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A semi-analytical method for calculating elastic-hydrodynamic contact based on the partial use of Computer Aided
Design / Computer Aided Engineering (CAD / CAE) packages and solutions of the integral equation of functional
relationship between pressure and deformation have been described. The pressure in the lubricating layer is described
by solving the modernized Reynolds equation taking into account the factors such as elastic deformation of surfaces in
the contact zone, cavitation effect in the low-pressure region, and variable viscosity of the Ilubricant layer, which
depends on thermodynamic parameters. Based on the stationary solution, a tensor damping coefficient has been
obtained, with the help of which calculations of transient non-stationary modes that occur in cases of a sharp change in
the external load have been further performed. A comparison of the results of modeling a plain bearing obtained by
using the proposed semi-analytical method has been made and the full calculation performed using CAD / CAE
programs such as ANSYS and COMSOL Multiphysics. The comparison showed good convergence of all numerical
methods. At the same time, the “hybrid” method showed a number of advantages over direct calculations in CAD /
CAE packages, such as: faster calculation speed, low requirements for computing resources and accounting for the
cavitation effect. The described semi-analytical method allows to create digital twins of bearing units, centrifugal
pumps and hydraulic supports used in satellite cooling systems and in rotary mechanisms of ground-based satellite
dishes.

Keyword: hybrid modeling, digital twins, elastic-hydrodynamic contact.
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Onucan noayaHarumu4ecKui Memoo paciema ynpy20-2uopoOUuHAMU4ecKo20 KOHMaKma, OCHOBAKHBIL HA YaACMUY-
Hom ucnoavzoeanuu Computer Aided Design / Computer Aided Engineering (CAD/CAE) naxemog u pewienus unme-
2PANbHO20 YPABHEHUs. (DYHKYUOHALLHOU C83U MedcOy OasieHuem u Oeopmayueti. JlasnienHue 6 CMA304YHOM ClOe
ONUCHIBACMCSL peuleHueM MOOEPHUUPOBAHHO20 YpaeHenust Peiinonvoca ¢ yuemom maxux ¢haxmopos, kax ynpyeas
Odegpopmayus nosepxHocmeil 8 30He KOHMaxkma, s¢pgexm rasumayuu 8 00AACMU HU3KO20 O0A6NeHUs, NepeMeHHAs
B53KOCHb CMA30YHO20 CJLOSL, 3AGUCSUAL OM MEPMOOUHAMUYECKUX napamempos. Ha ocnose cmayuonapnozo pewienus
NOYyYeH MeH30pHbLIL KOI(DPuyuenm 0eMnuposanius, ¢ NOMOUWbIO KOMOPo2o Odaiee 8blNOIHIIOMCSL PACHembl Nepexoo0-
HbIX HECTAYUOHAPHBIX PENCUMOB, BO3HUKAIOUUX 8 CIYYASIX Pe3K020 UsMeHeHus eHewnell Hazpysku. IIposedero cpasnenue
Pe3yIbmamos MoOeIUPoOSaHuss NOOUUNHUKA CKOIbICEHUS], NOTYUEHHbIX C NOMOWBIO NPEONONCEHHO20 NOYAHAIUMUYe-
CKO20 Memooa u noaIHo20 pacyemad, ¢binoanennozo ¢ nomouppio CAD/CAE npozpamm, maxux kax ANSYS u COMSOL
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Multiphysics. CpasHerue nokazano Xopouiyro cxo0umMoCb 6cex YUCIeHHbIX Memo008. [Ipu smom «2ubpuoHslily mMemoo
NOKa3an pso npeumywecmes no cpagnenuio ¢ npamvimu paciemamu 6 CAD/CAE naxemax, maxux kax 6onee ovicmpas
CKOpOCMb paciema, HegbiCOKUe MpebOSaHusi K BbIYUCTUMENbHBIM DPECYPCAM U YYem KAasUmayuoHHo20 3¢pgexma.
Onucanuviil ROIYAHATUMUYECKUL MENOO NO360JI51em CO30a8amb YUPPoeble OBOUHUKY NOOUUNHUKOBLIX V3108, YEHMPO-
OEICHBIX HACOCO8 U 2UOPOONOP, UCHONLIVIOWUXCSL 8 CHYMHUKOBBIX CUCIEMAX OXIANCOCHUsL U NOBOPOMHBIX MEXAHUZMAX

HA3EMHBIX CNYMHUKOBBIX AHMEHH.

