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Any space computing complex is a complicated system. A complicated system is understood as a set of functionally
related heterogeneous devices designed to perform certain functions and solve problems facing the system. One of the
important characteristics of a system is its uptime. This characteristic is often considered to be a random variable.
However, such a mathematical model is quite limited, since the uptime depends on many characteristics (parameters)
that describe a system. Therefore, the uptime can be assumed to be a continuous random field (that is, a random func-
tion of many variables). It is this approach that is used in this work. If there are certain restrictions on the uptime
of a computing system, upper estimates are found for the distributions of a random number of system failures. There-
fore, the problem of estimating Gaussian field distribution in Hilbert space arises.

Two theorems that allow calculating the probability of a Gaussian vector falling into a sphere of a given radius are
proved in the paper.

The paper is devoted to the reliability of a computing system. The random number of a computing system failures
v(r) is a characteristic of its reliability. The v(r) distribution is the distribution of the sum of a computing system ran-
dom uptime. It is impossible to write down the distribution v (r) explicitly. Therefore, one has to look for an estimate of
these distributions from above. Assuming that the uptime of a computing system is the sum of many variables, the au-
thors of the paper obtained the following results: it is shown that the problem of estimating the distributions of a ran-
dom number of system failures can be considered as the problem of estimating the convergence rate in the central limit
theorem in Banach spaces; if there are certain restrictions on the uptime of a computing system, upper estimates are
found for the distributions of a random number of system failures. The estimates obtained can be used for further
research in the theory of computing systems reliability. Knowing these upper estimates, it is possible to predict the level
of average costs for computer systems restoration, as well as for the development of special mathematical and algo-
rithmic support for analysis systems, for management, decision-making and information processing tasks.

Keywords: computing system, distribution function, systems analysis.

O ®YHKIMHU PACIPEJIEJIEHAS BPEMEHU BE30TKA3HOM PABOTBI
CJIO)KHOM BBIYUCJIUTEJABHOM CUCTEMBI
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Jlro00u Kocmuveckull 8bIYUCIUMENbHBIU KOMNIIEKC npedcmasisiem coboll cioxcuyio cucmemy. I1o0 crowcHot cuc-
MeMOU NOHUMAIOM COBOKYNHOCHb (YYHKYUOHATILHO CEA3AHHBIX PASHOPOOHBIX YCMPOUCS, NPEOHAZHAYEHHbIX OISl Gbl-
NOJHeHUsl ONpeOeleHHbIX QYHKYUL U peulenus cmosawux neped cucmemoti 3aoay. OOHOU U3 BAHCHBIX XAPAKMEPUCUK
pabomel cucmemvl A1AeMCA 8peMs ee De30mKa3HOU pabomel. Yacmo smy Xapakxmepucmuxy cyumaiom ciayuyauHou
seaununol. Ho maxas mamemamuueckas mooenv s61semcsi 0060AbHO 02PAHUYEHHOU, MAK KAK epemsi 6e30mKa3Hou
pabomul 3a68Ucum om MHOSUX XAPAKMEPUCTNUK (napamempos), onucvlisaiowux cucmemy. 11oamomy moaicno npeonono-
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JHcumnb, umo epems 6e30MKaA3Hol pabomvl eCmb HenpepbisHOe CIYYaliHoe noje (Mo ecmb CAVHAUHAS QYHKYUS MHOSUX
nepementulx). Umenno makoil nooxoo npumensemcs ¢ oanHou pabome. [lpu nanuuuu onpedeieHHvIX 02PaHUYeHUll Ha
6pemMsi De30MKA3HOU pabombl BLIYUCIUMENLHOU CUCHIEeMbl HAUOEHbl 8ePXHUE OYEHKU OISl PACIPEOeeHUll CLyHaiiHO20
yucia omkazos cucmemol. [1osmomy 603nHuKaem 60npoc OYeHKU pAcnpedeneHuss 2aycCo8CK020 NOJsL 68 2UlbOEePMOGOM
npocmpancmee.

