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The study of heat transfer from combustion products (CP) to the impeller and the casing of gas turbines of liquid
rocket engines (LRE) is an urgent task.

The solution of the flow problem, taking into account heat transfer, in rotational flows, in the flowing parts of the
turbopump units (TPU) of the rocket engine, is carried out by the following methods: numerical methods; analytical
approach, when solving the equations of dynamic and temperature boundary layers; as well as using empirical depend-
encies. The temperature parameter of the gaseous combustion products and, as a consequence, the heat exchange be-
tween the combustion products and the structural elements of the flow part, significantly affects the working and energy
characteristics of the TPU LRE.

When designing gas turbines of LRE, it is necessary to take into account the presence of heat exchange
processes, the working fluid temperature distribution and the structural element temperatures in the cavities of the TPU
LRE (since energy losses and viscosity depend on the temperatures of the working fluid, and also determine the
flow parameters). The temperature distribution in the structural elements determines the performance and reliability
of the unit.

In the case of the use of cryogenic fiel components in the TPU LRE units the heating of the component leads to the
implementation of cavitation modes and a drop in operating and energy characteristics. On the other hand, a lowered
temperature of the working fluid leads to an increased viscosity of the components and, as a consequence, a decrease in
the efficiency of the unit (especially when using gel-like components).

When studying heat transfer in the field of centrifugal forces for elements of rocket engine gas turbines it is neces-
sary to obtain a joint solution of the equations of dynamic and temperature boundary layers in the boundary conditions
of the flow parts.

This article offers a model of the distribution of dynamic and temperature boundary layers taking into account the
convective component (for the case of a gaseous working fluid, i. e. Pr < 1), which is necessary for the analytical solu-
tion and determination of the heat transfer coefficient in the boundary conditions of the flow cavities of the LRE turbine.
The energy equation has been analytically obtained for the boundary conditions of the temperature boundary layer,
which allows integration over the surface of any shape, which is necessary in determining the thickness of the energy
loss. Taking into account the integral relation, the heat transfer law of the turbulent boundary layer for the rotation
cavities is written. The equations for determining the heat transfer coefficient in the form of the Stanton criterion for
rectilinear uniform and rotational flows for cases of turbulent flow regimes were obtained analytically. The obtained
equations for heat transfer coefficients are in good agreement with experimental data and dependences of other au-
thors.

Keywords: heat transfer coefficient, temperature boundary layer, turbopump unit, power parameters, turbine.
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Hccnedosanue mennoomoauu om npodykmos ceopanust (IIC) k pabouemy xonecy u KOpnycy 2azosvix mypouH sHcuo-
KocmHbix pakemuwix osueameneti (KP/]) sensemcs akmyansHou 3a0ayell.

Pewenue 3a0auu meuenus ¢ yyemom meniooomena npu 8paujamenbHblx me4eHUsx 8 NPomoUHbIX Yacmsax mypooHa-
cocubix azpecamog (THA) JKPI] ocywecmensemcst ciedyrowumu cnocooamu. YucIeHHbIMU MemoOamu, AHATUMUYeCKUM
NnOOX000M NPU peueHUY YPasHeHUll OUHAMUYECKO20 U MEMNEPAMYPHO20 NOSPAHUYHBIX CLOE8, d MAKJNCe C UCHONb306d-
Huem amnupuyeckux sasucumocmeti. Ilapamemp memnepamypor 2azoobpasnvix 1IC u, xax ciredcmeue, meniooomen
meoncoy TIC u KOHCMPYKMUBHBIMU DNIEMEHMAMU NPONOYHOL YACTU 3HAYUMENbHO 6IUsen HA paboyue U dHepemuye-
cxue xapaxmepucmuxu THA JKP]].

Ipu npoexmuposanuu 2azoevix mypoun JKP/] neobxo0umo yuumuieames Haiuuue menio0OMeHHbIX BPOYeccos, pac-
npeoeiienHue memnepamyp pabouezo meia u memMnepamyp KOHCMpyKmueHulx 21emenmos 6 noiocmsax THA JKPJ] (max
KaK dHepeemuyeckue nomepu U Ga3K0Cmb 3A8UCAM OM MeMnepamyp pabouezo meid, a maxdice onpeoeisiiom napa-
Mempul meuenust). Pacnpedenenue memnepamyp 6 KOHCMPYKMUGHBIX dAEMEHMAX ONpeoesiiom pabomocnocobHOCmb
U HaoedCHOCMb azpezama.