Kniouegvie cnosa: eubpuonoe modenuposanue, yughpogvie OBOUHUKU, YIPY20-2UOPOOUHAMUYECKUTI KOHMAKI.

Introduction. In today's world, practically any engi-
neer designing a moving mechanical system faces contact
tasks in friction units. Modern trends in the design of air-
craft friction units set severe constraints: maximum
weight reduction with full durability retention. One of the
most difficult things is contact problems of elastic-
hydrodynamic interaction between two bodies, as it re-
quires simultaneous consideration of many factors, such
as elastic surfaces deformation, pressure and temperature
dependent viscosity of the liquid layer and lubricant
foaming in low pressure zones. The most challenging
problem is deformation of the elastic surface, as under
high loads it significantly affects the value of the geomet-
ric clearance in the liquid layer. There is a number of ap-
proximate analytical solutions to such problems [1-6],
obtained within the framework of simplifying assump-
tions, which do not allow to solve the contact problem
with high accuracy. Various multidisciplinary CAD/CAE
software applications are now widely available (CAD —
Computer Aided Design, CAE — Computer Aided Engi-
neering) Complexes (ANSYS, SolidWorks, COMSOL
Multiphysics, etc.). However, the use of such complexes
for calculating non-stationary elastic-hydrodynamic tasks
faces considerable difficulties due to the presence of very
thin layers, huge pressure drops and rigidity of non-
stationary tasks, which require very short steps in time
and space. All these lead to sufficient computational and

A
A 4

R |
R: |
R,

time costs. In this case, it makes sense to combine ana-
lytical methods with limited numerical modeling to solve
specific engineering problems. Such an approach of “hy-
brid” modeling allows to build a complete digital dynamic
model of a projected or real unit, and to study its operabil-
ity when various external factors change. This is particu-
larly true for hard to access or completely unserviceable
units, such as centrifugal pumps used for spacecraft cool-
ing systems [7]. As an example, we will use the plain
bearing schematically shown in fig. 1.

Here, o is the angular speed of shaft rotation, ¢ is the
azimuthal angle counted clockwise from the maximum
clearance point, 1 and R, are eccentricity and radius of the
cylindrical shaft, R is the inner radius of the liner, R,
and Rj are the inner and outer radii of the cylindrical case, L
is the bearing length. In calculations we use zero bound-
ary conditions for deformations at the specified external
boundary of the bearing case. A thin layer of liquid lubri-
cant, called a lubricating layer, is disposed between the
shaft and the liner. We also set zero boundary conditions
for pressure at the bearing ends.

Separation of elastic and hydrodynamic tasks. One
promising way of simplifying a general elastic-
hydrodynamic problem is to divide it into sequentially
solved simpler tasks: a hydrodynamic task related to pres-
sure determination in liquid layer, and a contact task
based on the determination of elastic deformation.

Fig. 1. Geometric diagram of a plain bearing:
1 — shaft; 2 — bronze liner; 3 — case

Puc. 1. 'eomerpuueckas cxema HOALIMITHUKA CKOJIBKEHHUSL:
1 — Bai; 2 — GpPOH30BBIN BKJIAJBINI; 3 — KOPITYC
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The relationship between elastic strain and pressure
can generally be represented as follows:
8(x)= [ P(x)K (x—x")dQ, (1)
Q
where 6 and P are surface deflection and corresponding
pressure, Q is a contact pad. Function K(x —x'), which is a
kernel of linear functional will be called flexibility func-
tion.

Flexibility function of K(x —x') is a key element in the
method of elastic and hydrodynamic task solutions. It is
important to note that this function can be defined inde-
pendently of the hydrodynamic problem solution. Thus,
by setting some pressure distribution at the boundary of
the bodies, it is possible to define appropriate deflection
function § as a result of the solution to the elastic problem
for contact bodies.

