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In modern conditions of technology development, signs of systemacity are manifested to one degree or another in all
areas, so the use of system analysis is an urgent task. In this case, the main factors in this situation are data processing
and prediction of the state of a system. Mathematical modeling is used as a prediction method for a given subject area.
A mathematical model is a universal tool for describing complex systems representing the approximate description of
the class of phenomena of the external world expressed by mathematical concepts and language. The mathematical
model can be represented as a set of systematic components and a random component. In this article, the object of pre-
diction is the irregular random component of a model, which reflects the impact of numerous random factors. The ori-
gin, nature and laws of variation of the random variable are known, therefore, to simulate its behavior or predict its
future value, one needs high degree of certainty to establish the form of continuous distribution function of the random
variable. The empirical distribution function is calculated using the sample of random variable values. This empirical
function is close to the values of the desired unknown function of distribution. The resulting empirical function is dis-
crete, therefore it is necessary to apply piecewise linear interpolation to obtain a continuous distribution function.
The predicted random component of time series has been included in the initial regression model. In order to compare
augmented and initial regression models, several values were excluded from the time series and new prediction was
built. The value of the average approximation error for assessing the quality of the model is calculated. The augmented
regression model proved to be more effective than the original one.

Keywords: forecasting, time series analysis, inverse transformation, system analysis.
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T. A. I_an;leBal, B. A. Xnyrmqu], A. K. ]_UJIGHKI/IHI*, 0. JI. Menbaukosa’

'Kpacrosipckuit rOCYAApCTBEHHBIN arpapHblil YHUBEPCUTET
Poccwuiickas ®@enepamus, 660001, KpacHospck, mpocn. Mupa, 90
X akacckuit rocynapcTBeHHbI yHuBepcuTeT nMeHn M. ®@. Karanosa
Poccuiickas ®eaepanus, 655017, Abakan, mpocn. Jlenuna, 90
"E-mail:ak_kgau@mail.ru

B cospemennvix ycrnosusx pazsumus mexHono2uti NPUSHAKY CUCIEMHOCIU NPOAGIAIONCS 6 MO ULU UHOU CMeneHu
60 8cex 0bIACMAX, NOIMOMY UCHOTB306AHUE CUCTNIEMHO20 AHAIU3A AGNAEMCA AKMYanbHou 3adayel. [Ipu smom z2nas-
HbIMU pakmopamu 8 OAHHOU cumyayuu aeiaomcs 00pabomka OAHHbIX U NPOSHOZUPOBAHUE COCMOAHUSL cucmembl. /s
3A0aHH020 00BEKMA 6 Kauecmee cnocoda nPocHO3UPO8aHUs 8 OAHHOU pabonie NPUMEHIeMCsl MOOeIUPOBanUe, d Moy-
Hee mamemamuyeckoe mooenuposanue. Mamemamuueckas Moodenb — MO YHUBEPCATbHOE CPeOCME0 UCCIe008AHUs
CHLOJICHBIX CUCHeM, Bpedcmaesisiioujee coO0l RPUOIUNCEHHOE ONUCAHUE KAK020-TUDO KIACCa 6LeHUl GHEUHEe20 MUpd,
BbIPAIICEHHOE C ROMOWBIO MAMEMAMULECKOU CUMBOIUKU.

Mamemamuueckylo Modenb MONACHO NPEOCMABUMb KAK COBOKYRHOCTb CUCMEMATNUYECKUX KOMIOHEHMO8 U CyYatl-
Hotl cocmasnaoujeli. B 0annoti cmamve pecpeccuoHHas Mooenb yice onpedeniend, a 8 Kauecmse 00vbeKma npocHo3Upo-
BAHUSL PACCMOMPEHA OCTAMOYHASL HEPE2YISPHASL KOMROHEHMA MOOEIU, KOMOPAsl Ompajicaem 6030eliCmeue MHO20YUC-
JIEHHBIX (PAKMOPO8 CIYHAliHO20 XapaKmepa.
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Ipoucxodicoenue, npupoda u 3aKOHbL USMEHEHUs OAHHOU CTIYYAUHOU GEUYUHb] HAM HEU3BECHIHbL, HOIMOMY 0I5l MO-
0enupoBaHusi ee N0GeOeHUs. ULU NPeOCKA3anus ee 6y0yWUX 3HAUEeHUll, HeOOX0OUMO C 8bICOKOU CMENneHbl0 00CMOBEPHO-
cmu Yemanosums U0 HenpepbleHoll YHKYUU PACAPEOeNeHUs. OAHHOU CAYYAUHOU 6ETUYUHDL.

