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Для анализа напряженно-деформированного состояния однородных и композитных тел (КТ) 

эффективно применяется метод многосеточных конечных элементов (ММКЭ), в котором 

используются многосеточные конечные элементы (МнКЭ). ММКЭ порождает многосеточные 

дискретные модели малой размерности, в которых неоднородная структура тел учитывается в 

рамках микроподхода с помощью МнКЭ. Базовые дискретные модели (БМ), учитывающие 

неоднородную структуру тел, имеют высокую размерность. Для понижения размерности 

дискретных моделей тел используется ММКЭ. Однако, существуют БМ КТ (например, БМ тел с 

микронеоднородной структурой), которые имеют такую высокую размерность, что реализация 

ММКЭ для таких БМ, в силу ограниченности ресурсов ЭВМ, затруднительна. Кроме того, для 

многосеточных дискретных моделей высокой размерности ММКЭ порождает численно 

неустойчивые решения, что связано с погрешностью вычислений ЭВМ. Для решения данных 

проблем здесь предлагается в расчетах использовать фиктивные дискретные модели, особенность 

которых состоит в том, что их размерности меньше размерностей БМ КТ.   

В данной работе предлагается метод фиктивных дискретных моделей (МФДМ) для расчета на 

статическую прочность упругих композитных тел с неоднородной, микронеоднородной регулярной 

структурой. МФДМ реализуется с помощью ММКЭ с применением скорректированных условий 

прочности, которые учитывают погрешность приближенных решений. В основе МФДМ лежит 

положение, что решения, отвечающие БМ КТ, мало отличаются от точных, т. е. эти решения 

считаем точными. 

Расчет КТ по МФДМ сводится к построению и расчету на прочность фиктивных дискретных 

моделей (ФМ), которые обладают следующими свойствами. ФМ отражают форму, характерные 

размеры, крепление, нагружение и вид неоднородной структуры КТ, распределение модулей 

упругости, отвечающее БМ КТ. Размерности ФМ меньше размерности БМ КТ. 

Последовательность, состоящая из ФМ, сходится к БМ, т. е. предельная ФМ совпадает с БМ. Как 

показывают расчеты, сходимость такой последовательности обеспечивает равномерную 

сходимость максимальных эквивалентных напряжений ФМ к максимальному эквивалентному 

напряжению БМ КТ, что позволяет применять такие ФМ в расчетах упругих тел на прочность.  

Рассматриваются два типа ФМ. Первый тип – масштабированные ФМ, второй – ФМ с 

переменными характерными размерами. В данной работе подробно рассматриваются ФМ 

второго типа. Расчеты показывают, что реализация ММКЭ для ФМ с одним, двумя или тремя 

переменными характерными размерами приводит к большой экономии ресурсов ЭВМ, что 

позволяет использовать МФДМ для тел с микронеоднородной регулярной структурой. Расчеты на 

прочность КТ по МФДМ требуют в 
3 710 10  раз меньше объема памяти ЭВМ, чем аналогичный 

расчет с использованием БМ КТ, и не содержат процедуру измельчения БМ. Приведенный пример 
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расчета на прочность трехмерной композитной балки по МФДМ с применением ФМ с тремя 

переменными характерными размерами показывает его высокую эффективность. 
 

Ключевые слова: упругость, композиты, скорректированные условия прочности, фиктивные 

дискретные модели, многосеточные конечные элементы.  
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To analyze the stress-strain state of homogeneous and composite bodies (CB), the method of multigrid 

finite elements (MMFE) is effectively applied, which uses multigrid finite elements (MgFE). MMFE gener-

ates multigrid discrete models of small dimension, in which the inhomogeneous structure of bodies is taken 

into account within the framework of a micro-approach using MgFE. Basic discrete models (BM), taking 

into account the heterogeneous structure of bodies, have a high dimension. To reduce the dimensionality of 

discrete models of bodies, MMFE is used. However, there are BM CB (for example, BM bodies with a mi-

cro-inhomogeneous structure), which have such a high dimension that the implementation of MMFE for 

such BM, due to limited computer resources, is difficult. In addition, for multigrid discrete models of high 

dimension, the MMFE generates numerically unstable solutions, which is associated with the error of com-

puter calculations. To solve these problems, it is proposed here to use fictitious discrete models in calcula-

tions, the peculiarity of which is that their dimensions are smaller than the dimensions of BM CB. 