B cnyuae npumenenus kpuoeenuvix komnonenmos monauea 6 acpecamax nooawu THA JKPJ], noooepes komnonenma
npUOOUM K peanu3ayuu KasUumayuoHHbIX PeNCUMO8 U NadeHuio paboyux u snepeemudeckux xapaxmepucmux. C opy-
20U CMOPOHbL, NOHUIICEHHASL MEeMNEPAmypa paboue2o meia nPpUOOUm K NOGLIUEHHOU GA3KOCMU KOMNOHEHMO8 U CHU-
arcenuro KT/ acpecama (0cobenHo npu ucnonb308anUl 2e1e00PA3HbIX KOMNOHEHNO08).

Ipu uccnedosanuu menioomoasu 8 noje YeHMpooOeICHvIX CUI 0I5 IeMeHmMOo8 2a308bix mypour JKP/] neobxooumo
NOMYHUMb COBMECMHOE PEuleHUe YPAGHEHUU OUHAMUYECKO20 U MEMNEPAmypPHO20 NOSPAHUYHBIX ClOEE 8 SPAHUYHBIX
VCIOBUSIX NPOMOYHBIX YaACMElL.

Ipeonosicena moodenv pacnpedenerust OUHAMUYECKO20 U THEMNEPAMYPHO20 NOSPAHUYHBIX CNI0e8 C YUemOM KOHBEK-
mueHol cocmasisioujetl (01 Cryyas eazo0opasnozo pabouezo mena, m. e. Pr < 1), neobxooumas 0nis aHaiumu4eckozo
peuwienusi u onpeoenenus KoOdQPouyuenma menioomoasy 8 2paHUYHbIX YCI08USIX NPOMOUHbIX nosocmel mypounvt JKP/].
Ananumuyecku noayyeHo ypaeHenue dHepeuu O0isl SPAHUYHBIX YCI0GUN MEMNEePAmypHO20 NOSPAHUYHO2O COSl, NO360-
JSIOUe20 8eCmU UHMeZPUPOSarUe no No8epxXHocmu 1060t hopmul, HeobX0OUMOe npu OnpedeieHul Moaur nomepu
onepeuu. C yuemom unmezpaibHo20 COOMHOUEHUS 3ANUCAH 3AKOH MeNnI000MeHa MYpOYIeHMHO20 NOSPAHUUHOZO CLOs
ona nonocmeil epawenus. AHarumudeckum nymem noayueHvl ypagHenus O0jis onpeoeieHus: Kodgdguyuenma menioom-
Odauu 6 eude kpumepuss Cmanmona OJisi NPAMOIUHEUHO20 PABHOMEPHO20 U 6PAUAMENbHBIX MeyeHull Ois Clyudes myp-
oyrenmubix pesicumos mevenust. Ilonyuennvie anarumuyeckue ypaguenus 0t KOIQDOuyuenmos menioomoasu Xopouo
CO2NACYIOMCSL € IKCNEPUMEHMATIHBIMU OAHHLIMU U 3A6UCUMOCTISIMU OPY2UX ABNOPOS.

Kniouegvie crnosa: koaghpuyuenm menioomoauu, memMnepamypHulil NOZPAHUYHBIL CNOU, MYypOOHACOCHbII azpezam,
9HepeemuiecKue napamempsl, mypouna.

Introduction. Considering the features of heat trans-  methods use direct numerical simulation (DNS method)
fer in the flowing parts of turbopump units (TPU) of lig- and the averaged Navier-Stokes and Reynolds equations
uid rocket engines (LRE) is an urgent task. Currently, (RANS method). The choice of method depends on the
taking into account the features of the flow with heat complexity of the problem and the accuracy of the results.
transfer during the implementation of the potential and The RANS method is often used with the k-¢ and k-®
vortex rotational flow in the flow parts is mainly carried turbulence models [2—7]. The issues of heat transfer dur-
out by the following methods: using empirical equations, ing the flow around a curved surface with a longitudinal
numerical and analytical methods for solving differential  curvature of the working fluid gaseous flow were also
equations in partial derivatives [1]. considered in [8—10], where cases of flow around turbine

