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The paper considers a new class of models under conditions of incomplete information. We are talking about multi-

dimensional discrete-continuous processes for the case where the components of the vector of output variables are  
stochastically dependent. The nature of this dependence is a priori unknown, but for some channels the a priori infor-
mation corresponds to both nonparametric and parametric type of the initial data in the process under study. Such  
a situation leads to a system of nonlinear equations, some of which will be unknown, while others are known accurate 
to the vector of parameters. 

The main purpose of the model is to determine the forecast of output variables with known input, and for implicit 
nonlinear equations it is only known that one or another component of the output depends on other variables that de-
termine the state of the object. 

Thus, a rather nontrivial situation arises when solving a system of implicit nonlinear equations under conditions 
where in one channel of a multidimensional system equations themselves are not in the usual sense, while in others they 
are known up to parameters. Therefore, an object model cannot be constructed using the methods of the existing identi-
fication theory as a result of a lack of a priori information. If it was possible to parameterize the system of nonlinear 
equations, then with a known input this system should be solved, since it is known and the parameterization stage is 
over. However, in this case it is still necessary to evaluate parameters. The main content of this article is the solution of 
the identification problem in the presence of a partially-parameterized discrete-continuous process, despite the fact that 
the parameterization stage cannot be overcome without additional a priori information on the process under study. 

In this regard, the scheme for solving the system of nonlinear equations can be represented as a certain sequential 
algorithmic chain. First, on the basis of the available training sample, including all components of the input and output 
variables observation, a residual vector is formed. After that, an estimate of the object output with known values of the 
input variables is constructed based on the estimates of Nadarai-Watson. Thus, for given values of the input variables 
of such a process, it is proposed to carry out a procedure for evaluating the forecast of output variables in accordance 
with the developed algorithmic chain. 

Numerous computational experiments, studying the proposed models of partially-parameterized discrete-continuous 
processes have shown their rather high efficiency. The article presents the results of computational experiments illustrating 
the effectiveness of the proposed technology for predicting values of output variables from known input variables. 

 
Keywords: partially parameterized discrete-continuous process, identification, nonparametric estimates, КT-

models. 
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В работе рассматривается новый класс моделей в условиях неполной информации. Речь идет о многомер-

ных дискретно-непрерывных процессах для случая, когда компоненты вектора выходных переменных стохас-
тически зависимы, причем характер этой зависимости априори неизвестен, но по некоторым каналам апри-
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орная информация соответствует одновременно как непараметрическому, так и параметрическому типу 
исходных данных об исследуемом процессе. Подобная ситуация приводит к системе нелинейных уравнений, 
одни из которых будут неизвестны, а другие известны с точностью до вектора параметров. 

Главное назначение модели состоит в определении прогноза выходных переменных при известных входных, 
причем для неявных нелинейных уравнений известно лишь то, что та или иная компонента выхода зависит от 
других переменных, определяющих состояние объекта. 

Таким образом, возникает довольно нетривиальная ситуация решения системы неявных нелинейных урав-
нений в условиях, когда по одним каналам многомерной системы самих уравнений в обычном смысле нет, а по 
другим они известны с точностью до параметров. Следовательно, модель объекта не может быть построе-
на с помощью методов существующей теории идентификации в результате недостатка априорной информа-
ции. Если бы можно было параметризовать систему нелинейных уравнений, то при известном входе следовало 
бы решить эту систему, поскольку она в данном случае известна, раз этап параметризации преодолен, прав-
да, в этом случае необходимо еще выполнить оценку параметров. Основным содержанием настоящей статьи 
является решение задачи идентификации при наличии частично-параметризованного дискретно-непрерывного 
процесса, при этом этап параметризации не может быть преодолен без дополнительной априорной инфор-
мации об исследуемом процессе. 

В этой связи схема решения системы нелинейных уравнений может быть представлена в виде некоторой 
последовательной алгоритмической цепочки. Сначала на основании имеющейся обучающей выборки, вклю-
чающей наблюдения всех компонент входных и выходных переменных, формируется вектор невязок. А уже 
после этого оценка выхода объекта при известных значениях входных переменных строится на основании 
оценок Надарая – Ватсона. Таким образом, при заданных значениях входных переменных такого процесса 
предлагается осуществить процедуру оценивания прогноза выходных переменных в соответствии с разрабо-
танной алгоритмической цепочкой. 