In this paper, we propose a method of fictitious discrete models (MFDM) for calculating the static 

strength of elastic composite bodies with an inhomogeneous, micro-inhomogeneous regular structure. 

MFDM is implemented using MMFE with adjusted strength conditions application which takes into ac-

count the error of approximate solutions. The MFDM is based on the position that the solutions that meet 

the BM CB differ little from the exact ones, i. e. we consider these solutions to be accurate. 

The calculation of CB by MFDM is reduced to the construction and calculation of the strength of fict i-

tious discrete models (FM), which have the following properties. FM reflecst: the shape, characteristic 

dimensions, fastening, loading and type of inhomogeneous structure of the CB, and the distribution of elas-

tic modulus corresponding to BM CB. The dimensions of FM are smaller than the dimensions of BM CB. 

The sequence consisting of FM converges to BM, i. e. the limiting FM coincides with BM. Calculations 

show that the convergence of such a sequence ensures uniform convergence of the maximum equivalent 

stresses of the FM to the maximum equivalent stress of the BM CB, which allows the application of such 

FM in the calculations of elastic bodies for strength. 

Two types of FM are considered. The first type is scaled FM; the second type is FM with variable char-

acteristic sizes. In this paper, the FM of the second type is considered in detail. Calculations show that the 

implementation of MMFE for FM with one, two or three variable characteristic sizes leads to a large sav-

ing of computer resources, which allows the use of MFDM for bodies with a micro-inhomogeneous regular 

structure. Calculations for the strength of CB according to MFDM require several times less computer 

memory than a similar calculation using BM CB, and does not contain a procedure for grinding BM. The     

given example of calculating the strength of a three-dimensional composite beam according to MFDM us-

ing FM with three variable characteristic dimensions shows its high efficiency.   
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Introduction 

Static calculation on the strength of an elastic structure (body) 0V  is carried out, as a rule, 

according to the strength reserves [1-3] and comes down to determining the maximum equiva-

lent stress of the structure. In this case, for the body 0V , the given strength conditions have the 

form 1 0 2 ,n n n   where 1,n  2n  are set, 0n  - is the body safety factor 0 ,V  0 0/ ,Tn     T  – 

the ultimate tension of the body 0 ,V  0  - the maximum equivalent stress of the body 0V , cor-

responding to the accurate solution of the elasticity problem, constructed for the body 0.V For 

maximum equivalent stresses, which are determined approximately, corrected strength condi-

tions are used [4]. When analyzing the stress-strain state (SSS) of elastic bodies, the method 

of multigrid finite elements (MMFE) [5–11] is effectively applied, which uses multigrid finite 

elements (MgFE) [5–17]. The MMFE generates low-dimensional multigrid discrete models, 

in which the inhomogeneous structure of bodies is taken into account in the framework of the 

micro-approach [18] with the MgFE application. Basic discrete models (BM) of composite 

bodies (CB), which take into account their inhomogeneous, micro-inhomogeneous structure 

within the micro-approach, have a very high dimension. To reduce the dimensions of discrete 

models, the MMFE is very effectively used. However, for example, BM bodies with a micro-

inhomogeneous regular structure have such a high dimension that the realisation of MMFE 

for such BM, due to limited computer resources, is difficult. In addition, for high-dimensional 

multigrid discrete models, the MMFE generates numerically unstable solutions, what is asso-

ciated with the error of computer calculations. To solve these problems, in this article it is 

proposed to use fictitious discrete models in calculations, the peculiarity of which is that their 

dimensions are less than those of BM CB. The existing approximate approaches and methods 

for calculating CBs have complex formulations and are difficult for implementation for bod-

ies with a complex inhomogeneous structure [19–26]. 

In this paper, a method of fictitious discrete models (MFDM) is proposed for calculating 

the strength of bodies with inhomogeneous, micro-inhomogeneous regular structure. MFDM 

is realised with MMFE application using corrected strength conditions which take into ac-

count the error of numerical solutions. Let us introduce a definition for fictitious discrete 

models. 

Definition. Discrete models CB V  will be called fictitious models (FM) if these FM have 

the following properties. 