The first method does not always provide the required  blades were investigated. In [11], convective heat transfer
accuracy in calculating the hydrodynamic and thermal in a channel with periodic protrusions was studied on the
characteristics of rotational flows taking heat transfer into  basis of multiblock computational technologies based
account and requires additional specifying experimental on the solution of the Reynolds equations closed by the
studies. As a rule, this entails quite a bit more time and  Mentor model of shear stress transfer using the factorized

material costs for setting up and conducting research. finite-volume method and the energy equation on multis-
Numerical methods are quite difficult to use when car-  cale intersecting structured grids.
rying out engineering calculations and require their im- The analytical method allows obtaining analytical

plementation in specialized software. Numerical research ~ dependences applicable for engineering calculations in a
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wide range of possible variations of design and opera-
tional parameters. Analytical methods, as a rule, were
developed for a rectilinear uniform flow, and have a num-
ber of limitations. One of the earliest studies is the work
of E. L. Knuth [12], in which the analysis is based on an
extended Reynolds analogy with the transfer of heat,
mass, and momentum in a developed turbulent flow
in a pipe. The use of the velocity and temperature distri-
bution profiles in the boundary layer was proposed by
W. D. Rannie [13] and modified by D.L. Turcotte [14].
Turcotte sublayer analysis took into account the effect
of heat transfer on turbulence. The analytical methods
for determining the heat transfer coefficients proposed in
[15; 16] take into account convective heat transfer in LRE
chambers and are performed for a rectilinear turbulent
flow. A one-dimensional analytical model for subcritical
conditions was also proposed by S.R. Shine [17].

Design features of liquid rocket engine turbopump
units (LRE TPU) turbines and the object of the study.
During design, the diameter of the LRE TPU turbine is
selected taking into account the layout and ensuring the
minimum dimensions and is limited by the strength of the
turbine rotor. From the analysis of adiabatic work it is
known that with a selected working fluid the greatest
value of adiabatic work is achieved at high temperatures
and large pressure ratios.

The use of high temperatures is limited by the struc-
ture operability. LRE use uncooled turbines. Due to the
design features and materials used the working fluid tem-
perature in front of an uncooled turbine is limited, as a
rule, for a reducing gas of 1000~1200 °C, for an oxidizing
gas of 700-900 °C. The higher the temperature in front of
the turbine can be assumed, the less pressure should be in
front of the turbine. Due to the design features, LRE tur-
bines are single-stage and rarely two-stage.

High temperatures of the working fluid lead to tem-
perature deformations, including turbine disks [18]. When
designing the flowing parts of the units and assemblies of
the LRE TPU, it is necessary to take into account the
change in the working fluid flow temperature along the
length of the working channel, since the viscosity parame-
ter is a function of temperature and determines the flow
regime and, as a result, losses, in particular, disk friction
and hydrodynamic losses in the flowing part.

The optimal level of the turbopump units (TPU) en-
ergy parameters stability is ensured in the course of de-
velopment work by adjusting the geometric dimensions of
parts and assembly the gas-dynamic path units, choosing
technological schemes for dimensional processing, as-
sembly and turbine testing with the involvement of static
material significant amount. In this regard, the LRE TPU
energy parameters’ modelling represents an urgent scien-
tific and technical problem. The parameter optimization
of the workflow and the mathematical model of the pro-
pulsion system (PS) are considered by V.A. Grigoryev
[19], where the analysis of models was carried out and the
advantages and disadvantages for various design stages
were revealed.

The requirements for the TPU design are formed on
the basis of the tasks performed by the propulsion system
(PS) into which the TPU is integrated as a single unit.
And the requirements for the TPU design are formed on
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the basis of the tasks performed by the propulsion system
(PS), into which the TPU is an integral part with which it
is assembled as a single unit. Requirements for PS fully
apply to the TPU: to ensure at all engine operating modes
the supply of fuel components with the required flow rate
and pressure with a high degree of reliability and effi-
ciency; provide minimum dimensions and weight; sim-
plicity of design and minimal cost.

The main object of study where the potential and vor-
tex rotational flow occurs is the structural elements of the
flowing parts of gas turbines of the rocket engine: inlet
and outlet device, the cavity between the stator and the
impeller [20].