Многочисленные вычислительные эксперименты по исследованию предлагаемых моделей частично-
параметризованных дискретно-непрерывных процессов показали достаточно высокую их эффективность.  
В статье приводятся результаты вычислительных экспериментов, иллюстрирующих эффективность предла-
гаемой технологии прогноза значений выходных переменных по известным входным. 

 
Ключевые слова: частично-параметризованный дискретно-непрерывный процесс, идентификация, непара-

метрические оценки, КТ-модели. 
 
Introduction. In numerous occasions for many tech-

nological, manufacturing, and multidimensional processes 
of a discrete-continuous nature, researchers are put  
in conditions where it is necessary to build a model  
of the process under study. These processes are dynamic 
in nature, but controlled at discrete intervals, including 
different ones, which results in dynamic processes to be 
seen as inertia-free with a time delay. For example, when 
grinding any materials (clinker, coal), the time constant  
is 5–10 minutes, and the control of the output variable, 
such as the fineness of grinding, is measured every two 
hours. In this case, the investigated process can be pre-
sented as inertia-free with delay [1]. 

Similar processes are often found in mining or proc-
essing industries, such as metallurgy (steel smelting), 
power industry (coal burning), construction (cement pro-
duction), oil refining (diesel purification) [2], and social 
sciences, including education (student learning) [3]. 

However, the most interesting and important thing is 
that while researching different processes there is a class 
of processes that is classified as T-processes [1]. Similar 
processes have stochastic dependence of output variables 
and require alternative methods of identification and con-
trol, slightly different from conventional ones. The main 
thing here is that identification of such objects should be 
carried out applying non-traditional for the existing theory 
of identification methods [4]. It is also interesting for the 
cases where a priori information corresponds to both non-
parametric and parametric types of raw data on the proc-
ess under investigation. Such processes are classified as 
KT processes [1]. 

A special feature of KT-processes is that equations of 
relations between input and output variables with accu-
racy to the vector of parameters are known for some 
channels of the multidimensional system, but are not 
known for the other channels, causing the fact that the 
mathematical description of the object is presented in the 
form of some analogue of the system with partially pa-

rameterized  , , 0, 1,jF u x j n    and unknown func-

tions with the view  , 0, 1,jF u x j n  . Thus, the prob-

lem of identification is reduced to the problem of solving 
the system of nonlinear equations of a partially-para- 
meterized discrete-continuous process with respect to vector 
components, and known values of input variables u. Specific 
identification tasks will diverge by different amount of a 
priori information on different channels, and by the fea-
tures of ongoing processes. What is important here is that 
we have to face a system of different equations in terms 
of mathematics, the solution of which will require devel-
opment of special methods. In this case, it is advisable to 
use methods of non-parametric statistics [5; 6]. 

KT-processes. Currently, the role of inertia-free sys-
tems with delay identification is increasing [7; 8]. This is 
because some of the most important dynamic object out-
put variables are measured at long intervals of time, far 
exceeding the time constant of the object. 

Let’s consider a general scheme of a discrete-
continuous process that functions under conditions of 
diverse a priori information, including non-parametric 
uncertainty, which is consistent with identification theory 
in a broad sense.  
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A feature of multidimensional object identification is 
that the process being investigated is described by a sys-
tem with implicit stochastic equations. 

      , , 0, 1,jF u t x t t j n     ,          (1) 

Where on some channels  jF   are unknown, and on 

other channels are known,   – on different channels of 
multidimensional system [1]. Further, for simplicity   
will be omitted. 

In general view, the investigated multidimensional 
system implementing the KT process can be shown  
in fig. 1. 

In fig. 1 the following symbols are set:  1,..., mu u u  – 

m-dimensional vector of input variables,  1,..., nx x x  – 

n-dimensional vector of output variables,  t  – random 

interference influencing the process, vertical arrows indi-
cate stochastic dependence of output variables, arc arrows 
show internal connection between variables, which is 
characteristic of a specific investigated process. Clearly, 
the nature of some relations remains unknown to the re-
searcher. 