1. The inhomogeneous structures of the FM differ (do not differ) from the inhomogeneous 

structure of the BM CB .V  

2. FM reflect: the form, characteristic dimensions, fastening, loading and type of inhomo-

geneous structure of CB ,V and the distribution of elastic moduli corresponding to BM CB .V  

3. A sequence consisting from FM converges to BM CB ,V  i.e., the limit FM of the se-

quence coincides with BM CB .V  

4. The dimensions of the FM are less than the dimension of the BM CB ,V  except for the 

limiting FM, the dimension of which is equal to the dimension of the BM CB .V  

Two main types of FM are considered here. The first type is scaled FM, the second is FM 

with variable characteristic sizes. 

In [27], scaled composite discrete models are considered in detail as FM, the dimensions of 

which are less than the dimension of BM CB. The proposed FM, formed using a scaled regu-

lar CB cell, have the same characteristic dimensions, shape, fastenings and loadings as the 

BM, but the inhomogeneous structures of the FM differ from the inhomogeneous structure of 

the BM. The scaled FMs reflect the type of inhomogeneous structure of the BM CB and the 
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distribution of elastic moduli corresponding to the BM. The convergence of the scaled FM 

sequence ensures uniform convergence of the maximum equivalent voltages of the FM to the 

maximum equivalent voltage of the BM. The high efficiency of using scaled FMs in MFDM 

is shown by the example of strength analysis of a beam with an inhomogeneous regular struc-

ture [27]. 

In this paper, the FM of the second type is considered in detail. Calculations show that the 

realisation of the MMFE for FM with one, two or three variable characteristic sizes leads to a 

large saving of computer resources, which makes it possible to use the MFDM for bodies with 

a micro-inhomogeneous regular structure.  

Calculation of the strength of CB by MFDM requires 3 710 10  less computer memory than 

a similar calculation using BM CB, and does not contain the procedure for grinding of BM. 

The given example of strength calculation of a three-dimensional composite beam according 

to MFDM using FM with three variable characteristic dimensions shows its high efficiency. 

 

1. Main provisions of the method of fictitious discrete models 

 MFDM is used for CBs with a regular structure which satisfy the following provisions. 

 Statement 1. CBs consist from multy-module isotropic homogeneous elastic bodies, the 

connections between which are ideal, i.e., on the common boundaries of multy-module iso-

tropic homogeneous bodies, the functions of displacements and stresses are continuous.  

Statement 2. Displacements, deformations and stresses of multy-module isotropic homoge-

neous bodies correspond to the relations of a three-dimensional linear problem of the theory 

of elasticity [28].  

Statement 3. Approximate solutions, which correspond to BM CB, differ little from exact 

ones. Such approximate solutions will be considered as accurate. Note that, due to the conver-

gence of the MMFE, such BMs for CBs always exist. 

 

2. Fictitious discrete models with variable characteristic dimensions  

In practice, composite beams and shells with a constant cross section are widely used, 

which are reinforced with continuous fibers of constant thickness. The fibers are parallel to 

the axis of the beam (shell). 

Without losing the generality of judgments, for simplicity of presentation, we will consider 

the essence of constructing FM with one variable characteristic size using the example of a 

cantilever beam, the shape of a constant cross section of which is a symmetrical I-beam, con-

sisting of 3 rectangles (fig. 1). CB 0V , located in a Cartesian rectangular coordinate system 

Oxyz , when 0y  is rigidly fixed, i.e., when 0y  we have: , , 0u v w . The axis Oy  in fig. 1 

is parallel to the axis of the beam 0V . CB 0V  is reinforced with continuous fibers with a cross 

section h h  that are parallel to the axis Oy  and have the same moduli of elasticity. Fig. 2 

shows a section of a beam, consisting of 3 rectangles, the sections of the fibers are shaded. 