B pabome ooxazanvl 0se meopemvi, Komopwvle NO360MSIOM GLIYUCIUNDb 6EPOSMHOCHL NONAOAHUSL 2AYCCOBCKO20
6exmopa 8 uap 3a0aHHo20 paouyca.

Jlannas paboma noceéswena HadedcHocmu pabomvi bivUCIUMENbHOU cucmemvl. OOHOU U3 XapaKmepucmux Ha-
0EIACHOCIU BLIMUCTIUMENLHOL CUCEMbL AGISEMCs CVYatiHoe Yucio ee omxasos v(r). Pacnpedenenue v(r) ecmo pac-
npeoeyieHue CyMMbl CIYYAUHbIX 8peMeH 6e30MKA3HOU pabombl GbIHUCTUMENbHOU cucmeMbl. 3anucams pacnpeoeieHue
V(7) 6 A6HOM 8Ude He803MONHCHO. T10d9moMY npUXOOUmMCcs UCKamov OYeHKy JMux pacnpedeienul ceepxy. B npeononooice-
HUU, 4mo epems 6e30mKaznol pabomul bINUCTUMENLHOU CUCEMbL eCb CYMMA MHOZUX NEPEMENHBIX, 8 OaHHOU pabo-
me RONYueHbl Cledyloujue pe3yrbmamol. NOKA3AHO, YMO 34044y OYeHKU pacnpedeneHuti Cay4aino2o Yucia omKa3os
CUCMEMbL MOIHCHO PACCMAMPUBAMb KAK 3A0A1Y OYEHKU CKOPOCMU CXOOUMOCMU 8 YEHMPATbHOU NpedeibHoU meopeme
6 OAHAX0BLIX NPOCMPAHCMEAX, NPU HATUYUU ONPEOETIeHHbIX 0ZPAHUYEHULL HA 6pemsl 6e30MKaA3HOU pabombl  GbIYUCU-
MENbHOU CUCeMbl HAOeHbl 8ePXHUe OYEHKU OISl PACIPEOeNieHUl CIYYAliHO20 YUCia omKasos cucmemvl. Ilonyyennvie
OYEeHKU MO2ym OblMb UCNOAL308AHbL OISl OAIbHEUUUX UCCIEO06AHULL 8 MEeOPUU HAOEHCHOCIU GIYUCTIUMETbHBIX CUC-
mem. 3Hasi smu 8epxHUe OYEHKU, MONCHO NPOSHOZUPOBAMb YPOBEHb CPEOHUX 3AMpPam HA 60CCHIAHOGIEHUE GbIYUCTU-
MENbHLIX CUCmeEM, a makKdice O papadomKy CneyuarbHO20 MAMEMAMUYECKO20 U AI2OPUMMULECKO20 0becneueHus
cucmem ananuza, 0iA 3a0ay YnpasieHus, NPUHAmMuUs peueHuti U obpabomxu uHgdopmayuu.

Kniouesvie cnosa: svruuciumenvHas cucmema, ¢yHKL]u}Z pacnpe@eﬂenuﬂ, CUCMEeMHDBLLL AHATU3.

Introduction. Any space computing complex is a which are independent, have a normal distribution and
complicated system. A complicated system is understood  gg -0, Ee? =1. Thus, the Gaussian vector Y can be
as a set of functionally related heterogeneous devices de-
signed to perform certain functions and solve problems
facing the system. One of the important characteristics of _ o~
a system is its uptime. This characteristic is often consid- Y=A+ 2Vl
ered to be a random variable. However, such a mathe- . )
matical model is quite limited, since the uptime depends The representation of the Gaussian vector ¥ can be

on many characteristics (parameters) that describe a sys- used in various calculations. Ir} partlculgr, if we denote
tem. o =(4,e;,), then the characteristic function for the real s

