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COMPOUND BENDING OF AN ORTHOTROPIC PLATE
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The problem of longitudinal-transverse deformation and strength of an orthotropic plate on the action of a local
transverse force and stretching along the contour of the membrane forces is studied. The direction of laying the fiber of
a unidirectional composite that provides the lowest level of stress and deflection is determined.

In the zone of application of concentrated force in thin-walled structures, significant bending moments and shear
forces occur, which are a source of stress concentration. To reduce stresses, the method of plate tension by membrane
forces applied along the contour is chosen. The maximum possible order of membrane tension forces is selected, which
provides conditions for the strength and rigidity of the solar panel plate structure, which has a hinge-fixed support
along the contour. Pre-tensioning the plate web allows to reduce the stress by 50 times.

The problem of compound bending of isotropic and anisotropic plates when applying transverse and selection of
longitudinal loads, with restrictions on strength and stiffness, can be called a problem of rational design of the
structure. The resulting equations and calculation program can be used in the design of plate structures, as well as in
the educational process.

Keywords: plate bending, longitudinal-transverse deformation.
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H3zyuaemcs 6onpoc npooonbHO-nonepeiHo2o 0eopMuposansl u NPOUYHOCHU OPMOMPONHOU NAACMUHbL O 8030€li-
CMBUsL JIOKANbHOU NONEPEeHOU CUlbl U PACMASUBAIOWUX NO KOHMYpPY MembOpannuix cui. Onpedeneno HanpaeieHue
VKIAOKU 60JI0KHA OOHOHANPABIEHHO20 KOMNO3UMA, 06eCneuusaiowe2o Hauboiee HU3KUil ypo8eHs HANPINCEHUL U Npo-
euba.

B 30ne npunoscenust cocpedomoueHHol Cuibl 8 MOHKOCMEHHBIX KOHCIMPYKYUSIX 803HUKAIOM CYWECMBEeHHble U32U-
balowjue MoOMeHmMblL U nepepe3vléaiowue CUbl, AGIIOUUECs UCTOYHUKOM KOHYEHmpayuu HanpsiceHuil. Jis ymeHb-
WeHUsl  HANPSIJICEHULl  8bIOpAH  NpuemM  HAMSANCeHUs.  NAACMUHbL  MEMOPAHHLIMU — CULAMU,  NPULONCEHHIMU
no koumypy. Io000pan MaxcumanbHo 803MON*CHbII NOPAOOK MEMOPAHHBIX CUN HAMANMCEHUs, 0becneyusaouull ycioeus
NPOYHOCIU U JICECMKOCHMU KOHCPYKYUU NAACTUNbL COTHEYHOU bamapeu, umerowen wapHUpHO-Hen0O0BUICHOE
onupanue no xkoumypy. Ilpedeapumenvroe namsdicenue NOIOMHA NAACMUHBL NO360ISAEN YMEHbUUMb HANPANCCHUS
6 50 pas.

3aoauy croacnozo uzeuba U30OMPONHLIX U AHUZOMPONHBIX NIACMUH NPU NPUTONACEHUU NNONEPEUHbIX U N00bope Npo-
OObHBIX HAZPY30K C 02PAHUYEHUAMU NPOUHOCIU U JCECTKOCIU MOJICHO HA36AMb 3a0a4ell payuoHAIbHO20 NPOEKmu-
posanusi  koncmpykyuu. Ilonyuennvie ypaeHenusi U npozpamMma paciema Moz2ym Oblmb UCHONb306AMHbI  KAK
npU NPOEKMUPOSAHUU KOHCIMPYKYULL NIACTUN, MAK U 8 Y4eOHOM npoyecce.

Knrouesuie crosa. uzeu6 niacmunvl, RpoooibHo-nonepesnoe oepopmuposarue.
Introduction. Space technology uses rectangular Composites, often unidirectional, the physical proper-
flexible plates with photovoltaic cells attached to its sur-  ties of which sometimes differ 15 times, and the strength

face. Plates are attached to rigid ribs and pre-stretched  differ up to 40 times are used [3] as materials. Therefore,
using forces in its plane [1; 2]. the plate material should be considered substantially
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orthotropic. The task is to ensure the fulfillment of the
required conditions for the rigidity and strength of the
plate.