     At fig. 1, 3 a, b there are the characteristic dimensions of the cross section of the BM 0R  

CB 0V  and FM nR , 0L , ( nL ) is the length of the BM 0R  (FM nR ), 0nL L . FM nR  has the 

same fastening (i.e., when 0y   FM nR  is rigidly fixed) and the same loading pattern as BM. 
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          Рис. 1. Балка (КТ) 0V , БМ 0R                    Рис. 2. Сечение КТ 0V                      Рис. 3. ФМ nR  балки 0V  
 

          Fig. 1. Beam (CB) 0V , BM 0R                    Fig. 2. Section of CB 0V                      Fig. 3. FM nR  beams 0V  

 
FM nR  has the same inhomogeneous structure as CB 0V , i.e. FM nR  is reinforced with 

continuous fibers parallel to the axis Oy  with section h h  and has the same type of distribu-

tion of fibers in the cross section as CB 0V  (Fig. 2). The moduli of elasticity of the fibers and 

the binder material of CB 0V  and FM nR  are the same. For simplicity of presentation, let 

                                                                     0 /h L N ,                                                   (1) 

where N  is an integer; N – is set; 1N  ; h  – few. 

BM 0R  CB 0V  consists from the1st-order FE eV  of the shape of a cube with a side h (in 

which three-dimensional SSS is realised [28]), takes into account the inhomogeneous struc-

ture and complex shape of CB 0V . Let the BM 0R  generate a solution which differs little from 

the exact one and which we will assume to be exact (statement 3, item 1). The inhomogene-

ous structure in the FM ,nR  as well as in the BM 0 ,R is taken into account with the help of the 

first-order FE eV . Taking into account (1), the size nL  of the FM nR  is found by the formula 

                                                              0 /nL L n N hn                                                    (2) 

where n is an integer, 0 ,...,n n N , 0n  is given, we have 0nL L   . 

      From the foregoing, taking into account that according to (2) 0nL L  when ,n N  it fol-

lows that 

                                                               0RRn    when  Nn  .                                       (3) 

 

      When n N  due to (2), (3) we have 0NR R . Then the fulfillment of (3) implies  

                                                               0 n   when  Nn  ,                                       (4) 

 where n  0( )  is the maximum equivalent voltage of  the FM nR  (BM 0R ). 

FM nR  and BM 0R  consist from the 1-st order FE eV  of the shape of a cube with a side h 

and the cross sections of these models are the same. This means that the sections FM nR  and 

BM 0R  have the same number of nodes, equal to 0N . Then the total number of nodes 0M  

BM 0R  is equal to )1(00  NNM . The total number of nodes nM  FM nR  is equal to 

)1(0  nNMn . From this it follows that when Nnn 0  we have  

                                                             0MMn  .                                                              (5) 

When Nn   we have 0MM N  , i.e. 0RRN  . So, the application of FM nR  with a varia-

ble size nL  in strength calculations according to MFDM CB 0V , due to (5), leads to saving 

computer resources. Calculations show the greatest efficiency of MFDM when using FM with 

three variable characteristic sizes in calculations. 

 

3. Results of numerical experiments 

Let us consider a model problem of calculating the strength of a cantilever beam 0V  with a 

non-uniform regular fibrous structure with dimensions 48 1152 96h h h   (Fig. 4). A regular 

cell 0G  of a beam with dimensions 6 6 6h h h   in fig. 5 is located in the local Cartesian coor-

dinate system Oxyz , fibers with a section hh  are directed along the axis Oy , fiber sections 

in the plane Oxz  are shaded, 7,...,1,, kji . 
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                                    Рис. 4. Размеры балки 0V                                                      Рис. 5. Регулярная ячейка 0G  

                             Fig. 4. Dimensions of the beam 0V                                                      Fig. 5. Regular cell 0G  

 

The beam is reinforced with longitudinal continuous fibers. When 0y  the beam is rigid-

ly fixed, on the surface Hz   it has a load on xq , zq . For the safety factor 0n  of the beam, 

the strength conditions are given 

4,38,1 0  n .                                                                 (6) 

For the model task, we have the following initial data: 

                    0,2083h  ;  6T  ;  1cE  ,  10vE  ,  0,3c v    ,                               (7) 

where cE , vE  ( c , v ) – are Young's moduli (Poisson's ratios), matrix and fiber; T  – yield 

strength of the fiber, at the boundary Hz  ; 0,5L y L   the load is set 0,000375z xq q   

(fig. 4).  

