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A semi-analytical method for calculating elastic-hydrodynamic contact based on the partial use of Computer Aided 

Design / Computer Aided Engineering (CAD / CAE) packages and solutions of the integral equation of functional 
relationship between pressure and deformation have been described. The pressure in the lubricating layer is described 
by solving the modernized Reynolds equation taking into account the factors such as elastic deformation of surfaces in 
the contact zone, cavitation effect in the low-pressure region, and variable viscosity of the lubricant layer, which 
depends on thermodynamic parameters. Based on the stationary solution, a tensor damping coefficient has been 
obtained, with the help of which calculations of transient non-stationary modes that occur in cases of a sharp change in 
the external load have been further performed. A comparison of the results of modeling a plain bearing obtained by 
using the proposed semi-analytical method has been made and the full calculation performed using CAD / CAE 
programs such as ANSYS and COMSOL Multiphysics. The comparison showed good convergence of all numerical 
methods. At the same time, the “hybrid” method showed a number of advantages over  direct calculations in CAD / 
CAE packages, such as: faster calculation speed, low requirements for computing resources and accounting for the 
cavitation effect. The described semi-analytical method allows to create digital twins of bearing units, centrifugal 
pumps and hydraulic supports used in satellite cooling systems and in rotary mechanisms of ground-based satellite 
dishes. 
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Описан полуаналитический метод расчета упруго-гидродинамического контакта, основанный на частич-

ном использовании Computer Aided Design / Computer Aided Engineering (CAD/CAE) пакетов и решения инте-
грального уравнения функциональной связи между давлением и деформацией. Давление в смазочном слое  
описывается решением модернизированного уравнения Рейнольдса с учетом таких факторов, как упругая  
деформация поверхностей в зоне контакта, эффект кавитации в области низкого давления, переменная  
вязкость смазочного слоя, зависящая от термодинамических параметров. На основе стационарного решения 
получен тензорный коэффициент демпфирования, с помощью которого далее выполняются расчеты переход-
ных нестационарных режимов, возникающих в случаях резкого изменения внешней нагрузки. Проведено сравнение 
результатов моделирования подшипника скольжения, полученных с помощью предложенного полуаналитиче-
ского метода и полного расчета, выполненного с помощью CAD/CAE программ, таких как ANSYS и COMSOL 
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Multiphysics. Сравнение показало хорошую сходимость всех численных методов. При этом «гибридный» метод 
показал ряд преимуществ по сравнению с прямыми расчетами в CAD/CAE пакетах, таких как более быстрая 
скорость расчета, невысокие требования к вычислительным ресурсам и учет кавитационного эффекта.  
Описанный полуаналитический метод позволяет создавать цифровые двойники подшипниковых узлов, центро-
бежных насосов и гидроопор, использующихся в спутниковых системах охлаждения и поворотных механизмах 
наземных спутниковых антенн. 

 
Ключевые слова: гибридное моделирование, цифровые двойники, упруго-гидродинамический контакт. 
 
Introduction. In today's world, practically any engi-

neer designing a moving mechanical system faces contact 
tasks in friction units. Modern trends in the design of air-
craft friction units set severe constraints: maximum 
weight reduction with full durability retention. One of the 
most difficult things is contact problems of elastic-
hydrodynamic interaction between two bodies, as it re-
quires simultaneous consideration of many factors, such 
as elastic surfaces deformation, pressure and temperature 
dependent viscosity of the liquid layer and lubricant 
foaming in low pressure zones. The most challenging 
problem is deformation of the elastic surface, as under 
high loads it significantly affects the value of the geomet-
ric clearance in the liquid layer. There is a number of ap-
proximate analytical solutions to such problems [1–6], 
obtained within the framework of simplifying assump-
tions, which do not allow to solve the contact problem 
with high accuracy. Various multidisciplinary CAD/CAE 
software applications are now widely available (CAD – 
Computer Aided Design, CAE – Computer Aided Engi-
neering) Complexes (ANSYS, SolidWorks, COMSOL 
Multiphysics, etc.). However, the use of such complexes 
for calculating non-stationary elastic-hydrodynamic tasks 
faces considerable difficulties due to the presence of very 
thin layers, huge pressure drops and rigidity of non-
stationary tasks, which require very short steps in time 
and space. All these lead to sufficient computational and 

time costs. In this case, it makes sense to combine ana-
lytical methods with limited numerical modeling to solve 
specific engineering problems. Such an approach of “hy-
brid” modeling allows to build a complete digital dynamic 
model of a projected or real unit, and to study its operabil-
ity when various external factors change. This is particu-
larly true for hard to access or completely unserviceable 
units, such as centrifugal pumps used for spacecraft cool-
ing systems [7]. As an example, we will use the plain 
bearing schematically shown in fig. 1. 