A pre-stretched plate (membrane) is subjected to a
transverse load, which is classified under the concept of
compound bending [4]. In compound bending, as in sim-
ple bending, we can consider the total action on the plate
of a number of different transverse loads, equal to the sum
of the actions on it of all loads separately, however, if the
membrane forces themselves are functions of the trans-
verse load, then the principle of additivity (superposition)
does not apply [5].

The transverse loads acting on the plate are distributed
over a substantially small surface. When calculating
structures, real loads are replaced by idealized forces,
dividing them into loads distributed over a large surface,
and local loads acting in a small area. When the dimen-
sions of the zone within which the load acts are signifi-
cantly small compared to the dimensions of the entire
surface of the structure, or, for example, when the diame-
ter of the loaded zone is less than the thickness of the
plate, the load can be considered as local, applied at one
point [6]. In the area of application of a concentrated
force in thin-walled structures, significant bending mo-
ments and shearing forces arise. These local forces are the
source of stress concentration. One of the methods for
reducing stresses can be the tension of the plate by mem-
brane forces applied along the contour.

On the theory of compound bending of isotropic
plates, the following works can be mentioned [7-9];
a review and analysis of deformation models is given in
[10-16].

Work objective. It is required to choose a model for
calculating thin plates from an orthogonal anisotropic
material; to solve the problem of ensuring the rigidity and
strength of a compound bending of an orthotropic plate
for optimal orientation of the composite fibers located in a
rectangular non-deformable contour, with a simultaneous
application of transverse and longitudinal loads.

I. Statement of the problem of deformation of an
orthotropic model of compound bending. A differential
formulation of the problem of longitudinal-transverse
bending of a plate is considered. Geometric nonlinear
equations are simplified: they neglect the derivatives of
the functions of membrane displacements of the basal
surface. The resolving equilibrium equation is compiled
according to the deformed scheme.

1. Physical equations. As the governing equations,
we use Hooke's law for a body with orthogonal-
anisotropic properties, compiled in the Cartesian coordi-
nate system Oxyz [17]

Sxx N ‘12 0 G,
€y r=|Cn €n 0 |yo, ¢, (1)
£y 0 0 ¢ Ty
where the components of the strain tensor €, € wo Exy
related to the stress tensor components o,, G,, T,,

compliance coefficients:

o =1/E, cp=1/E,, c,=-vy/E,,
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==V L Ey, ¢ =1/ Gy, (Eyvy =Eyvp). (2)

Here E,, E,, v;,, V,, G, are elastic characteris-

tics of rigidity (technical constants) of an orthotropic ma-
terial determined for the principal directions of elastic
symmetry /-2.

The inverse matrix of (1) matrix has the form:
c b, b, 0 |le

X XX

o, t=|by by 0 [e, b 3)
o] L0 0 bglle,
Here,
c c
_ 2 _p 12
by, = 5 s b12_b21__—2 ,
CiCn O CiCn — O
C 1
_ 11 —
by, = 7> bgg =—. 4)
CiCn — O Co6

The coefficients of matrix (3), expressed in terms of
technical constants (2), have the form:

E, ] 0
o I=vpvy T=vppvy, c
X v E E XX
Sy = T 0 g O
1=vipvy I=vppvy
T I
W 0 0 G, |V

2. Geometric equations (deformations). We apply
the geometrically nonlinear Love — Karman — Novozhilov —
Papkovich equations [4; 7; 10]:

2 2
8“:%+l(a_wj _a_WZ’ ©6)
o 2lax)  ax?

2 2
SWZ%J,l[a_WJ Zw,, %)

S oy 2\ oy oy
2
gxy:%+%+a_wa_w_ ﬁ_wz. (8)
oy Ox Ox dy  OxOy

In practical plate design, membrane displacements
uy =u(x,y), v, =v(x,y) one to two orders of magnitude

less deflections of the middle layer w=w(x,y). There-

fore, in equations (6)—(7), we can exclude the derivatives
of membrane displacement functions, which gives:

1(ow) o*w
=== - —z, 9
o= 2] -2 ©)
2
1{ow 0w
— | e 10
8)’)’ 2(8}/) 6}/2 z ( )
2
gryzawﬁw_ 0 wz. (11
7 Ox oy Ox0y

Equations (9)—(11) can be called quasi-nonlinear,
since they contain squares and the product of the first
derivatives of the deflection functions.