The basic model 0R  CB 0V  is composed from single - grid finite elements (1gFE) 
h
jV  of 

the 1-st order cube shape with side h  (in which three-dimensional SSS [28] is realised), takes 

into account the inhomogeneous structure of the CB 0V  and generates a uniform grid with 

step h of a dimension 97115349   with a total number of nodal unknowns of the finite ele-

ment method (FEM) [29; 30] takes into account the heterogeneous structure of CB 0V  and 

generates a uniform grid with a step h  of a dimension 97115349   with the total number of 

nodal unknowns of finite element method (FEM) [29; 30], equal to 164263680 N , the tape 

width of the system of equations (SE) (FEM) is equal to 145560 b . Let us consider, that BM 

0R  CB 0V  satisfy Statement 3 item 1. In calculations we use FM nR  with three variable char-

acteristic dimensions, nnn HLb   (fig. 6), where 

                                    hnbn 6 ,   hnLn 624 ,   hnHn 62 ,                                       (8) 

i.e. FM nR  consists from regular cells 0G , fig. 5, 8,...,2n . At 8n  we have: bbn  , 

LLn  , HHn  , at 8n : bb 8 , LL 8 , HH 8 , i.e. characteristic dimensions FM 8R  

coinside with dimentions BM CB 0V . As FM and BM CB 0V  are presented with the same fi-

nal elements (FE) (see point 2), then 08 RR . At 0y  FM nR  is rigidly fixed, on the surface 

nHz  , nn LyL 5,0  has a load 000375,0 xz qq .  

 
 

Рис. 6. Переменные характерные размеры ФМ nR  балки 0V  
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Fig. 6. Variable characteristic dimensions of the FM nR  beam 0V  

 

In calculations, we use a two-grid FE (2gFE) )2(
dV , having dimensions hhh 666   (fig. 7), i. 

е. consisting of one regular cell 0G  (fig. 5). On the basis of model nR  we build a two-grid 

model o
nR , which consists from 2gFE )2(

dV . 

 

 
 

Рис. 7. Мелкая и крупная сетки 2сКЭ (2)
dV  

Fig. 7. Small and large grids 2gFE (2)
dV  

 

In fig. 7 2gFE )2(
dV  is located in the local Cartesian coordinate system Oxyz . When con-

structing a 2gFE )2(
dV  we use two nested grids: a small grid dh  with a step h  dimension 

777   and a large grid – dH  with dimension 232  . Along the axes Ox ,Oz  the grid dH  

has a step h6 , along the axis Oy  - a step h3 . At fig. 7 the grids dh  and dH  are shown and 

nodes of a large grid are marked with dots, 12 nodes. Fine grid dh  is generated by the base 

partition dR  2gFE )2(
dV , which is composed from 1gFE 

h
jV  of the 1-st order cube shape with 

side h (in which three-dimensional SSS is realised) and takes into account the heterogeneous 

structure 2gFE )2(
dV . The procedure for constructing the stiffness matrix and the vector of 

nodal forces 2gFE )2(
dV  is described in detail in the work [27]. 

The calculation results are given in the table 1, where o
n  – is model maximum equivalent 

voltage o
nR , found according to the 4th theory of strength, o

nN  и o
nb  – dimension and width of 

the tape SE ММFE of the model o
nR , 7,...,2n , relative error n (%) is determined by the for-

mula 

                   1(%) 100% | | /o o o
n n n n      ,    2,...,7n  .                                        (9) 

Analysis of the results shows a uniform monotonic convergence of stresses 0
n  and errors 

(%)n , 2,...,7n  .  

                                                                                                                                                                                  Table 1 

Calculation results for models 2
oR  – 7

oR  

n  o
nR  o

n  n (%) o
nN  o

nb  n  o
nR  o

n  n (%) o
nN  o

nb  

2 2
oR

 
1.801 – 4320 105 5 5

oR
 

2.373 7.33 47520 420 

3 3
oR  1.993 9.61 12096 186 6 6

oR  2.525 6.03 78624 573 

4 
4
oR

 
2.199 9.36 25920 291 7 

7
oR

 
2.661 5.12 120960 751 
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As 08 RR , then the voltage 8
o  FM oR8 , is equal to 8 2,785o  , we consider the exact so-

lution, i.e. 0 2,785   (see item 2, Statement 3 item 1). In calculations for the strength of elas-

tic bodies according to MFDM, the corrected strength conditions are used (taking into account 

the error of approximate solutions), which are presented in the following theorem.  

