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В настоящей работе рассматриваются непараметрические методы идентификации и 

управления для многомерных дискретно-непрерывных процессов с запаздыванием, присущих многим 

реальным производствам. Конечно, такие системы типичны для практики, в том числе и в 

ракетно-космической отрасли, а также в технологических процессах производства космической 

техники. Рассматривая многомерные процессы, необходимо учитывать связи между входными и 

выходными переменными, а также их связи между собой. Причем эти связи не всегда известны 

исследователю. При учете неизвестных связей входных переменных исследователь будет иметь 

дело с трубчатыми процессами или Н-моделями, а при учете неизвестных связей выходных 

переменных модель по тому или иному каналу объекта будет представлять собой аналоги неявных 

функций. В целом модель многомерного объекта будет представляться в виде системы нелинейных 

неявных уравнений. В этом случае решение задачи идентификации будет сводиться к нахождению 

прогноза вектора выходных переменных по известным значениям вектора входных переменных и 

может быть получено только в результате решения соответствующей системы уравнений, 

которые были названы Т-моделями, о которых и пойдет речь в настоящей статье. Решение 

системы нелинейных неявных уравнений параметрическими методами идентификации не приведет 

к нужному результату из-за отсутствия достаточной априорной информации, вот тут и 

возникает необходимость в применении непараметрических методов идентификации, а также 

использовании методов системного анализа. Априорная информация в задачах непараметрической 

статистики носит недостаточный характер, с чем не могут справиться общепринятые методы 

идентификации.  

При управлении многомерными процессами следует учитывать зависимости выходных 

переменных, в связи с чем возникает еще одна важная особенность, а именно: в качестве 

задающих воздействий нельзя использовать случайные значения из области определения выходных 

переменных, их нужно выбирать из их общего пересечения.  

 

Ключевые слова: идентификация, управление, многомерный объект, составные вектора, 

непараметрические алгоритмы. 
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In this paper, nonparametric identification and control methods are considered for multidimensional 

discrete-continuous processes with a delay inherent in many real productions. Such systems are typical for 

practice, including in the rocket and space industry, as well as in the technological processes of space 

technology production. Considering multidimensional processes, it is necessary to take into account the 

relationships between input and output variables, as well as their relationships with each other. Moreover, 

these connections are not always known to the researcher. When taking into account unknown connections 

of input variables, the researcher will deal with tubular processes or H-models, and when taking into ac-

count unknown connections of output variables, the model for one or another channel of the object will be 

analogs of implicit functions. In general, the model of a multidimensional object will be represented as a 

system of nonlinear implicit equations. In this case, the solution of the identification problem will be re-

duced to finding the prediction of the vector of output variables from the known values of the vector of in-

put variables and can be obtained only as a result of solving the corresponding system of equations, which 

were called T-models. The solution of a system of nonlinear implicit equations by parametric identification 

methods will not lead to the desired result due to the lack of sufficient a priori information, and here there 

is a need for the use of nonparametric identification methods, as well as the use of system analysis meth-

ods. A priori information in the tasks of nonparametric statistics is insufficient, which conventional identi-

fication methods cannot cope with.  

When controlling multidimensional processes, it is necessary to take into account the dependencies of 

output variables, in connection with which another important feature arises, namely: random values from 

the domain of determining output variables cannot be used as setting influences; they must be selected from 

their common intersection.  

 

Keywords: identification, control, multidimensional object, composite vectors, nonparametric algo-

rithms. 

 

Introduction 

At present, the problems of identification and control of multidimensional discrete-continuous sys-

tems with a delay under conditions of a priori uncertainty are quite important [1]. In many productions, 

processing and storage industries, technologists usually deal with multidimensional discrete-continuous 

processes. For example, complex physicochemical reactions occur during the production of converter 

steel, and therefore the lack of an adequate model can lead to unsuccessful control of the converter, asso-

ciated with a large difference (more than 5%) of the values of the output variables from the set ones. In 

this case, the construction of a parametric model of converter production will lead to more experiments 

and, accordingly, to numerous costs, while the use of nonparametric models significantly reduces costs 

and reduces the time to create an adequate model [2].  