Jist 5mo2o bvbina paccHumana dIMIUPULecKas QyHKYus pacnpeoenenus ¢ NOMOWbIO 8bl00PKU U3 3HAYEHUL CLyuall-
HOU 6enuyunbl. JJAHHAS SMIUPUHecKas QYHKYUs 8 OnpedeseHHol Cmeneni NPUOIUNCeHA K SHAYEHUAM UCKOMOU Heus-
secmnoil Qynkyuu pacnpederenus. Ilonyuennas smnupuyeckas QyHKyus HOCUM OUCKPEMHBIU XAPAKMeEp, NOIMOMY
HeobX00UMO NPUMEHUMb KVCOUHO-TUHEIHYIO UHMEPNOIAYUIO U, MAKUM 0OPA30M, NOIYUUMb HENPEPbIEHYIO QYHKYUIO

pacnpeoeneHusl.

B ucxoonyro peepeccuonnyio mooens 6uLia 6KIIOUEHA CNPOSHOZUPOBAHHASL CIVUAHAS KOMIOHEHMA 8PEMEHHO20 Psi-
oa. [{ns moeo umobvl cpagHums OONOIHEHHYIO U UCXOOHYIO Pe2PecCUOHHbIE MOOEIU, U3 OUHAMUYECKO20 PSda ObLIu UC-
KIIOUEHbl HeCKObKO 3HAYEHULl U NOCMPOeH HO8bLI npoeHo3. Paccuumano snauenue cpedneli owubku annpoxcumayuu
0151 OYeHKU Kavecmea mooenu. JJOnoIHeHHAs pecpecCUOHHAs MOOelb NOKA3ana cebs gh@exmugree ucxooHoll.

Kniouegvie cnosa: npocnosuposanue, anaius 6pemMeHHbIX psaoos, 06pamuoe npeobpasosanie, CUCIeMHbII AHALU3.

Introduction. For the specialists involved in data
analysis, in most cases prediction may be said to be the
main goal and task. Modern methods of statistical fore-
casting are often able to predict almost any possible indi-
cators with high accuracy [1].

Forecasting is a system of scientifically based ideas
about the possible conditions of an object in the future
and alternative ways of its development [2]. There are no
universal prediction methods for all occasions. Any prac-
tical forecasting problem can be satisfactorily solved only
by a limited number of methods [3]. The choice of a fore-
casting method and its effectiveness depend on many
conditions: the purpose of the forecast, the period of its
lead prediction, the level of detailing and the availability
of initial information [4]. The most commonly used fore-
casting method is mathematical modeling. A mathemati-
cal model is an approximate description of a specific
process or phenomenon of the external world, expressed
using a mathematical apparatus [5].

The components of the time series. Commonly,
when studying a time (dynamic) series, it is depicted in
the form of the following mathematical model:

Y, = ?t +E,
where ¥, — time series value; ¥, — systematic (determinis-
tic) component of the time series; E, — random compo-

nent of the time series [6].

The systematic component of the time series Y, is a
result of the influence of constantly acting factors on the
process being analyzed. Two main systematic compo-
nents of the time series can be distinguished:

1. The trend of the time series.

2. The cyclic oscillations of the time series.

A trend is a general pattern of change in the indicators
of the time series, stable and observed over a long period
of time. A trend is described using some function, usually
monotonic. This function is called 'trend function', or
simply “trend” [7].

Among the factors that form the cyclical oscillations
of the series, in turn, two components can be distin-
guished:

1) seasonality;

2) cyclicity.

Seasonality is a result of the influence of factors act-
ing at a predetermined periodicity. These are regular fluc-
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tuations that are periodic in nature ending within a year.
The cyclic component is a nonrandom function that
describes long (more than a year) periods of rise and
fall [8; 9]

The random component of the time series £, is the
component of the time series remaining after the alloca-
tion of systematic components. It reflects the effects
of numerous random factors; it is a random, irregular
component.

Random variables are diverse in nature and origin, al-
though the distribution law can be written in a uniform
universal form, namely, in the form of a distribution func-
tion that is equally suitable for discrete and continuous
random variables [10].

Inverse Transformation Method. For forecasting
purposes, as well as simulation, one may need a method
for generating the random component of a time series.
For this purpose, we use the inverse transformation
method.