Theorem. Let for the safety factor 0n  of an elastic body 0V  the strength conditions are 

given  

201 nnn  ,                                                               (10) 

where 1n , 2n  – are set, 11 n ; 0 0/Tn    , T  – ultimate stress of the body 0V ; 0  – the 

maximum equivalent stress of the body 0V , which corresponds to the exact solution of the 

problem of the theory of elasticity, built for the body 0V  . 

Let the safety factor bn  of the body 0V , corresponding to the approximate solution of the 

problem of the theory of elasticity, satisfie the corrected strength conditions 

  


 11

21 n
n

n
b .                                                         (11) 

Then the safety factor 0n  of the body 0V , corresponding to the exact solution of the prob-

lem of the theory of elasticity, satisfies the specified strength conditions (10), where 

/b T bn    , b  – maximum equivalent body stress 0V , corresponding to an approximate so-

lution of the problem of elasticity theory, constructed for the body 0V , and found with such 

an error b , that 

 2 1

1 2

 
| |  b

n n
C

n n
 


    


,                                                   (12) 

where   – upper estimate of the relative error, b ,   – is given, error b  for tension b  is 

determined by the formula 0 0( ) /b b     . 

Note, that if the body 0V  consists of plastic materials, then T  – is the yield strength. From 

(12) follows, that if 12 nn   few, then b  must be determined with a small error b .  

The proof of the theorem is given in the article [4]. 

For the given 8,11 n  и 4,32 n  according to (12) we have 0,31C  . Calculations show that 

if (%) 10 %n  , then the tension error o
n  of model o

nR  is not more than 15 % . Tensions 

6 2,525o   and 5 2,373o   differ at 6 (%) 6,028 %   (look table 1), then the tension error 6
o  is 

not more than 15 % , i. e. we have 0,15  . Note, that 6 2,525o   differes from the exact voltage 

0 2,785   on 9,33 % . Let’s accept that 0,15  , 6
o

b   . Condition (12) for   is satisfied, 

i.e. we have 0,15 0,31C     . Using 0,15  , 8,11 n  and 4,32 n  in (11) we get  

96,212,2  bn .                                                            (13) 

Using 2,525b  , 6T  , we find the safety factor bn  for CB 0V  according to the formula 

/ 6 / 2,525 2,38b T bn      .                                                 (14) 

As the found coefficient bn  satisfies the corrected strength conditions (13), then, according 

to the above formulated theorem, the safety factor 0n  CB 0V , corresponding to the exact solu-

tion of the elasticity problem found for CB 0V , satisfies the specified strength conditions (6), 

i.e. 01,8 3,4n  . Indeed, 15,2785,2/6/ 00  Tn , safety factor 15,20 n  CB 0V  satis-

fies the specified strength conditions (6), i.e. we have 4,315,28,1  .  
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In strength calculations CB 0V  according to MFDM, we use the discrete model oR6 , which 

requires 30,5307
57378624

1455616426368
k

66

00 










oo bN

bN
 times less than the amount of computer 

memory, i.e., almost in 3103,5   times less, than BM 0R  CB 0V , what shows the high effi-

ciency of the realization of the MFDM using the FM with three variable characteristic sizes. 
 

Conclusion 

The method of fictitious discrete models (MFDM) is proposed for calculating the static 

strength of elastic bodies with an inhomogeneous, micro-inhomogeneous regular structure. 

The proposed method is reduced to the construction and calculation of the strength of ficti-

tious discrete models (FM), the dimensions of which are less than the dimensions of the basic 

discrete models (BM) of composite bodies (CB), and is realised using the multigrid finite el-

ement method (MMFE) and corrected conditions strength, which take into account the error 

of approximate solutions. Here, FMs are represented by two main types. The first type is 

scaled FM; the second type is FM with variable characteristic dimensions. In this paper, FM 

of the second type is considered in detail. Calculations show that the implementation of 

MMFE for FM with variable characteristic dimensions leads to a large saving of computer 

resources, what makes it possible to use MFDM for bodies with a microinhomogeneous regu-

lar structure. Calculations for the strength of CB using MFDM require less computer memory 

than a similar calculation using BM CB, and do not contain the procedure for grinding CB. 

The given example of calculating the strength of a composite beam according to MFDM us-

ing FM with three variable characteristic dimensions shows its high efficiency. 
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