Such multidimensional objects (processes) most often have dependencies of output variables 

 1 2, ,..., ,nx x x x stochastically dependent in an unknown way in advance (T-processes). This leads to 

the fact that the mathematical description of a multidimensional object will be presented in the form of 

some analogue of a system of implicit functions of the form  , 0, 1,jF u x j n  , where 

 1 2, ,..., mu u u u are the input variables of the process. The main feature of such objects is that the de-
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pendency class is  F   unknown up to the parameters. In this case, the classical theory of identification 

is not applicable. The identification problem is reduced to the problem of solving a system of nonlinear 

equations with  , 0, 1,jF u x j n   respect to the components of a vector  1 2, ,..., nx x x x with 

known values of u, x and the presence of a training sample  , , 1,i iu x i s , which can be solved using 

the theory of nonparametric systems [1]. Similar tasks have not been considered before [3; 4]. 

Use the concretization of the concept associated with the term "nonparametric", which was used in 

the works of M. Rosenblatt and E. Parzen [5; 6], as well as in the monograph of F. P. Tarasenko [7].  

«A nonparametric problem is a statistical problem defined on such classes of distributions, among 

which at least one is not reduced to a parametric family of functions. »  

«The nonparametric problem of estimating unknown distributions is the problem of finding a pro-

cedure by which one can evaluate nonparametrized distributions from a class, for example, of all con-

tinuous distribution functions or a class of distributions having a number of derivatives, etc. » 

In the present article, the term «nonparametric» means the lack of sufficient a priori information to 

represent an object with accuracy up to parameters.  

Based on these definitions, we can say that nonparametric methods are much more effective if the 

parametric model does not adequately describe the observed data [8]. 

 

Identification task 

Consider the multidimensional process shown in fig. 1. 

 

 
 

Fig. 1. Multidimensional object 

 
Рис. 1. Многомерный объект 

 

In fig. 1 given the following designations:           1 2, ,..., ,..., , 1,k mu t u t u t u t u t k m   m – 

dimensional vector of input variables;           1 2, ,..., ,..., , 1,j nx t x t x t x t x t j n   – n-dimensional 

vector of output variables, which belong to the respective areas:  j jx x ;  t  – random noise 

acting on the object; ,  u xh h  – random noise measurement of relevant process variables; the dotted 

lines indicate the presence of the input and output variables; (t) is a continuous time; tt xu ,  – measure 

the input and output variables in discrete time t.  

Based on the above, we can say that multidimensional processes surround our daily life and are 

processes that have many inputs and outputs, as well as connections between input and output varia-

bles, connections only between input variables [9; 10] and only between outputs. Moreover, all these 

connections are not always known to the researcher [11], and there may also be different types of a 

priori information [12]. Because the output variables of a multidimensional process are interconnected, 
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it should also be noted the composite (situational) vector that was introduced by Ya. Z. Tsypkin in 

[13]. A composite vector is a vector composed of input and output variables. It can be any set, for ex-

ample  3
2 5 1 4,  ,  ,  .x u u x    The composite vector is known to the researcher from a priori infor-

mation. 

Consider the concept of lag in a multidimensional object. In one case, the lag is a natural property 

of the object (for example, it may be the duration of the clinker grinding process to obtain cement). In 

another case, the delay will be related to the discreteness of measurements, for example, if the output 

characteristics of a process or object can be observed only after a certain period. Thus, in control theo-

ry, lag and delay should be distinguished in different ways. It should be borne in mind that the delay 

may depend on the equipment and measurement technology, when measurements of output variables 

are carried out at different time intervals, for example, once every two hours, once a shift, once a day, 

etc.  

The task of identifying multidimensional objects is to build models of these objects, which can be 

conditionally represented in fig. 2.  