Let the random variable X have the distribution func-
tion F(x). We assume that F'(x) is the inverse function
of F(x). Then the algorithm for generating the random
variable X with the distribution function F(x) will be the
following:

1. Generate the value U having the uniform distribu-
tion over the interval (0;1);

2. Return X =F (D).

Fig. 2 depicts this algorithm graphically; the random
variable corresponding to this distribution function can
take either positive or negative values; it depends on the
specific value of U. In Fig. 1, the random number U,
gives the positive value of the random variable X; as
a result, while the random number U, gives the negative
value of the random variable X, as a result [11].

Estimating the distribution function of a random
variable. Let us consider the time series as a sequence
X1, X3, ..., X, of independent and equally distributed, ac-
cording to a certain law, random variables; this sequence
is called the sample of volume n. Each x{(t =1, 2, ..., n) is
called variation. Having the sample, we do not have in-
formation about the form of the distribution function F(x).
It is required to construct an estimate (approximation) for
this unknown function.

The most preferred estimate of the function F(x) will
be the empirical distribution function F,(x).
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Fig. 1. Using the Inverse Transformation Method to generate a random variable
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Fig. 2. Graph of the empirical distribution function F,(e)

Puc. 2. I'padux sMnupudeckast GyHKIUS pacnpeneieHus £, (e)

The empirical distribution function (sampling distribu-
tion function) is the function F,(x), which determines the
relative frequency of the event X < x for each x value, i. e.

F(x)="x,
n

where n,— the number of x, values, less than x; n — sam-
ple size.

With a sufficiently large sample size, the functions
F,(x) and F(x) = P(X < x) differ insignificantly from each
other.

The difference between the empirical distribution
function and the theoretical one is that the theoretical dis-
tribution function determines the probability of the event
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X<x, and the empirical function determines the relative
frequency of the same event [12].

The empirical distribution function has all the proper-
ties of the integral distribution function:

1) the values of the empirical distribution function
belong to the interval [0; 1];

2) F,(x) is non-decreasing function;

) F(x)=0at x<x

min >

if x_. is the smallest variation;

F,x=1at x>x

min » 1f X, 18 the largest variation [6].
However, to use the inverse transformation method, it

is convenient to have a continuous distribution function;

therefore, it is necessary to interpolate the obtained em-

pirical function.
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Building a predicted model. We give an example of
using the inverse transformation method when construct-
ing a predicted model. As the initial data, we use the av-
erage monthly indicators of power consumption in the
Krasnoyarsk Territory for 3 years from January 2009 to
December 2011 [13].

Using some regression model, the forecast values of

the time series were calculated. Actual ¥, and predicted ¥,

values of the time series are presented in tab. 1

We build the empirical distribution function of the
Y,
-7,
To do this, it is necessary to rank the sample {e;}, thus

obtaining the sample {e,, = {¢;, <¢,) <..<e¢,} (tab.2).

values of the deviations e, of the predicted values

from the actual values Y, of the time series e, =Y,

Since the frequency of each variation equals 1, the
empirical function will have the following form:

0, ec [—oo,em );

t
F.(e)= = ee[e(t),e(m)); t=0,1,...,m;

ceey

1, ec [e(n),+oo).

The graph of the function F(e) is shown in fig. 2.

The obtained empirical function F,(e) has a discrete
form. We use piecewise linear interpolation to obtain the
continuous distribution function of the random variable

Fn*(e) . To do this, we use the equation of a straight line

Jon

passing through two points:

Vo=
Xy =X

y:(x—xl)x[

The continuous distribution function of the random variable F,,* (e) will have the following form:

0, ee (—oo,e(l) );
. 1/(n—-1 r—1
F,(e)= (e—e(t))x /( ) + s ee[e(,),e(m)); t=0,1,...,m
ey ~€n ) n-l
1, ee [e(n),+oo).
Tablel
Actual Y, and predicted \f[ values of the time series

t Y, Y, t Y, Y, t Y, Y, t Y, Y,

1 51.0123 53.09764 | 11 | 35.5809 43.42324 | 21 | 37.8690 44.58914 | 31 | 17.1468 15.15964
2 38.2345 38.37535 12 53.2584 54.26158 22 63.4957 57.61664 32 20.8548 21.45395
3 40.0023 35.24303 13 52.3887 52.69219 23 72.9843 72.28322 33 29.3791 31.55531
4 25.1288 32.13879 | 14 | 39.9125 41.30390 | 24 | 88.0214 83.09426 | 34 | 51.1710 44.09931
5 22.9338 27.08163 | 15 | 39.2113 32.14284 | 25 | 82.6095 79.01463 | 35 | 61.5869 59.79590
6 27.0146 20.64426 | 16 | 31.3420 2438189 | 26 | 62.7282 63.15378 | 36 | 71.2594 73.02318
7 25.1154 17.77792 | 17 | 26.0102 19.52312 | 27 | 50.0250 48.20592