3. Stress and internal strength factors. Substituting
(9)—(11) in (3), we obtain the stress values:
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1(ow) o*w
sV =b - T~ —Z— |+
c,.(x,¥,2) “{2((%] Z@xz}

2 2
b, | L[ 2 -zﬁ—vj , (12)
2\ oy oy
1(ow)  &*w
N
2 2
by | L[ O —za—vf , (13)
2\ oy Oy
ow ow *w
(X, p,2)=bgg| —— -2 . 14
Ty (X,1,2) 66(6)6 oy axﬁyzj (14

Integration of stresses (12)—(14) along the plate height
h (-h/2<z<h/2) gives a group of internal force fac-

tors, membrane forces, bending moments and torque:

2 2
Nxzﬁ b, ow +b, ow , (15)
2 ox oy
2 2
h ow ow
Ny:E[blz(aJ +b22(gj :l, (16)
ow ow
S =b . h——, 17
T oy oy a7
n? o*w o*w
M =——|b,—+b,— |, 18
* 12(116x2+128y2j (18)
n o*w o*w
M, :_E[blz@c_2+b2 ay—zJ, (19)
n e
~ (20)

H, =—2by—— .
Xy 66126xay

4. Equilibrium equation. The model of S. P. Ti-
moshenko, in which the equilibrium equation [9] corre-
sponds to the state of compound bending:

2 o’H,, M
0 AZ X9 2Xy + 2y _
Ox Ox oy
2 2 2
=—q. —Nxa—zv—Nya—Z”—zswa—W.
ox oy ~ Oxdy

Substituting moments (18)—(20) into (21), we obtain
the resolving equation for calculating the orthotropic
plate

20

4 4 4
BIIZC_ZV"'BIZ—&(; w2 "‘Bzzgy_:v:
2 2 2
cg NN, DY s DY
ox oy Oxdy
in which the stiffness parameters are equal:
b11h3 2b,, +4b, b22h3

By, = B :—1212 “n, By BT (23)

In the right part (22) N, =N,(x,y), N,=N,(x,»)
u S, =8,(xy). At the first step of calculating

a compound bend, these forces are assumed to be equal
to the pretensioning forces. It can be assumed that
if in the numerical analysis of the plate deformation it
turns out that the forces calculated by formulas (15)—(17),
depending only on the squares of the first derivatives
of the deflection functions, will be comparable with
the order of the applied membrane tension forces, then
the calculation problem should be reformulated and
considered as a boundary value problem with variable
coefficients.

5. Transition from a continuous problem statement
to a discrete (finite-difference) one. Discretization of
equations (22) is carried out by the method of grids [18],
replacing the differential operators with central differ-
ences. Finite-difference analogue of differential equation
(22) for a uniform square grid i=1,2,...,n, j=12,...,m,

with step A is the following:

{6(311 +By,) +4B,, + 2N, +Ny)}wl o
i

At 22
4B, + 2B N 4B, + 2B N
_( 117L4 22+K§j i,j+l_[ 117¥4 2 +>L_2xjwijl_
(4B +2B, Ny . 4By +2B, N, W+
A Y X 2 Vit
B B B
+ ﬁwm,jn +ﬁwi+l,j—l +ﬁwi—l,j—l +
B B B
+ﬁWi71,,‘+1 +}\’_141Wi,j+2 ﬁwi,j—2 +
P (24)
RTI T

4 Witt,j 24 Wi, :7»_2.

6. Internal force factors and stresses of a discrete
problem. Internal force factors are calculated by the for-
mulas (15)—~(17):

NG —
2
:ﬁ b Wi~ Wi 2+b Wi, ~ Wil (25)
5| 7 —2% 12 —ZKy )
@)) —
Ny =
2
:ﬁ b ‘/Vl‘,j+l _M/},./—l ’ +b M/H’l,j _M}i_laj (26)
5| 72 —2% 22 —2% )
. Wi g = Wi iy Wi — Wil
Sg;j) :bééh i,j+1 i,j-1 +1,j 1,/ , (27)
2A, 2,
3 —
mn = I fy M W,
! 12 %
Wi, —2W, Wy
2 3 , (28)
A
y
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3 _
AN _K B, Wi = 2W W N
¥ 2
12 AL
Wiy 2w, AW
+by - ;j —L (29)
7“y
3
HUP =-2bg L
g 12 )40,
><<Wi+1,j+1 Wit et T Wi o1 T Wi ) . (30)
Stresses  are  calculated at grid  points:
oy =M /b, S\ =M /B, X =xH R