written as

Therefore, the uptime can be assumed to be a continu- 4 random variable | y|2 has the form
ous random function of many variables. Such an assump- "

tion is used in the literature [1-15]. In this work we will . ols?
also stick to it. B e
It is known that the characteristic functional of a ran- 0 ,(s)= Eexp {zs| A| } ﬁ V1= 2sik
dom variable Y in the Hilbert space H is the functional v, ") \/1 —2sik,
¢y(£)=Eexpii(Z,X)}, It is known that the distribution F' (x) of a random

where z e H , (Z, Y) is the scalar product in H, i= [Z] g variable is uniquely restored by the form of the character-
is the sign of mathematical expectation. Let R be the co-  iStic function¢(?) :

variant vector of a random variable 4, EY = 4. If Yis a o _ ity
Gaussian vector in H, then its characteristic functional has F(y)-F(x)=— J' —d)(t)dt ,
the form:
. 1 then
0y (Z) = expli(4,2) ~—(RZ, XZ}.
: =TT 5
The converse is also true, that is, if Y has a characteris- \Y\h m

tic functional that meets these requirements, then its dis-
tribution is Gaussian.

The covariant operator R of the Gaussian vector Y is a
kernel and completely continuous one; therefore it has an ~ operator R of a Gaussian vector Y. Then the probability

Statement of the main results.
Theorem 1. Let A, be the eigenvalue of the covariant

orthonormal basis of eigenvectors e;, k= 1,2,... Letus of Y falling into a sphere of radius r is
denote A, , that is, the eigenvalue of the operator R, corre-
sponding to the eigenvector ¢;. Let A, > 0 be random P(|Y|H <”)——_[ —exp ——21n(1+ (21h,) ) x
variables st
. Y-4e) tr’ + ) arctg2th, +2nk 5
ut k=1 . tr
N X COS sin—dlt.
2 2
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Theorem 2. Let Abe the maximum eigenvalue
of the covariant operator R of a Gaussian vector Y. Then
the probability of Y falling into a sphere of radius 7 is
equal to:

2n
P(Y| <r)<— s1n—dt
: I t«4/1+ (210)?
The proof of Theorem 1. Since

P(Y, <r)=PYy, < %) then by the inversion formula:
2 2 2
P(Y|" <rY=F ,(r)-F , (0)=
¥y = =Fe 0D Fie ©

| *2 it e—itr2

[———0

2n 7 it

t)dt =
g, @

ﬂtr 0
e

it H\/1 2nxk

2
e ir 1

1 +001_

2n

—00

~ 1 +001_

LT iy,

=1

dt =

1 T1—(costr? —zsmtr) Hlmdt
271:

1

2Tc -[

Let us simplify the form of the function using the
properties of the functions of the complex variable [4]:

In(1 -2k, ) = In[1 + 2tk |+ i(arg(1 - 2ith, ) + 2mk)

it

Z In(1,2ith; )

£ 1—(costr? —zsmtr) 25

it

dt.

arg(l —2ith, ) = arctg2th, +2nk .

Substituting, we obtain

. 2 . 2 .
1Costr™ +smtr- —1
P(Y[, < r)— j t x

—OO

Z In(1+(2004)%) WzZ(arctgmk 2mtk)
X ek 1 e k=1 .
Let us use the properties of the functions of the com-
plex variable again:

—71( Z arctg 2t +21k)
k=1

e

> (arctg2eh, + 2mk)
k=1

> (arctg2eh,, + 2mk)
k=1

=cos +isin

2 2
In the future, for the convenience of calculations we
introduce the following notation:

Z (arctg2th, + 2mk)
C =cos*=! ,
2

> (arctg2ed, +2mk)
k=1

S =sin
2
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Substituting the introduced notation in the formula, we
obtain
Y 13 In(1+(2004)%)
2 2 1 e 4=
P(Y|, <r7)=—
(| |H ) o ,[

t

= Csintr? —iSsintr® +iCcostr® + S costr® —iC — S)dt =

1
. T — n(1+(20 )
2r t

L€ Y In(l+ (2%
1. J‘ k=1
2n t

—0

(Csintr? + Scostr® — S)dt +

(Ccos tr2 —C—Ssin tr2 )dt.