Here, ω is the angular speed of shaft rotation, φ is the 
azimuthal angle counted clockwise from the maximum 
clearance point, η and R0 are eccentricity and radius of the 
cylindrical shaft, R1 is the inner radius of the liner, R2  
and R3 are the inner and outer radii of the cylindrical case, L 
is the bearing length. In calculations we use zero bound-
ary conditions for deformations at the specified external 
boundary of the bearing case. A thin layer of liquid lubri-
cant, called a lubricating layer, is disposed between the 
shaft and the liner. We also set zero boundary conditions 
for pressure at the bearing ends. 

Separation of elastic and hydrodynamic tasks. One 
promising way of simplifying a general elastic-
hydrodynamic problem is to divide it into sequentially 
solved simpler tasks: a hydrodynamic task related to pres-
sure determination in liquid layer, and a contact task 
based on the determination of elastic deformation.  

 
 

 
 

Fig. 1. Geometric diagram of a plain bearing:  
1 – shaft; 2 – bronze liner; 3 – case 

 
Рис. 1. Геометрическая схема подшипника скольжения:  

1 – вал; 2 – бронзовый вкладыш; 3 – корпус 
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The relationship between elastic strain and pressure 
can generally be represented as follows: 

     ' 'x P x K x x d


    ,           (1) 

where δ and P are surface deflection and corresponding 
pressure, Ω is a contact pad. Function K(x –x′), which is a 
kernel of linear functional will be called flexibility func-
tion. 

Flexibility function of K(x – x′) is a key element in the 
method of elastic and hydrodynamic task solutions. It is 
important to note that this function can be defined inde-
pendently of the hydrodynamic problem solution. Thus, 
by setting some pressure distribution at the boundary of 
the bodies, it is possible to define appropriate deflection 
function δ as a result of the solution to the elastic problem 
for contact bodies.  

Further, under the known functions δ and P, equation 
(1) can be considered as an integral equation with refer-
ence to function K (x – x′) which can be solved by de-
composition on some orthogonal basis: 

     
0

' ' '
n

k k k k
k

K x x M x x N x x


         ,   (2) 

where Mk and Nk are orthogonal decomposition coeffi-
cients. In most cases, Ω zone can be considered rectangu-
lar and select trigonometric functions as basic functions 
for which the following equations are true: 

         
         

' ' ' ,

' ' ' .

k k k k k

k k k k k

x x x x x x

x x x x x x

      

      
    (3) 

Adding (3) to (1), the following quotation system is 
obtained 

     

     

2

2

,

.

k k k k k k

k k k k k k

M P N P

M P N P

        

        
    (4) 

where 

   2 2
k k k k k k         .   (5) 

As a result of the system solution (4), the orthogonal 
decomposition coefficients Mk and Nk, are calculated, 
thereby flexibility function is determined (2). It is impor-
tant to note that restoring the flexibility function is an 
“incorrect task” [8] in which small-scale errors in the in-
put data cause significant deviations in the outcome re-
sults. Therefore, to smooth the flexibility function, it is 
necessary to apply regularization [9]. 

Calculation of pressure. Pressure distribution P in 
the lubricating layer is determined from Reynolds equa-
tion [10] 

 
3 1

div
12 2

h h
P V h

t

  
      


,            (6) 

where h – liquid layer thickness, V – sum of body veloci-
ties in the contact point 

1 2V V V 
  

. 

At the same time thickness of the liquid layer h con-
siders both the geometrical clearance between the contact-
ing hg bodies and the deformation of elastic  of the sur-
face caused by excessive pressure in the layer 

     
2

0

1 cos , 0;

0, 0,

h P K d P

V h P



           

  




 (7) 

Where K (φ – φ') is a flexibility function independent 
of the pressure distribution in the layer, but taking into 
account the geometric and elastic properties of the con-
tacting materials [11]. 

It should be noted that equation (7) takes into  
account the cavitation effect (foaming) under negative 
pressure. 

Importantly, viscosity of the lubricant layer  strongly 
depends on the temperature T and pressure P. There is a 
set of empirical models of liquid layer viscosity change 
[12; 13], however the most accurate of which is 
Petrusevich's formula which approximates dependence of 
viscosity on temperature and pressure in an exponential 
view: 

  0 0, exp( )P T P T     ,                 (8) 

where  is piezoelectric coefficient characterizing the 
change in viscosity depending on pressure, 0 is dynamic 
viscosity at P = 0, Ω0 is a so-called viscosity slope  
coefficient. 