The research problem. In the generalized problem
formulation of fluid flow during heat exchange with the
surface of aggregates, such as compressors, expanders,
pumps of cryogenic components, etc., it is necessary to
take into account the change in flow temperature along
the length of the working channel, since viscosity, as a
function of temperature, mainly determines the flow re-
gime and, as a result, hydraulic losses [21].

For the case of incompressible fluid flow, it is neces-
sary and sufficient to jointly solve the equations of motion
and energy in the boundary conditions of the spatial
boundary layer [22]; for a compressible fluid, the system
must be supplemented with the equation of state.

The processes of heat transfer in power stations are
largely similar, but there are certain differences in the
analysis and derivation of heat transfer equations for the
boundary conditions of the liquid propellant rocket en-
gine. The main differences are as follows: extremely high
values of heat fluxes, temperatures and pressures, the
presence of high flow velocities, the initial turbulent state
of flows in the core, working fluids can be in a gaseous
and liquid state, surface curvature effects, the presence of
density and compressibility gradients, non-stationarity
heat fluxes and the presence of flow instability in the ac-
tive zone of heat transfer [23].

The heat transfer law of a turbulent flow of a spa-
tial boundary layer temperature. The integral relation
of the energy equation. For Prandtl numbers less than
unity (Pr < 1 is characteristic of gaseous working fluids,
including combustion products), the thickness of the dy-
namic boundary layer is below the thickness of the tem-
perature boundary layer, i. e., 6 < ot (fig. 1). At very low
Prandtl numbers (liquid metals), molecular thermal con-
ductivity is the main mechanism of heat transfer and can-
not be neglected even in a turbulent flow core. At low
Prandtl numbers, thermal resistance is distributed over the
entire flow section [24].

If we assume that at the boundary of the dynamic
boundary layer, the temperature changes due to the trans-
fer of velocity, and beyond its boundary — only due to
molecular thermal conductivity. This assumption is in
good agreement with Case's conclusions, since at very
low Prandtl numbers the thickness of the dynamic bound-
ary layer is much less than the thickness of the tempera-
ture boundary layer. Accordingly, thermal resistance is
present throughout the thickness of the temperature
boundary layer. Within the boundaries of the dynamic
boundary layer, thermal resistance is due to turbulent heat
transfer and outside the boundaries of the dynamic
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boundary layer thermal resistance is due to molecular
thermal conductivity.

Y
Ts

Fig. 1. Temperature distribution model
and dynamic boundary layers at Pr < 1

Puc. 1. Mogens pacnpeneneHus TeMIepaTypHoro
Y IMHaMUYECKOr0 TIOrpaHUYHBIX cJioeB rpu Pr < 1

The equation of the thickness of the energy loss of the
temperature boundary layer could be considered as [25]:
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The integration boundaries of the thickness of the en-
ergy loss (1) must be divided into two characteristic sec-
tions. The first integration section lies at the boundary of
the thickness of the dynamic boundary layer 6, the second
integration section lies at the boundary of the end of the
thickness of the dynamic boundary layer § to the end of
the temperature boundary layer 9,

The thickness of the energy loss equation (1) for the
distribution of the temperature model and dynamic
boundary layers under consideration, with the accepted
model of splitting into two characteristic integration sec-
tions, can be written as:

1) S

. T-T , T-T,

S = [ 1- Ly [ 1--—lay. (@)
ol - )7 ol -

8

Using equation (2), it becomes possible to determine
the form of the heat transfer law for the case Pr < 1. For
further use, equation (2) needs to be integrated taking into
account the accepted laws of distribution of the velocity
profile in the boundary layer. Next, we first consider the
power-law profile, then the gradient profile.