Further, under the known functions & and P, equation
(1) can be considered as an integral equation with refer-
ence to function K (x — x") which can be solved by de-
composition on some orthogonal basis:

K(x—x'):é[Mk(Dk(x—x')+Nk‘I’k(x—x')J, )

where M, and N, are orthogonal decomposition coeffi-
cients. In most cases, Q2 zone can be considered rectangu-
lar and select trigonometric functions as basic functions
for which the following equations are true:

D (x=x") =@ (x) ¥, (x) = ¥y () Dy (x),

Wi (x=x) = ¥ (0) ¥ (x) + D (x) Dy (). ®

Adding (3) to (1), the following quotation system is
obtained

||ch||2[Mk(P~ch)+Nk(P ¥, )]=(8-®,), @
||\I’k||2[Mk(P~‘I’k)—Nk(P ®,)]=(5-¥,
where
[0 =¥ = (0p @)= (¥, ¥,). )

As a result of the system solution (4), the orthogonal
decomposition coefficients M; and N, are calculated,
thereby flexibility function is determined (2). It is impor-
tant to note that restoring the flexibility function is an
“incorrect task” [8] in which small-scale errors in the in-
put data cause significant deviations in the outcome re-
sults. Therefore, to smooth the flexibility function, it is
necessary to apply regularization [9].

Calculation of pressure. Pressure distribution P in
the lubricating layer is determined from Reynolds equa-

tion [10]
3
div] 2 vpl-ly
121 2

Oh

(Vh)+ P

(6)
where 4 — liquid layer thickness, V' — sum of body veloci-
ties in the contact point
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At the same time thickness of the liquid layer 4 con-
siders both the geometrical clearance between the contact-
ing A, bodies and the deformation of elastic & of the sur-
face caused by excessive pressure in the layer

2n
h=1+mncos(¢)+ JP (¢ )K(9p—9")do, P>0; e
0

VVh=0, P<0,

Where K (¢ — ¢) is a flexibility function independent
of the pressure distribution in the layer, but taking into
account the geometric and elastic properties of the con-
tacting materials [11].

It should be noted that equation (7) takes into
account the cavitation effect (foaming) under negative
pressure.

Importantly, viscosity of the lubricant layer p strongly
depends on the temperature 7 and pressure P. There is a
set of empirical models of liquid layer viscosity change
[12; 13], however the most accurate of which is
Petrusevich's formula which approximates dependence of
viscosity on temperature and pressure in an exponential
view:

M(P’T) =Ho exp(ocP—QOT) > 3

where o is piezoelectric coefficient characterizing the
change in viscosity depending on pressure, L, is dynamic
viscosity at P = 0, €, is a so-called viscosity slope
coefficient.

Thermal calculation. Calculation of heat generating
power Q for the plain bearing operating in hydrodynamic

mode is defined by
o | (2PY 1 (arY ],
12u|\ oy o9
Let’s write down the thermal conductivity equation in
cylindrical coordinates:

1o orT
——|r— |+
ror\ or
Solution to equation (10) can be represented as Fou-
rier decomposition:

€

M2
Zp2,
R’

P ®

1T

+=0.

10
oo (10)

T=a,+ Z[ak cos(ko)+b, sin(k(p)] +1,. (11)
k=1

At the inner boundary under » = R; we have a bound-
ary condition for heat flow from the lubricating layer:

or
Q - XE H
where Q is the heat generating power in the lubricating
layer, defined by formula (9). The heat emission power
function is also Fourier decomposed by harmonics:

(12)

0=0,+ i[@k cos(kp)+ O, sin(k(p)] )
k=l

(13)

1 27
0, =—[ O(9)costko)do,
0
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0, =

27
[ osin(ko)do. (k=1.2.3..)
0

1 2n
9, —gi 0(p)dg.

