 

5

2 11 3 17

5( 1) 3 ( ) (3( ) ( )2
5 53 ( ) ( ) 3 ( ) ( ) ...).2 2

f n f n f n

f n f n



 

   

  
 

 

Transform the resulting inequality: 
 

5 2 11 3 175 5 5( 1) ( )(3 (3( ) 3 ( ) 3 ( ) ...)2 2 2f n f n         . 
 

Since 6 53 2 , so the geometric progression on the 

right side of the inequality is decreasing with the  

ratio 653( )2
 . 

Then estimate the second factor of the right part S  us-
ing the geometric progression formula 

 

5

6

53( )23
51 3( )2

S



 


. 

We need to prove that 5
2S  . 

Transform this inequality: 

6 5 5

6

5 5 5 53 9( ) 3( ) 3( )2 2 2 2 0
51 3( )2

  



   



. 

After simplification we get: 

6

6

5 53 9( )2 2 0
51 3( )2





 



. 

Since 651 3( ) 02
  , it remains to check the correct-

ness of the inequality: 

65 53 9( ) 02 2
   . 

We are convinced of its correctness by direct calcula-
tion. Hence, it is proved that the inequality 

5( 1) ( )2f n f n   exists for any natural n. The theorem 

is proved. 
Conclusion. The problem of estimating the number  

of aperiodic words is still being studied. The set  
of 6–aperiodic words in the three-letter alphabet is con-
sidered and an estimate is obtained for the function of the 
number of such words of any given length. 
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