The distribution of the dynamic boundary layer is ap-
proximated by a power function of the form

1

sl

The distribution of the temperature boundary layer is
approximated by a function of the form

1

T-T, (y m
TS_Z) 6t '
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Given the accepted model of the distribution of dy-
namic and temperature boundary layers and the distribu-
tion function of the parameters of the dynamic and tem-
perature layers, we write the equation for the thickness of

the energy loss:
i
y m
I-|=| |dy+.
(St J g

8, N~ -
Pl 2"
+j[8j 1 (SJ dy. 3)

If we take into account that in the first term of equa-
tion (3), the distribution profiles of the dynamic and tem-
perature boundary layers coincide. Then, within the
boundaries of integration of the first term of equation (3),
the thicknesses of the temperature and dynamic boundary
layers coincide, i. e. §, = 8. Considering the second term
of equation (3), we note that there is no change in the
dynamic boundary layer along the Y axis at the integra-
tion boundaries and the flow velocity is equal to the flow
velocity in the flow core. Then the distribution of the dy-
namic boundary layer in the second term of equation (3)

can be written as
u_ (zjm 1
U \ 8

Also, in the second term of equation (3.3), a change in
the diagram of the temperature boundary layer occurs
only due to molecular thermal conductivity. It should be
noted that for this section of the profile diagram is as fol-
lows:

T-T,
T, =T

22
6[

Taking into account the condition of conjugation of
the temperature and dynamic profiles for the physical
model of thermal conductivity at Pr < 1 (fig. 2) with the
convective component, we write:

ﬂ:x(i_1j+1.
L-T, \38

In this case, the equation for the thickness of the en-
ergy loss, taking into account the accepted two-layer
model of the distribution of the temperature boundary
layer with the presence of heat transfer under the condi-
tion Pr < 1, can be rewritten as:

5;’2:1%]'" 1—(%}’" y+1(1—(7{%—1j+1j]dy:
b o

Let us replace the variables in the equation of the
thickness of the energy loss of the temperature boundary
layer (4):
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Consider the first term of the equation:
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Fig. 2. The pairing of temperature and dynamic profiles
for the physical model at Pr < 1:
— — dynamic boundary layer with a power-law velocity
distribution; === — temperature boundary layer

Puc. 2. ConpsikeHue TeMrepaTypHOro U AMHaAMU4YE€CKOTO
nipodmteit s puzndeckoit Mmogenu mpu Pr < 1:
e — JIMHAMHYECKHUI TOTPaHUYHBIH CIO0H CO CTENEeHHBIM
pacIpeaeIeHNeM CKOPOCTH; ===— TEMIICPATypPHBII
TIOTPAHUYHBIHN CIOH

We define the second term of the equation to deter-
mine the thickness of the energy loss of the temperature

boundary layer:
3

2
5 sx(y—lj S
A2:j—k(§—1jd ___\3 _ MEs) o
)

2 25

3

Then the equation for the thickness of the energy loss
(4) taking into account (5) and (6) can be written as

w ms A(5-8,)

%o i) mr2) | > @

Taking into account that

—=Xx,

8t

after transformations we get

*% mS
% i) me2) ®

or

- ms  Mx-1)"

8 =
i (m+1)(m+2) 2x?

m X(x—l)z
(m+1)(m+2) 222 | ©

For the heat transfer law in the form of the Stanton
criterion, it is necessary to determine the derivative of the
temperature boundary layer on the wall of the heat trans-
fer surface. Since the derivative does not exist formally
for m < 1, we determine it from the accepted two-layer
model of turbulence with a laminar sublayer. Given that
in the laminar sublayer, the profiles of the dynamic and
temperature boundary layers coincide, based on the ac-
cepted model

2
0 [T—TO j U [aﬁvaH
oy TS_TO =0 (xﬁV U8t >
we express the thickness of the dynamic boundary layer
from (9):

(10)

ok

5= i :
m 7\.(36—1)2

(m+1)(m+2) 2x°

an

Then the temperature boundary layer thickness is de-
fined as

5 - i
' xm _k(x—l)

(m+l)(m+2) 2x

- (12)

Using the equation for the thickness of the energy loss
(12) and performing the transformations for the derivative
on the wall of the heat exchange surface of the tempera-
ture boundary layer distribution profile (10), and also tak-
ing into account the heat transfer law, we obtain

m+1
st .U oV (13)
pC,U alv U 8o
xm _7\.()6—1)2
(m+l)(m+2) 2x
or
2
m _k(x—l)z m+l
St xi. (m+1)(m+2)}£l 2x y
pCpUm-H (Xr_l\’
X ; (14)
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Considering the distribution profile turbulization de-
gree of the thermal and dynamic boundary layers
at m=7, we write

A 1
= . X
025_15 075 (<**10.25
pC,U "o,y (3yp)

7\‘ P 0,25
) [ix_@f_—l)J |
72 2x

For the practical implementation of the heat transfer
law, it is necessary to determine the value of o . It is

St

(15)

found from the condition that the laminar sublayer closes
with the turbulent profile [25] at y =5, and profile de-

gree at 7:
0,25
xm %
((mﬂ)(mw)j

xm A(x- 1)2
X - X
1,5 (m+l)(m+2) 2x

5 .