Through various channels of the process under study, 
the dependence of the j component of vector x may be 
represented as some dependence on certain components 

of vector u:   , 1,j j
jx f u j n     . Such functions are 

determined by the researcher on the basis of available  
a priori information and are called a composite vector. A 
composite vector is a vector composed of some compo-

nents of the corresponding vector,  2 5 7 8, , ,ju x x x x    

in particular. It may also be any other set, for example, 

 5
1 3 6, ,u u u u    where 5u   is a composite vector,  

or  3
1 3 2, ,x u u x   . In this case, the system of equations 

becomes: 
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,               (2) 

where  ˆ
jF   partially parameterized or unknown,   is a 

vector of parameters. 
KT-models. Multidimensional processes which out-

put variables acquire unknown stochastic relationships 
were called T-processes, so their models are respectively 
called T-models [1]. K-models are based on the use of 
diverse a priori information across different channels of a 
multidimensional object.  

A KT model combines T-model elements with K-
model elements and is a model in which there is a set of 
relationships between input and output variables, where 
dependences are known through some channels, for ex-
ample, by focusing on the laws of physics, but unknown 
in other channels. 

The main feature of modeling such a process in condi-
tions of non-parametric uncertainty is the fact that the 

type of functions  , 0, 1,j j
jF u x j n       is known 

for one certain channel and unknown for another. Natu-
rally, the model system can be presented as follows: 
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where ,s sx u
 

 – time vectors (a data set, obtained by s-time 

point), in particular  1,...,s sx x x 


 

 11 12 1 21 22 2 1 2, ,..., ,..., , ,..., ,..., , ,...,s s n n nsx x x x x x x x x , but 

in this case some  ˆ , 1,jF j n   remain unknown. There-

fore, let’s consider the task of constructing KT models 
under non-parametric uncertainty that is under conditions 
where the system (3) is known for some channels and is 
not accurately known for others. 

So let the input of the object receive input variable 
values, which are certainly measured. The presence of a 

learning sample , , 1,i ix u i s  is necessary. In this case, 

estimation of the components of the output variable vec-
tor at known values, as already mentioned above, causes 
the need to solve the system of equations (3).  

 
 

 
 

Fig. 1. Multidimensional system 
 

Рис. 1. Многомерная система  
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In case the dependence of the output component on 
the component of the vector of input variables is not 
known, it is natural to use non-parametric estimation 
methods [9; 10]. 

The problem is that with a given value of the input 
variable vector u u , it is necessary to solve the  
system (3) with respect to the output variable vector x . 
For some channels of the multidimensional system, where 
equations accuracy within parameters is known, coeffi-
cients are found, for example, by the method of stochastic 
approximations [11]. For other channels where relations 
are unknown, the following algorithm chain [1] must  
be applied. First, inconsistencies are calculated by  
formula: 

  , , , , 1,j j
ij j s sF u x i x u j n     

 
,      (4) 

where   , , ,j j
s sF u x i x u     

 is accepted as non-

parametric estimates of Nadarai-Watson regression [12]: 
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where 1, , ,j n m    – composite vector dimensions 

ku . Bell curve function 
[ ]

Ф
k

k k

su

u u i

c

  
  
 

 and blur parame-

ter 
ksuc  comply with some convergence condition, so 

obtain the following: 

    
 

1 1Ф ; Ф 1;s s i
u

c c u u du 



              (6) 
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           (7) 

Next step is estimation of conditional mathematical 
expectation: 

 | , 0 , 1,j
jx M x u j n     .              (8) 

As estimate (8) we accept non-parametric estimate of 
Nadarai-Watson regression [12]: 

1 1 2
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     (9) 

where bell curve  Ф   may be accepted in the form of 

triangular kernel (10) and (11), complying with the condi-
tions (6), (7). 
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   (11) 

Algorithms (5), (8) and (9) are an algorithm chain 
necessary to calculate the prediction of the components of 
the output vector under the known input components [1]. 

While carrying out this procedure, we obtain values of 
output variables x at input influences on the object u u , 
which is the main purpose of the desired model that can 
further be used in different control systems [9], including 
organizational systems [3]. 

The accuracy of the simulation is estimated by the fol-
lowing formula: 

 
1

1

ˆ

s

i s i
i

s

i
i

x x u

x x






 






,                         (12) 

where ix  – object observation,  s ix u  –  object output 

forecast, x̂  – average value for every vector compo- 
nent x . 