 

 
 

 

Fig. 2. Multidimensional discrete-continuous process 

 
 Рис. 2. Многомерный дискретно-непрерывный процесс 

 

In fig. 2, the input of the process under consideration receives a vector of input controlled variables 

        1 ,... m
mu t u t u t u R   and a vector of input unmanaged, but controlled variables 

        1 ,... p
pt t t R       , at the output there is a vector of output variables 

        1 ,... ,n
nx t x t x t x R      x̂ t - model output. The input and output variables are monitored 

at discrete time with intervals t . By means of control, we ,  ,  u xH H H get a sample of observations 

or a training sample. Random interference occurs in the measurement channels of variables 

,  ,  .u xh h h  

As mentioned above, the processes considered in this paper have unknown dependencies of the 

components of the output variables. Therefore, the process under study will be described by a system 

of implicit stochastic equations: 

        ,  ,  ,  0, 1, ,jF u t t x t t j n    
                                           (1)
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where the functions  jF   are not known, since the dependencies of the output variables are not 

known;  – known lag through various channels of the process under study. 

The identification task consists in constructing a model of the system, which is shown  

in Fig. 2, in the presence of a sample of observations over the object:  1 2,  ,  ...,  i i i imu u u u , 

 1 2,  ,  ...,  ,i i i ip       1 2,  ,  ...,  , 1, .i i i inx x x x i s   

In this case, the T-model of the process with unknown dependencies of the components of the vec-

tor of output variables will be considered as a system: 

 ˆ ,  ,  ,  ,  ,  0, 1, ,j j j
j s s sF u x u x j n                                                 (2) 

where ,  ,  j j ju x      are composite vectors ,  ,  s s su x – are time vectors (i.e., a set of data that ar-

rived at the s-th moment of time). 

As a result of measuring input and output variables, a training sample can be obtained 

 1 2,  ,  ...,  ,i i i imu u u u   1 2,  ,  ...,  i i i ip     ,  1 2,  ,  ...,  , 1, ,i i i inx x x x i s  which is used when 

building a model of a multidimensional object. Since the input effects u  are set and known, we solve 

the system (2) and obtain estimates of the ˆ jx components of the vector of output variables jx at the 

corresponding values of the input effects u . Here we will use nonparametric estimation methods [14].  

To begin with, we substitute the l-th receipt of input variables  1,  ...,  , 1, ,l l lmu u u l s   where s is 

the volume of the training sample, into the formula (2). Next, we substitute the output variables from 

the training sample  1,  ...,  i i inx x x to determine the residuals , 1, .i i s   The residuals  , 1,i i s   

are calculated using the following formula: 

 ,  ,  ,  ,  ,  , 1, ,j j j
ij j s s sf u x u x j n                                                 (3) 

where the functions   jf   are taken as the difference between the measured values of the output 

components and their estimates [15]: 

   
1 1 1

1 1 1
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, 1, ,
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
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 
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  
 

  

      
   
   
   

   
      
   
   
   

  

 

                      (4) 

where m   is the dimension of the composite vector ,ku  .m m   

Next, we evaluate the conditional mathematical expectation  

 | ,  ,  0 , 1, ,j j
j jx M x u j n                                                     (5) 

and in the end, the forecast for each component of the vector of output variables will look like this: 

1 1 1 1 2

1 1 2

1 1 1 1 2
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1 1 1 1
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[ ] [ ] [ ]
[ ] Ф Ф Ф

ˆ , 1, ,
[ ] [ ] [ ]

Ф Ф Ф

pm ns
k k k

j
su s si k k

j pm ns
k k k

su s si k k

u u i i i
x i

c c c
x j n

u u i i i

c c c

    
 

     

    
 

     

       
      

    
 

       
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                (6) 
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where  Ф   functions of various types were taken as bell-shaped functions and the coefficients 

,  ,  su s sc c c  satisfied the convergence conditions [16]. 

Estimate (6) is a prediction of output variables x with known input .u   

 

Management task 

Consider a multidimensional object – a block diagram with a lag, the general control scheme of 

which is shown in fig. 3.  
 