_ 2 m+l
xm _7\.()( 1) (m+l) 0,01256
(m+1)(m+2) 2x (m+3)
Now we finally get the equation for determining the

laminar sublayer coefficient of the turbulent temperature

boundary layer distribution profile for the admitted
model:

(m+3)

(m+1)]m+1

1
o, =12,5496Pr'S .

We write the integral relation of the energy equation
of the boundary layers taking into account the heat trans-

fer law (14):
e )
o 00 y oV
GH ook aH *k
+ 1 v 1 @ g™ _

xm _7\,()6—1)2 m+1
3 A (m+1)(m+2) 2x y
2 m—1
pC U a™ly
T, (1+€°
< lz—c“"]( ) (16)
Assuming relative characteristic thickness
8**
=il a7
€ 51@
we write
1 0 (o= J 0 -
——|5,, | +— —(¢5,, |+
H, 8(p( ""’) H, aw( ""’)
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1 aH\V ok J 6H(p sk
+ . 0T . 0 =
HH, op HH, oy
2
m _%(x_1)2 m+1
N (m+l)(m+2) 2x
= X
2 m—1
pCpU’"” oc;”"lv 2
Tt (1+¢?
L “’0( ) (18)

(8**)ﬁ pCp (T5 _TO).

t
We consider a rectilinear uniform flow under the fol-

lowing boundary conditions: % =0, H,=H,=1,
o, :%2 0 [26].
op Oy
Then the integral relation of the energy equation for
the rectilinear uniform flow (18) is transformed to the
equation

2

xm _K(x—l)z ﬁ
O s A (m+1)(m+2) 2x
%Stq}: 2 1 X
pC,Um! a v
T, (1+¢€2
VLS ‘PO( ) (19)

(g*)ﬁ pC, (T -Ty)
19

For a rotational flow realized in the cavities of energy
and power-generating units, the stream line is an annular
line. Let us write the integral relation of the energy equa-
tion (18) in cylindrical coordinates, taking into account
that for an axisymmetric flow at € = const the relations are

oH,, —a—R=1, Ho-1 oH,, _o,
v 0

oy  OR [0)

¢o=a,y=R, H,=R,

9 o [27; 28]:
oo

a ok JE
JSESKP +?6t® =

2
xm _7\.()6—1)2 m+1

N (m+1)(m+2) 2x

= 2 m—1 x
pCpUﬁ o’y
1 Top <1+82)

. (20)
2 oC (T.—-T
<6t¢p)m+l p p( 8 O)

The integral relation of the energy equation (20) is
necessary for recording and determining the energy loss
thickness of the temperature spatial boundary layer, which
is included in the equation for determining the local heat
transfer coefficient in the Stanton criterion form.
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Local heat transfer under various laws of the ex-
ternal flow. For a rectilinear uniform flow, we neglect the
dissipative term and obtain the integral relation of the
energy equation (19) in the following form:

2
Mx—1) |t

xm _
0 A (m+1)(m+2) 2x
ap T 2 el g
pCpUmH aj'f_l\,
X 1)
(35)

Next, we separate the variables and integrate from
zero to the current value of the variables:
5:; 2
*% \ T *k
| (8t<v)m+l a8y, =
0
2

xm _7\.()6—1)2 E
N m+1)(m+2 2x @
=— (1) ),,,;1 [do, 22)
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m by (x _ 1)2 (m+1)(m+3)
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5 (m+1)(m+2) 1 2x (3+mj3+m' 23)
- m= m+1
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Taking into account the heat transfer law equation
(14) and the resulting equation for the thickness of the
energy loss (23), we write:

xm - 7\.()C _ 1) m+l
A (m+1)(m+2) 2x
2 m—1
pCpUE oy 2
St= 5
— LH _ﬁ
3+m
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i k(x—l)z (m+1)(m+3)
— m+1
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. m-1 m+1
oy 2
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After transformations and considering equations for