Computational experiment. An object with five  
input variables  1 2 3 4 5, , , ,u u u u u u , and three output 

variables  1 2 3, ,x x x x , was taken for the computational 

experiment. For this object, a sample of input and output 
variables was formed based on the system of equations  
of two parametric and one non-parametric channel.  
As a result, a learning sample was obtained ,s su x

 
, where 

,s su x
 

 are time vectors. If the task was to be solved for a 

real object, the learning sample would be formed as a 
result of measurements carried out by the available con-
trol means. In the case of stochastic dependence between 
output variables, it is natural to describe the process, for 
example, by the following system of equations: 

 
 
 

1 1 3 1 2 5

2 1 2 4 5

3 1 2 3 2 3 5

ˆ , , , , 0;

ˆ , , , 0;

ˆ , , , , , 0.

x

x

x

F x x u u u

F x x u u

F x x x u u u

 
 




                 (13) 

Once a sample of observations has been obtained, it is 
possible to proceed with the task under study – to find the 
forecast of the values of the output variables x under the 
known input u. For the case where there was an equation 
dependency across the two channels, the coefficients were 
found applying the stochastic approximation method. 

To begin with, the inconsistencies are calculated ac-
cording to the procedure described above. Let us present 
the inconsistencies in the form of a system: 
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1 1 1 3 1 2 5

2 2 1 2 4 5

3 3 1 2 3 2 3 5

ˆ , , , , ;

ˆ , , , ;

ˆ , , , , , .

i i l l l

i i l l

i i i l l l

i F x x u u u

i F x x u u

i F x x x u u u

 

 

 

         (14) 

where , 1.3j j   – inconsistencies, for which corre-

sponding components of the output vector cannot be ob-
tained from parametrical equations. 

Forecast for system (13) is performed according to 
formula (9) for each component of object output. 

Input variables of newly generated input variables, i. 
e. not included in learning sample, are supplied to object 
input.  

The tunable parameter will be the blur parameter, 
which in this case will be taken to be 0.4 (the value was 

determined as a result of numerous experiments to reduce 
the quadratic error between the output of the model and 
the object) [13; 14], the blur parameter will be taken the 
same when counted in formulas (5) and (9), sample size 

2000s  , interference 0.07  . By component, we pro-

vide graphs for the object outputs 1 2,x x  and 3x . 

In fig. 2–4 ‘X’ shows the values of the variable output 
and the point of the model output. The figures demon-
strate a comparison of the test sample output vector com-
ponents true values and their predicted values obtained 
using algorithm (5)–(9). The figures show 20 sampling 
points due to the simplicity of results presentation, i. e. 
each one-hundred sampling point. The figures show that 
the model describes the object quite well at the interfer-
ence of 7 % acting on the components of the output vari-
ables. 

 
 

 
 

Fig. 2. Forecast values of the output variable 1x  with interference 7 % 

 
Рис. 2. Прогнозные значения выходной переменной 1x  при помехе 7 % 

 
 

 
 

Fig. 3. Forecast values of the output variable 2x  with interference 7 % 

 
Рис. 3. Прогнозные значения выходной переменной 2x  при помехе 7 % 
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Fig. 4. Forecast values of the output variable 3x  with interference 7 % 

 
Рис. 4. Прогнозные значения выходной переменной 3x  при помехе 7 % 

 
 
In fig. 3, the prediction of the output variable is 

slightly worse than for the rest of the output variables, this 
may be affected by: the quality of the learning sample, the 
dependency of the variables, random interference, blur 
parameters, etc. 

Conclusion. In the present work, the problem of iden-
tifying partially parameterized retarded multidimensional 
objects has been discussed. A number of features which 
appear include the fact that the identification task is con-
sidered in conditions of non-parametric uncertainty and, 
as a consequence, cannot be presented with precision to a 
set of parameters. Such processes can be well used in 
various control systems [15]. Based on the available a 
priori hypotheses, the system of equations describing the 
process is produced using composite vectors x and u. 
However, functions  F  continue to be unknown for 

some channels. The article discusses the method of calcu-
lating output variables of an object with known input 
variables, which allows to use them in computer systems 
of various purposes. 

It should also be noted that KT models have found 
their application in the actual catalytic hydrodepaffiniza-
tion process (or diesel purification process) and, as a re-
sult of computational experiments, have produced suffi-
ciently satisfactory results [2]. 

Numerous computational experiments have shown 
quite satisfactory KT simulation results. Issues related to 
the introduction of different interferences, different vol-
umes of learning samples were studied, as well as objects 
of different dimensions were investigated [4]. 
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