 
 

 

Fig. 3. Scheme of a nonparametric control system for an object with a lag 

 
 Рис. 3. Схема непараметрической системы управления объектом с запаздыванием 

 

In fig. 3, the following designations are adopted:       1 ,  ...,  mu t u t u t  – controlled input vari-

ables –       1 ,  ...,  pt t t     – uncontrolled, but controlled input variables –  

      1 ,  ...,  n
nx t x t x t R         – output process variables; 

      * * *
1 ,  ...,  n

nx t x t x t R         – setting influences – ,  ,  x
t t th h  – random stationary inter-

ference acting on the object and in the measurement channels of input and output variables –  – lag 

on various channels of a multidimensional system. The lag   is known across all channels of the mul-

tidimensional system, and in this case, it is the same for each component of the vector of output varia-

bles. 

Taking into account that the output variables of a multidimensional T-process are stochastically in-

terconnected, and then the definition of the driving influences for such a system acquires some differ-

ence. Since the output variables are connected, they have a common intersection in some area  j jx , 

but not always all output variables will intersect in one area. In the event that this area  j jx exists, 

then the setting influences must be selected only from this area, otherwise it is not possible to control 
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such a system. If there is no such area, then it is useless to manage such a system. At the same time, 

we present a control system for a multidimensional object, in which we consider a system of interre-

lated setting influences (fig. 4).  

 

 
 

 

Fig. 4. Diagram of a nonparametric control system with an additional block 

 
 Рис. 4. Схема непараметрической системы управления с дополнительным блоком 

 

Fig. 4, in contrast to fig. 3, is supplemented with a block for the formation of setting influences for 

their determination. In fig. 4, the following designations are adopted:  *x t  – the initial values of the 

setting effects;  **x t  – the setting effects that need to be found from the system of equations 

      *,  ,  0, 1, ,j j j
jF u t t x t j n                                                 (7) 

where functions  jF  continue to remain unknown. Outline the control procedure starting from a spe-

cific moment in time t. 

Let there be a training sample  ,  ,  ,  1, .i i iu x i s   At a specific moment of time t, unmanaged but 

controlled variables are received at the input ,t  while the control actions tu  and output variables are 

tx  still unknown. Then, from the entire initial sample  ,  ,  ,  1,i i iu x i s  , those rows are selected in 

which the values i are closest to the newly received values ,t and a new sample is formed from 

these rows. The setting influences jx  are found from the newly formed sample  ,j jx A x  namely 

from the solution of the system (7). The solution of system (7) is reduced to the sequence of algo-

rithms described below. 

For the setting effect 1x
 , we take random values from the region  1 1x . The second variable 2x  

is defined taking into account the selected component 1x
 from the following expression: 
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where  1 1 ,s x  i. e. the summation is not carried out for the entire initial sample, but only for 

those values that were closest to the newly received values .t  

In general, the algorithm takes the following form: 
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                               (9) 

After determining the setting effects, you can start finding the predicted values of the control ef-

fects for a multidimensional system. To do this, we use the following nonparametric algorithm. We 

take the input variable  1u t arbitrarily from the domain  1 .u  The input variable  2u t can be de-

termined according to the following algorithm: 
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
       
    

    
    

  

  

                               (10) 

where  ,  ,  ,  1,i i iu x i s  – training sample;  – incoming input unmanaged, but controlled varia-

bles.  

For the input variable  3u t , the control algorithm will look like this: 
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
          
      

      
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                     (11) 

and so on for each input component of the  u t object. In general, for a multidimensional system, the 

control algorithm will look like this: 
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.                   (12) 
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In real tasks, the number of components of the vector of input variables u  is often greater than the 

number of components of the vector of output variables x . In this case, the components of the vector ,u  

are included in the number of the components vector , so that the dimension of the vector u and x  to 

be the same.  

The configurable parameters will be the blur parameters ,
kuc   

jxc and ,с


 the following formulas 

can be used for them: ,
k

i
u k kс u u     

j

i
x j jc x x  and ,iс

      where , and some 

parameters are large 1, > 1, > > 1, > > 1. It should be noted that the choice ,
kuc   

jxc and с


 is car-

ried out on each control cycle. At the same time, if it is first defined ,
kuc , then the definition

jxc  с


 is 

carried out taking into account this fact. However, it may be the other way around, for example, it is 

determined first 
jxc or ,с


and then the rest.  