C
Mxp j and Reynolds

the Prandtl criteria [Prz
pUe

[Re =
u

local heat transfer coefficient in the form of the Stanton
criterion of a rectilinear uniform flow with a power-law
distribution profile of the velocity and temperature dia-
grams at Pr<1:

[

Then we will consider the rotational flow. Neglecting
the dissipative term in the integral relation of the energy
equation (20), we obtain

j, we obtain an equation for determining the

7»()6—1)2
2x

m+1)(m+2)

o (m+3)Re,

2
m+3
J(m+l)
1

m+l
Prm+3

St= . (25)
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We take into account that the rotational flow is real-
. . . U
ized according to the law of a solid body (E =o= constj

and then equation (26) is transformed to

ok
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We introduce the intermediate notation:
=¥
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B= 2 et
JepC om! a v
Then
vy B,
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This equation is solved by the substitution method,
where y=u9:
du . dd 9 B

— %+t —utuy—=—y—r——,
dR dR R 2 2 2z

dd 9 du B
U —+— [+9—=—5——->7"—>-.
dR R dR 2 2z 2
um+1Qm+l pm+l
The function 9 must satisfy the condition
dd 9

—+—=0, then Szl,where
dR R R
73 BR* (m +3)
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With the provision for the heat transfer law equations
(14) and the resulting equation for the energy loss thick-
ness (28), we determine the Stanton criterion for rota-
tional flow according to the law of a solid body of the
power-law distribution profile of the temperature bound-
ary layer and Pr<1:

m X( e 1)2 m+l
A (m + 1)(m + 2) 2x
2 m-1
JepC,Um! oy 2
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B _2
A 1
— X
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2
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o 2(m+1)
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(29)
After the transformation and considering Prandtl’s cri-

C
teria (Pr = “kp ] and Reynold’s (Re =ﬂ], the local

n

heat transfer coefficient in the form of the Stanton crite-
rion for rotational flow according to the law of a solid
body for the case Pr < 1 can be defined as:

2Je  (m+1)

1 m+3
St= 1 1 x
m+ OL::I_ Re (m+3)
Prm+3

2(m+3)-4
m k(x _ 1)2 (m+1)(m+3)
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(30)

Next, the rotational flow will be considered, which is
carried out according to the free vortex

laW(UR =C :const), in this case, the energy equation

integral relation (26) takes the form

sk ok
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After replacement:
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we solve the equation (31) similarly to the case of rota-
tional flow according to the law of a solid body for Pr < 1
by substitution y =u$, where

mil
1 Dm+3R?
8 = E , U= T (32)
Qm+3
Then the energy loss thickness is determined as
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Substituting the equation for determining the energy
loss thickness (34) in the equation of the heat transfer law

(14), we obtain
2

xm A (x - 1)2 i+l
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pCPU'"” af’]v 2
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(35)
After transformations and with regard to the Prandtl
c U
EPr = ”kp j and Reynolds criteria (Re = H], we
p

determine the local heat transfer coefficient in the form of
the Stanton criterion for rotational flow according to the
law of the free vortex for the case Pr< 1:
1
St=

m+1
Prm+3

X

2
2Je xm _7»(36—1)2 " (36)

a™ ' Re (m+1)(m+2) 2x

10| 1g(2St/Cy)

Thus, the equations for the local heat transfer coeffi-
cient are determined in the form of the Stanton criterion
for various laws of the external flow for the power-law
profile of the velocity distribution in the boundary layer
for the case Pr< 1.

In fig. 3 shows the influence of the Prandtl criterion
on friction and heat transfer according to various studies
[29]. In the range of Prandtl number values Pr > 1, the
obtained theoretical dependences for dimensionless heat
transfer coefficients in the form of Stanton criteria, taking
into account the integral relation of the energy equation,
are in good agreement with the results of other authors.
Cf represents the friction coefficient.

The heat transfer coefficient in the form of the Nusselt
criterion is a product of the criteria of Stanton, Reynolds
and Prandtl Nu = StRePr.