At the outer boundary we set the ambient tempera-
ture 7y:

T(Ry)=T,. (14)

Applying Fourier decomposition to formula (12), we
obtain the equations

Oa, 0b, *
—-—==0,, —-x—=0,. 15
X or k x or k (15)
Here, the factors a, b satisfy the differential equa-
tions:
10( da,) k*
—_— —_— | = = 0 9
r or (r or j 2 %
2
li ,ﬂ% - k_ b, =0,
ror or P2
li(r%j:o , (16)
ror or

While solving equations (16), we define coefficients
ak and bk:

~ * ~
a; =0y 45, by ;=0 4,

(17

k k
- Ry 1 ﬁ B &
k k R k-1 R, K+ R, R >
_ + -
Ry R,
a, —&ln&.
xR

Non-stationary loading. In case of sharp changes of
external load F, disturbances in center-of-mass velocity
occur, causing non-stationary shifts of liquid layer thick-
ness and pressure distribution in contact zone, which
leads to the change in the force reaction of the liquid layer
against the external load associated with the pressure
by the equation

W:jpﬁdx' . (18)

Under minor center-of-mass velocity disturbances,

equation (18) can be represented as decomposition

W=W,(%)-LX, . (19)

Here, the left part of the equation takes into account
stationary bearing capacity of W,, while the right part —
velocity disturbance in the center-of-mass, the tensor co-
efficient A is a layer damping coefficients matrix. These
coefficients determine pressure relaxation in the lubricat-
ing layer during non-stationary transient processes. The
found functions of stationary carrying capacity and damp-
ing coefficients allow to write equation of body dynamics
in the following form:

Mx, + A%, W, (%, )=-F . (20)
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The above method allows to find a self-consistent
non-stationary solution to the problem of elastic-
hydrodynamic interaction of bodies with any geometric
parameters, with respect to their deformation. Based on
this method a program has been written (in more detail
[14]), which allows to efficiently calculate the self-
consistent pressure distribution in the lubricating layer of
the plain bearing. However, by changing clearance equa-
tion in the lubricating layer for another type of contact,
the program becomes universal.

Comparison of proposed calculation method with
CAD/CAE programs. Calculation of plain bearing lubri-
cating layer (fig. 1) applying the above method is com-
pared with the same calculation using ANSYS software
complex based on finite element method. The calculation
flowchart for both methods is shown in fig. 2.

Let's consider fig. 2 in more detail. In the first step of
the “hybrid” method, we model the elastic deflection of
the plain bearing in the ANSYS program (any other cal-
culation program can be used, this is not fundamental)
and set the load as an arbitrary distribution of pressure
along the surface. As a result of calculation, elastic
deflection of the liner is determined, which finishes the
complex CAD/CAE programs use.

Further, knowing the pressure distribution in the lubri-
cating layer and the corresponding elastic deformations,
we restore the flexibility function according to the method
described above. Then we shift to iterative calculation of
lubricating layer [14], which takes into account variable
viscosity of lubricant, cavitation effect, temperature
change inside the layer and deformation of elastic surface.
It is important to note that this algorithm is easily imple-
mented in almost any software environment and makes
calculations quickly and accurately for any load or eccen-
tricity values.

When performing a full calculation in an ANSYS
package, it is initially necessary to simulate the lubricat-
ing layer in ANSYS Fluid Flow, which at first glance
should not cause any problems. However, at values of
relative eccentricity of bearing more than 0.8 there are
difficulties in modeling as the value of lubricating layer
thickness becomes less than permissible (10”7 m). With
these values, most CAD/CAE programs issue a simula-
tion error and build a surface rather than a solid. In addi-
tion, CAD/CAE packages cannot take the cavitation effect
into account, which affects the maximum pressure. Con-
sidering these limitations, we model a lubricating layer
and determine the pressure generated by it, as well as cal-
culate the heat generating power and temperature in the
lubricating layer.

Next step is to simulate the bearing case, performing
the same actions as in modeling deformation of the elastic
layer in the “hybrid” method. The only difference is that
the pressure distribution across the elastic layer is im-
ported from the previously calculated lubricating layer. In
order to shift to a non-stationary calculation, it is neces-
sary to perform calculations for at least three different
lubricating layers, that is, for three different values
of relative eccentricity. The results are imported into
ANSYS Twin Builder. Based on the previously obtained
data, this package builds a lower-order plain bearing
model by numerical approximation of the results, which
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allows to determine in real time how the liner deflection
and pressure change in the lubricating layer at a smooth
change of load.