Thermal calculation. Calculation of heat generating 
power Q for the plain bearing operating in hydrodynamic 
mode is defined by 

2 23
2

2
1

1

12

h P P
Q V

y hR

                  
.         (9) 

Let’s write down the thermal conductivity equation in 
cylindrical coordinates: 

2

2 2

1 1
0

T T
r

r r r r

         
.      (10) 

Solution to equation (10) can be represented as Fou-
rier decomposition: 

 0 0
1

cos( ) sin( )k k
k

T a a k b k T




      .   (11) 

At the inner boundary under r = R1 we have a bound-
ary condition for heat flow from the lubricating layer: 

T
Q

r


 


,                                (12) 

where Q is the heat generating power in the lubricating 
layer, defined by formula (9). The heat emission power 
function is also Fourier decomposed by harmonics: 

 0
1

cos( ) sin( )k k
k

Q k k




      ,          (13) 

2

0

1
( )cos( ) ,k Q k d



    
   
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2
*

0

2

0
0

1
( ) sin( ) , ( 1, 2, 3...);

1
( ) .

2

k Q k d k

Q d





     


   





 

At the outer boundary we set the ambient tempera- 
ture T0: 

3 0( )T R T .                     (14) 

Applying Fourier decomposition to formula (12), we 
obtain the equations 

,k
k

a

r


  


   * .k

k
b

r


  


           (15) 

Here, the factors ak, bk  satisfy the differential equa-
tions: 

2

2

1
0k

k
a k

r a
r r r r

       
, 

2

2

1
0k

k
b k

r b
r r r r

       
, 

   01
0

a
r

r r r

      
.                         (16) 

While solving equations (16), we define coefficients 
ak and bk: 

*
, , , ,, ,k j k j k k j k j ka a b a              (17) 

3 31
1 1

3 1
31

3 1

1
k k

k k k

R RR
a

k R RRR

R R

 

    
      

               
    

 , 

31
0

1

ln
RR

a
R




 . 

Non-stationary loading. In case of sharp changes of 
external load F, disturbances in center-of-mass velocity 
occur, causing non-stationary shifts of liquid layer thick-
ness and pressure distribution in contact zone, which 
leads to the change in the force reaction of the liquid layer 
against the external load associated with the pressure  
by the equation 

W PNdx 
 

 .                          (18) 

Under minor center-of-mass velocity disturbances, 
equation (18) can be represented as decomposition 

 0 c cW W x x  
     .           (19) 

Here, the left part of the equation takes into account 
stationary bearing capacity of W0, while the right part – 
velocity disturbance in the center-of-mass, the tensor co-
efficient λ is a layer damping coefficients matrix. These 
coefficients determine pressure relaxation in the lubricat-
ing layer during non-stationary transient processes. The 
found functions of stationary carrying capacity and damp-
ing coefficients allow to write equation of body dynamics 
in the following form: 

 0c c cMx x W x F    
   .               (20) 

The above method allows to find a self-consistent 
non-stationary solution to the problem of elastic-
hydrodynamic interaction of bodies with any geometric 
parameters, with respect to their deformation. Based on 
this method a program has been written (in more detail 
[14]), which allows to efficiently calculate the self-
consistent pressure distribution in the lubricating layer of 
the plain bearing. However, by changing clearance equa-
tion in the lubricating layer for another type of contact, 
the program becomes universal. 

Comparison of proposed calculation method with 
CAD/CAE programs. Calculation of plain bearing lubri-
cating layer (fig. 1) applying the above method is com-
pared with the same calculation using ANSYS software 
complex based on finite element method. The calculation 
flowchart for both methods is shown in fig. 2.  

Let's consider fig. 2 in more detail. In the first step of 
the “hybrid” method, we model the elastic deflection of 
the plain bearing in the ANSYS program (any other cal-
culation program can be used, this is not fundamental) 
and set the load as an arbitrary distribution of pressure 
along the surface. As a result of calculation, elastic  
deflection of the liner is determined, which finishes the 
complex CAD/CAE programs use. 

Further, knowing the pressure distribution in the lubri-
cating layer and the corresponding elastic deformations, 
we restore the flexibility function according to the method 
described above. Then we shift to iterative calculation of 
lubricating layer [14], which takes into account variable 
viscosity of lubricant, cavitation effect, temperature 
change inside the layer and deformation of elastic surface. 
It is important to note that this algorithm is easily imple-
mented in almost any software environment and makes 
calculations quickly and accurately for any load or eccen-
tricity values. 

When performing a full calculation in an ANSYS 
package, it is initially necessary to simulate the lubricat-
ing layer in ANSYS Fluid Flow, which at first glance 
should not cause any problems. However, at values of 
relative eccentricity of bearing more than 0.8 there are 
difficulties in modeling as the value of lubricating layer 
thickness becomes less than permissible (10–7 m). With 
these values, most CAD/CAE programs issue a simula-
tion error and build a surface rather than a solid. In addi-
tion, CAD/CAE packages cannot take the cavitation effect 
into account, which affects the maximum pressure. Con-
sidering these limitations, we model a lubricating layer 
and determine the pressure generated by it, as well as cal-
culate the heat generating power and temperature in the 
lubricating layer. 