8 16.6987 19.20278 18 | 20.5578 17.87433 28 29.6211 34.02474

9 273114 23.86244 19 12.1214 22,62140 29 22.2954 22.75450
10 | 29.2400 31.48983 | 20 | 24.9374 32.44863 | 30 | 17.8092 15.25792

Table 2
Range of Values €, and €,

! ¢ K0 t ¢ K0 ! ¢ € ! & €

1 —2.085 —-10.500 11 —7.842 —2,085 21 —6.720 1.791 31 1.987 6.370
2 —0.141 —7.842 12 —1.003 —1.764 22 5.879 1.819 32 —0.599 6.487
3 4.759 —7.511 13 —0.303 -1.391 23 0.701 1.987 33 —2.176 6.960
4 —7.010 —7.010 14 -1.391 —1.003 24 4.927 2.551 34 7.072 7.068
5 —4.148 —6.720 15 7.068 —0.599 25 3.595 2.683 35 1.791 7.072
6 6.370 —4.404 16 6.960 —0.459 26 —0.426 3.449 36 —1.764 7.337
7 7.337 —4.148 17 6.487 —0.426 27 1.819 3.595

8 —2.504 —2.504 18 2.683 —0.303 28 —4.404 4.759

9 3.449 —2.250 19 —10.500 —0.141 29 —0.459 4.927

10 —2.250 -2.176 20 —7.511 0.701 30 2.551 5.879

3

7
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The graph of the function F;() (e) is shown in fig. 3.

Evaluating the predicted model. For further analysis
of this method, let us consider several forecast models
[14]:

1. We take the value Y, of the time series as
a completely deterministic process, to carry out the fore-
cast we use the values 17[ calculated using the regression
model;

2. The value Y, of the time series will be taken as a
random variable for which we construct the distribution
function Fn* (e) and calculate the predicted values Y/';

3. We will take the value Y, of the time series as

a set of values )7[ calculated using the regression model
and the random component e,, for which we construct the
distribution function Fn* (e) and calculate the predicted
values ¢ .

Let us make the operational prediction of energy con-
sumption levels. For this purpose, we exclude from
consideration the last 5 observations from the sample
and we calculate new estimates of the parameters of the

regression model, as well as the new distribution func-
tions Fy(x) and F3,(e).

We apply the inverse transformation algorithm to the
obtained functions F; (x) and Fj(e). To this end, we

generate the sample {u,} of random numbers having a
uniform distribution in the interval [0; 1], and return

Y't=F; '(u,) and €'t=F, '(u,). The calculation results
are presented in tab. 3.

When considering the obtained results, it is clear that
the sum Y, +¢; is closer to the actual data than the pre-

dicted values calculated using the regression model. Thus,
the predicted values smoothed out the predicted error to
an extent (fig. 4).

As a criterion for assessing the quality of the model,
we determine the value of the average approximation er-
ror, which is calculated using the formula [15]:

A:liw -100 %,

] act

where Y, — predicted value of time series; Y, — actual
value of time series; n — size of time series [10].

(0 T 0 B O

. s e B |

Fig. 3. Graph of the continuous distribution function F;6 (e)

Puc. 3. I'paduk HenpepbIBHOI QYHKINY pacpeeieH s F;6 (e)

Table 3
Results of applying the inverse transformation algorithm

Ne t )Z u e Y, +¢f Y/

1 32 25.1456 0.0608 —7.1360 18.0096 6.9693

2 33 37.1619 0.6514 1.9654 39.1274 14.9283

3 34 52.0351 0.6577 2.1085 54.1436 15.2489

4 35 70.5459 0.0515 —7.1507 63.3952 6.8725

5 36 86.8325 0.5448 0.3808 87.2133 13.4902
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Fig. 4. Graph display of predicted results

Puc. 4. I'pauueckoe oToOpaskeHHE pe3yIbTaTOB IPOrHO3a

The values of the average approximation error for }7, ,

Y and Y, + ¢/ are the following:

1) A(Y,)~17,03%;

2) A(Y)=~71,18%;

3) A(Y, +e)=15,59 %.

The highest indicator of the average approximation
error was obtained under the assumption that the time
series Y, is a random variable. The average approximation
error for the regression model is 54.15 % less, which tells

us that the time series is a determinate value. As a result
of including values e, in regression, the average ap-

proximation error decreased by approximately 1.44 %.

Conclusion. The method presented above can be used
to determine the continuous distribution function of a
random variable and generate a random variable for pre-
dicting and simulation purposes.
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