The distribution graph of the dimensionless heat
transfer coefficient in the form of the Nusselt criterion
for turbulent rotational flow according to the solid body
law with the Prandtl criterion Pr = 0.7 is shown in fig. 4.
The theoretical dependence determined by the model
with a convective component gives the best agreement
with the results of experimental studies and does not
exceed 3.5 %. Also, the best convergence of the results
determined by the model with the convective component
is given by the theoretical dependence obtained by the
affine-like model and the theoretical dependence
obtained by J. M. Owen [30] and do not exceed 1.5 and
2.66 % respectively.

Discrepancy of theoretical data obtained by theoretical
dependence using a model with a convective component
with a dependence obtained by I. V. Shevchuk [31] ac-
counted for 9.5 %. A discrepancy with the dependence
obtained L. A. Dorfman [32] is 16.7 %.

---------- Karman T., Reichardt IT.

----- Reynolds O.
lgPr

0,1 & 10 100

0.1 AN,

0,01

1000 - - - Reichardt H.
=+ =-Colburn A.

— — Prandtl L., Shirokov M.

. —-—Karman T.

— - Rubezin M.

—— Theoretical dependence

Fig. 3. Comparison of various theories of the analogy between friction
and heat transfer in turbulent flows at Re = 10’

Puc. 3. CpaBHEHHE pa3IMYHbIX TEOPHUil aHAJIOTHH MEXKIY TPEHHEM
¥ TEI00GMEHOM B TypGy ICHTHBIX MTOTOKax mpH Re = 107
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Fig. 4. The dependence of the dimensionless heat transfer coefficient
of turbulent rotational flow according to the law of a solid body at Pr = 0.7
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Fig. 5. The dependence of the dimensionless heat transfer coefficient
of a turbulent rotational flow according to the free vortex law at Pr= 0.7

Puc. 5. 3aBucumocts 6e3pa3zMepHOro ko3 duirenTa TeIo0Taa4n TypOyIeHTHOTO
BpAILATEIbHOrO TEYEHHMS 10 3aKOHY CBOOOAHOTO BUXps mpy Pr = 0,7

In fig. 5 shows a distribution graph of the dimen-
sionless heat transfer coefficient in the form of the Nus-
selt criterion for the turbulent potential rotational flow
according to the law of the free vortex under the Prandtl
criterion Pr = 0.7. The theoretical dependence, which was
determined by the model with a convective component, is
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in good agreement with the results of experimental studies
and does not exceed 5 %.

The discrepancy between the theoretical data obtained
from the theoretical dependence using the model with the
convective component and the model with affine-like
profiles does not exceed 3.5 %. The theoretical depend-
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ences obtained from the distribution models of the tem-
perature and dynamic boundary layers with a convective
component and with affine-like profiles at Pr = 0.7 give
fairly close results, due to the close similarity of the dis-
tribution of the temperature and dynamic layers, and are
close to the case Pr=1.

From the fig. 5 graph we can conclude that the ob-
tained theoretical dependences are in the region deter-
mined by other authors, but the comparison of the results
is not correct, since the theoretical dependences were ob-
tained for other boundary conditions of the potential rota-
tional flow according to the law of the free vortex.

The obtained theoretical dependencies and the de-
pendences of other authors are in the same range and are
suitable for engineering calculations and data analysis. It
should be noted that the boundary conditions of flow and
heat transfer, such as speed, viscosity, density and tem-
perature gradient of the working fluid and heat transfer
surface, significantly affect the dimensionless heat trans-
fer coefficient in the form of the Nusselt criterion.

Conclusion. The integral relationship of the energy
equation of the spatial boundary layer temperature, allow-
ing integration over the surface of any shape, which is
necessary to determine the energy loss thickness, was
obtained. The equations for determining the energy loss
thickness of the spatial boundary layer temperature are
necessary to determine the local heat transfer coefficients
for typical flow cases taking into account heat transfer.

The equations for determining the local heat transfer
coefficient in the form of the Stanton criterion for a recti-
linear uniform flow, a rotational flow according to the law
of a solid body, and a free vortex rotational flow of a
power-law profile of the dynamic and temperature bound-
ary layer distribution parameters for the case Pr < 1 were
obtained analytically.

The analytical equations for the heat transfer coeffi-
cients are in good agreement with the experimental data
and dependences of other authors.
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