The imaginary part is 0, since the integrand is odd and
is considered on the entire axis (—o0;+o) . Then

P, <) =
L= 7% In(1+(2624)%)
e .
— (Csintr? + Scostr? — 8)dt.
2n o t
We take into account the following:

ZarcthIXk +2nk
k=1

sintr’ cos +

2

Zarcthtkk + 2mk
k=l

+ costr? sin

2

Zarcthtkk +2mk
=cos| tr* + 4=

2

z arctg2th, + 2mk
k=1

—sin
2

2 0
e+ Zarcthtk ¢ T 21k 2
k=l :

=2cos sin—.
2

2
As a result, the formula will take the form:

—7]n(l+(2t7\.k) )

1 e .
— j — (Csintr* + Scostr® — S)dt =
2n
1 2
T e—Zln(H(Ztk,{) )
=— X
2n t
r’ + Zarcthtkk +2mk )
x| 2cos k=1 sin— |dt =
2 2
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—lln(l+(2tkk )2)
e 4

X

o’ + Zarctg2tkk +2nk
k=l

2
sin— |dt
2

X | COS

2

Knowing that the function is symmetric with respect
to the origin of coordinates, we can write

00

1
— 1+ )

2 2 2 e
P(Y[ <r)=— X
(<=2 —
o+ Zarctg2tkk +2nk 5
x| cos k=1 sin— |dt.
2 2

The theorem is proved.

The proof of Theorem 2. The practical use of Theo-
rem 1 is difficult, since, firstly, the knowledge of all ei-
genvalues of A,is assumed, and secondly, the integral
sign contains infinite sums. Therefore, one has to confine

oneself to estimates from above the studied probability.
It's obvious that

exp{—_-Ejhm1+(2txk))

k=1

}HW

Let A =max,., A, , then

1 1
. <. .
tfi”“%ﬁiﬁg L+ o)

1
H4h+(2t}\‘ t \4/1+(2t7x
Consequently
z
P(Y|, <r<= j

Ty 1+ 4t2k2

Let us consider the integrand
o
sin—.
2

1
p(t) = —F——=
N1+ 4202
2

. . . r .
It is obvious that lim,_,, p(¢) —>7 , and it means the

an

function p(¢) is a bounded one. p(r) =0 at ¢ . The

function graph is a sinusoid ¢ — oo, p(¢) > 0.
Hence
2n

”Vb<”<—f

o 131+ 210)2
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The theorem is proved.
Thus, one can find the numerical values of the upper

probability estimates P(|Y | , <7) depending on the radius

of the sphere r and the maximum eigenvalue A of the
covariant operator R. Table was compiled for some values
of rand A.
Upper numerical estimates in the case of Gaussian
uptime of a computing system. Let
2n

ﬂxnz—j

L2
sm—dt

o 1+ 4t2?»2

If the random uptime of the computing system
is a normal random field, then its distribution determined
by the norm of the space C (K) can be estimated numeri-
cally from above. To do this, one only needs to know the
value of the maximum eigenvalue A of the covariance
operator R. Then using the embedding inequality [5] we

have:
<1]3J(x,1],
a a

the constant a is equal to a fixed number, which
is determined exactly depending on the number of vari-
ables d of the random field and the space H that is em-
bedded in C (K).