 

Computational experiments 

For example, an object with 4 input variables           1 2 3 4,  ,  ,  u t u t u t u t u t and three output 

variables was taken         1 2 3,  ,  x t x t x t x t . Such objects are typical for real industries, for exam-

ple, for cement production, oil refining, metallurgy, etc., where only multidimensional processes take 

place. A sample of input and output variables was formed for this object and the predicted values of 

output variables were found for known input variables using algorithm (4) and (6). To calculate the 

sample size, 1000,s  the blur parameters 0,4;  0,2su sс c   , the interference acting on the compo-

nents of the vector of output variables 0,1 , the lag 2  of the cycle (where 1 clock cycle is equal 

to 1 minute or another) were used. The description of the object up to the parameters was accepted 

only for the computer research and remained unknown for the theory outlined above. Present the re-

sults obtained for the third component of the output of a multidimensional object. 

 

 
 
 

Fig. 5. The predicted output variable  3x t  of the object, measured with a uniform noise of 10 %, 3 0,07    

 

Рис. 5. Прогноз выходной переменой  3x t  объекта, измеренный с равномерной помехой 10 %, 3 0,07   

 

Figure 5 shows the predicted values obtained  3x̂ t for the third component of the output  3x t . 

Errors in determining variables are caused by the presence of interference. As can be seen from Fig. 5, 

the prediction of the values of the output variables  3x̂ t  of a multidimensional object based on 

known input variables  u t , taking into account 10% interference, is quite satisfactory from the point 
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of view of many practical tasks (for example, the clinker grinding process). The attention should be 

payed again to the fact that the researcher does not know the type of system of equations describing 

the controlled object. Measurements of input and output variables are used as information about the 

last.  ,  ,  ,  1, .i i iu x i s    

The following are the results of computational experiments for this object for the first component 

of the output using the control algorithm (12). In this computational experiment, the number of com-

ponents of the vector u is greater than the number of components of the vector X. If the dimension of 

the vector u exceeds the dimension of the vector x, i.e. m > n, then we will replace    4 1u t t to 

make the dimension of the vector u and x the same. Further, the values of the setting influences 

 1 ,x t that were found using the algorithm (9) are presented in the form of a step function, as shown 

in fig. 6. 

 

 
 

 

Fig. 6. Dependence of the output of the object  1x t  on the setting action  1x t   

 

Рис. 6. Зависимость выхода объекта  1x t  от задающего воздействия  1x t

 

 

As can be seen from Fig. 6, the output of the object  1x t  is close enough to the setting effect 

 1x t
in the presence of 10% interference and does not exceed 1.7% of the values  1 ,x t

, which sat-

isfies most practical tasks.  

Thus, a nonparametric algorithm for controlling a multidimensional object with stochastically de-

pendent output variables  x t shows accurate results from the point of view of many practical prob-

lems. 

 

Conclusion 

This article discusses the problems of identification and management of a multidimensional object 

in conditions of incomplete information about the object of study, i.e. in conditions when the paramet-

ric model of the process is not defined. Such multidimensional objects are often found in practice, for 

example in metallurgy, energy, oil refining and other industries. A distinctive feature of the models of 

these objects and algorithms from the known ones is that the tasks are set in conditions of nonparamet-

ric uncertainty, i.e. in conditions when a multidimensional system is not described with accuracy up to 

the parameter vector due to a lack of a priori data.  

Another main feature is that both the identification task and the control task introduce sequences of 

nonparametric algorithms. The essence of nonparametric identification and control algorithms is that 
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for the identification problem, the forecast is built as a conditional mathematical expectation of the 

components of the vector of output variables  x t with known input components   ,u t , and in control 

– as a conditional mathematical expectation of input variables  u t with the found setting influences 

 .x t   

Based on the predicted values obtained in the computational experiment,  

in the process of using nonparametric algorithms, quite good results are obtained  

from a practical point of view, which can also be used in solving real problems in production [17]. 
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