Next step is to simulate the bearing case, performing 
the same actions as in modeling deformation of the elastic 
layer in the “hybrid” method. The only difference is that 
the pressure distribution across the elastic layer is im-
ported from the previously calculated lubricating layer. In 
order to shift to a non-stationary calculation, it is neces-
sary to perform calculations for at least three different 
lubricating layers, that is, for three different values  
of relative eccentricity. The results are imported into  
ANSYS Twin Builder. Based on the previously obtained 
data, this package builds a lower-order plain bearing 
model by numerical approximation of the results, which 
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allows to determine in real time how the liner deflection 
and pressure change in the lubricating layer at a smooth 
change of load. 

Let’s compare the results of the solutions (fig. 3) ob-
tained by “hybrid” modeling and modeling in ANSYS 
and SOMSOL Multiphysics packages [15]. Calculation 
was carried out for the following parameters: L = 0.125 m, 
R1 = 0.25 m, μ = 0.19 Pа·с, relative eccentricity η� = 0.5η, 
shaft rotation speed of 1000 rpm. 

From fig. 3, calculations performed in ANSYS (curve 
4) and COMSOL Multiphysics (curve 3) show the same 
results (difference not exceeding 1 %). Both calculations 
do not take into account the cavitation effect, which leads 
to a 15 % reduction in the maximum pressure compared 
to the “hybrid” method of calculation, taking into account 
the cavitation effect and excluding occurrence of negative 
pressure regions (curve 1). The results of the calculation 
using the “hybrid” method without cavitation are well 

consistent with the calculations in CAD/CAE packages 
where the difference of maximum pressures in the layer 
does not exceed 6 %. 

Comparative analysis of the above described results 
suggests that the semi-analytical “hybrid” calculation 
method shows good calculation accuracy provided its cost 
effectiveness. Herein, it has a number of advantages over 
numerical calculations in CAD/CAE programs. The first 
and rather significant advantage is the “cost of calcula-
tion” CAD/CAE packages that allow a number of calcula-
tions described above and have the required functionality 
have a very high cost, while any package that can perform 
static calculations (for example, ANSYS Student pack-
age) will be suitable for “hybrid” modeling. The second 
advantage of “hybrid” modeling is low computing re-
source requirements, while calculations in CAD/CAE 
packages require powerful computers that are also expen-
sive. 

 
 

 
 
 

Fig. 2. Flowchart of methods for plain bearing calculation: 
A – proposed “hybrid method”; B – calculation method using ANSYS 

 
Рис. 2. Блок-схема методов расчета подшипника скольжения: 

А – предлагаемый «гибридный метод»; Б – методика расчета в ANSYS 
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Fig. 3. Pressure in the lubricating layer of the plain bearing: 
1 – semi-analytical solution that takes into account the cavitation effect; 2 – semi-analytical solution without  
taking into account the cavitation effect; 3 – modeling in COMSOL Multiphysics; 4 – modeling in ANSYS 

 
Рис. 3. Давление в смазочном слое подшипника скольжения: 

1 – полуаналитическое решение, учитывающее кавитационный эффект; 2 – полуаналитическое  
решение без учета кавитационного эффекта; 3 – моделирование в СOMSOL Multiphysics;  

4 – моделирование в ANSYS 
 
 
The calculated and most important advantage of the 

“hybrid” simulation is the possibility of non-stationary 
calculation of the heavily loaded operation of the plain 
bearing or other type of contact interaction (the calcula-
tion technique will differ only by the clearance equation 
for a particular type of contact). 

First, in a “hybrid” simulation, it is possible to set any 
size of the minimum clearance without restrictions for 
super-heavy loads. At the same time, modeling in 
CAD/CAE packages has a limit for minimum clearance 
values.  

Second, “hybrid” modeling allows to take into account 
additional important physical factors that greatly compli-
cate calculation: cavitation effect, which significantly 
affects pressure peak, variable viscosity of the lubricating 
layer, dependence on thermodynamic parameters, as well 
as sharp increase of pressure peak in the layer at sharp 
load jump. In CAD/CAE packages, this jump is not taken 
into account and the pressure rise occurs smoothly from 
the initial value to a new one with reference to the 
changed load. 

Conclusion. The proposed method of “hybrid” simu-
lation allows to calculate non-stationary elastic-
hydrodynamic contact with minimal cost analysis, design 
and calculation resources taking into account such factors 
as elastic surface deformation, variable viscosity of lubri-
cating layer and cavitation effect. This calculation method 
can be used in various engineering or technological de-
partments to pre-evaluate a design unit, to optimize the 
existing one, as well as to create a digital twin of the fric-
tion unit in operation and to determine conditions of its 
normal performance in particular circumstances. 
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