Conclusion. This paper is devoted to the reliability of
the computing system. One of the characteristics of the
computing system reliability is the random number of its
failures v (). The distribution v () is the distribution of
the sum of random times X; (¢) of the failure-free opera-
tion of the computing system, i = 1, ..., n. It is impossible
to write down the distribution v (7) explicitly. Therefore,
one has to look for an estimate of these distributions from
above. Assuming that the uptime X; (¢) of the computing
system is the sum of many variables, the authors of the
paper obtained following results:

— it is shown that the problem of estimating the distri-
butions of a random number of system failures can be
considered as the problem of estimating the rate of con-
vergence in the central limit theorem in Banach spaces;

— if there are certain restrictions on the uptime X (¢) of
the computing system, upper estimates are found for the
distributions F, () of a random number of system fail-
ures. These estimates can be written as

<Hvt<ﬂ£PWWh<ﬂ:PUﬂH

<= Tn B y
Fn(r)_[ wdn ]—i—cn (Inn)",
where N () is the normal distribution, the constants a, ¢
are determined earlier, the exponents B,y are determined
by the conditions on X ().

Numerical —upper estimates of the form
N(r) £ J(A,r) are found for the normal distribution N(r).

21r

P(|Y|H <r)<—j sm—dt

ti‘/l +(20)°

The estimates obtained can be used for further re-
search in the theory of computing systems reliability.
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Upper probabilities for P(|Y | c<r)

r A=1 A=2 A=3 r rA=1 A=2 A=3
0.1 0.0583 0.0415 0.0340 2.6 0.7586 0.6693 0.6034
0.2 0.1139 0.0817 0.0671 2.7 0.7659 0.6807 0.6161
0.3 0.1169 0.1200 0.0993 2.8 0.7724 0.6914 0.6282
0.4 0.2171 0.1580 0.1306 2.9 0.7783 0.7013 0.6397
0.5 0.2647 0.1941 0.1610 3,0 0.7836 0.7106 0.6506
0.6 0.3096 0.2289 0.1905 3.1 0.7884 0.7193 0.6610
0.7 0.3520 0.2624 0.2191 32 0.7926 0.7273 0.6708
0.8 0.3917 0.2945 0.2469 33 0.7965 0.7348 0.6801
0.9 0.4289 0.3253 0.2737 34 0.7999 0.7418 0.6893
1.0 0.4637 0.3549 0.2997 3.5 0.8029 0.7482 0.6972
1.1 0.4960 0.3831 0.3248 3.6 0.8057 0.7542 0.7051
1.2 0.5260 0.4101 0.3490 3.7 0.8082 0.7598 0.7125
1.3 0.5538 0.4358 0.3724 3.8 0.8104 0.7650 0.7195
1.4 0.5795 0.4603 0.3949 3.9 0.7124 0.7698 0.7261
1.5 0.6031 0.4836 0.4166 4.0 0.8142 0.7742 0.7323
1.6 0.6248 0.5057 0.4374 4.1 0.8159 0.7783 0.7382
1.7 0.6446 0.5266 0.4574 4.2 0.8173 0.7821 0.7437
1.8 0.6628 0.5465 0.4766 43 0.8187 0.7856 0.7489
1.9 0.6793 0.5653 0.4951 4.4 0.8199 0.7889 0.7538
2.0 0.6943 0.5830 0.5127 4.5 0.8210 0.7919 0.7584
2.1 0.7079 0.5997 0.5296 4.6 0.8219 0.7947 0.7627
2.2 0.7202 0.6154 0.5458 4.7 0.8228 0.7973 0.7668
2.3 0.7313 0.6302 0.5612 4.8 0.8224 0.7997 0.7706
2.4 0.7414 0.6441 0.5759 4.9 0.8237 0.8019 0.7742
2.5 0.7504 0.6571 0.5900 5.0 0.8251 0.8040 0.7776

The average number of system failures is 5. Bentkus V. Yu., Rachkauskas A. Yu. [Estimates of

0
H(r)= ZFn (r) , therefore, knowing the upper estimates
n—-1
for Fn (r), one can obtain upper estimates for H (r)
and predict the level of average costs for the restoration
of computing systems.
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