Let’s compare the results of the solutions (fig. 3) ob-
tained by “hybrid” modeling and modeling in ANSYS
and SOMSOL Multiphysics packages [15]. Calculation
was carried out for the following parameters: L = 0.125 m,
R; =025 m, p = 0.19 Parc, relative eccentricity n[J] = 0.5n,
shaft rotation speed of 1000 rpm.

From fig. 3, calculations performed in ANSYS (curve
4) and COMSOL Multiphysics (curve 3) show the same
results (difference not exceeding 1 %). Both calculations
do not take into account the cavitation effect, which leads
to a 15 % reduction in the maximum pressure compared
to the “hybrid” method of calculation, taking into account
the cavitation effect and excluding occurrence of negative
pressure regions (curve 1). The results of the calculation
using the “hybrid” method without cavitation are well

A

consistent with the calculations in CAD/CAE packages
where the difference of maximum pressures in the layer
does not exceed 6 %.

Comparative analysis of the above described results
suggests that the semi-analytical “hybrid” calculation
method shows good calculation accuracy provided its cost
effectiveness. Herein, it has a number of advantages over
numerical calculations in CAD/CAE programs. The first
and rather significant advantage is the “cost of calcula-
tion” CAD/CAE packages that allow a number of calcula-
tions described above and have the required functionality
have a very high cost, while any package that can perform
static calculations (for example, ANSYS Student pack-
age) will be suitable for “hybrid” modeling. The second
advantage of “hybrid” modeling is low computing re-
source requirements, while calculations in CAD/CAE
packages require powerful computers that are also expen-
sive.

B
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Fig. 2. Flowchart of methods for plain bearing calculation:
A — proposed “hybrid method”; B — calculation method using ANSY'S

Puc. 2. biok-cxemMa METO10B pacdeTa HOAIMINITHIKA CKOBXEHHS:
A — npeutaraeMslii «rHOpHIHEIN MeTO»; 5 — MeToauka pacyera B ANSYS
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Fig. 3. Pressure in the lubricating layer of the plain bearing:

1 — semi-analytical solution that takes into account the cavitation effect; 2 — semi-analytical solution without
taking into account the cavitation effect; 3 — modeling in COMSOL Multiphysics; 4 — modeling in ANSYS

Puc. 3. Z[aB.]'IeHI/Ie B CMAa30YHOM CJIO€ IOAIIHUITHUKA CKOJIBXKCHUA:

1- TMOJIyaHAJIUTUICCKOC PCUICHUEC, YUHUTHIBAIOIICC KaBUTAIMOHHBIN 3(1)(1)61(1'; 2— NOJIyaHaJIMTUYECKOC

pemrenne 6e3 ydera KaBUTaIMOHHOTO 3¢ dexra; 3 — MoxenupoBanne B COMSOL Multiphysics;
4 — monenuposanue B ANSYS

The calculated and most important advantage of the
“hybrid” simulation is the possibility of non-stationary
calculation of the heavily loaded operation of the plain
bearing or other type of contact interaction (the calcula-
tion technique will differ only by the clearance equation
for a particular type of contact).

First, in a “hybrid” simulation, it is possible to set any
size of the minimum clearance without restrictions for
super-heavy loads. At the same time, modeling in
CAD/CAE packages has a limit for minimum clearance
values.

Second, “hybrid” modeling allows to take into account
additional important physical factors that greatly compli-
cate calculation: cavitation effect, which significantly
affects pressure peak, variable viscosity of the lubricating
layer, dependence on thermodynamic parameters, as well
as sharp increase of pressure peak in the layer at sharp
load jump. In CAD/CAE packages, this jump is not taken
into account and the pressure rise occurs smoothly from
the initial value to a new one with reference to the
changed load.

Conclusion. The proposed method of “hybrid” simu-
lation allows to calculate non-stationary elastic-
hydrodynamic contact with minimal cost analysis, design
and calculation resources taking into account such factors
as elastic surface deformation, variable viscosity of lubri-
cating layer and cavitation effect. This calculation method
can be used in various engineering or technological de-
partments to pre-evaluate a design unit, to optimize the
existing one, as well as to create a digital twin of the fric-
tion unit in operation and to determine conditions of its
normal performance in particular circumstances.
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