II. Calculations of the stiffness and strength of an
orthotropic plate. The longitudinal-transverse deforma-
tion of an anisotropic plate is considered, and the strength
is estimated. The level of membrane forces is determined,
depending only on the squares of the first derivatives of
the deflection functions. The calculations were performed
on the basis of our own Maple program [19].

1. Given. Let us consider a plate (1mx0.8m) made

of unidirectional carbon fiber reinforced plastic [3]
Tornel-300 (Carbon-fiber-reinforced-polymer (CFRP)),

i

thickness # = 2 mm. Strength of the material along the
grainc, =1400MPa , across the grain o, =34.5MPa ;
shear strength 1, =74MPa . Tensile modulus along fi-
bers E, =142.8GPa; tensile modulus across fibers
E,=9.13GPa; Poisson's ratios: v, =0.32, v, =0.02.
Shear modulus is G, =5.49GPa . Maximum deflection

boom w' <15 mm.

The plate is exposed to concentrated force P = 1000N
in the centre. A hinge-fixed support is specified along the
contour.

2. Determination of the most favorable orientation
of fibers of a unidirectional composite in terms of plate
stiffness. Let us investigate the stress-strain state from the
action of only a concentrated shear force P.

In fig. 1 let us consider the orientation of the compos-
ite in the global coordinate system of the plate (Oxy) and
give the strength parameters with the stiffness characteris-
tics in its own principal axes O12. Let's call these parame-
ters and characteristics normative.

Let us show in fig. 2 options for the arrangement of
fibers: we orient the composite of unidirectional CFRP
with fibers parallel to the long side of the plate (fig. 2, a)
and parallel to the short side of the plate (fig. 2, b).

E, o} =1400MPa
63 =34.5MPa

1{, = 74MPa

E, E, =142.8 GPa

E, =9.13GPa
G,, =5.49GPa

Fig. 1. Composite orientation in the global plate coordinate system (0Oxy)
and strength parameters with stiffness characteristics

Puc. 1. OpuenTranus KOMIO31Ta B TII00ATBHOM CHCTEME KOOPAMHAT IIacTHHBI (X))
Y IPOYHOCTHBIE APAMETPHI C XapaKTEPUCTHKAMHU KECTKOCTH

N

b

Fig. 2. Plates with two types of composite fiber orientation:
a — carbon fiber is located along the long side of the plate; b — carbon fiber is located along
the short side of the plate

Puc. 2. ITnactunel ¢ JABYMs BUJJaMH OPUECHTAILIUU BOJIOKOH KOMIIO3UTa:
a — BOJIOKHA YTIJICIIJIaCTHKA PACIIOJIOKCHBI B10JIb JUTUHHOM CTOPOHBI IUIACTHUHBI;
6 — BOJIOKHA yriaemiiacTuka pacroyoKEeHbl BAOIb KOpOTKOﬁ CTOPOHBI INTACTUHBI

502



HHd)opMamuKa, eblduciumenlbHas mexunuKka u ynpaejienue

Let us write the physical law for the first orientation of

the fibers along the long side of the plate (fig. 2, a):

1 _0.02
142.8 GPa 9.13GPa
Exx Oy
0,32 1
€ =| - (¢
» 142.8GPa  9.13GPa ’
€ T
Xy Xy
0 _
5.49GPa |

and for the second orientation of fibers along the short
side of the plate (fig. 2, 6):

1 032 ]
9.13GPa  142.8GPa o
“ 0,02 1 g
g ) =| — G
» 9.13GPa  142.8GPa y
Sxy Txy
0 -
5.49GPa |

Let's perform the calculations, the results are shown
in fig. 3-7.

The most favorable orientation of the fibers of a unidi-
rectional composite in terms of plate rigidity is the ar-
rangement of the composite fibers along its short side. In
this case, the deflections are less by 56 % than when the
fibers are arranged along the long side. Normal stresses in
both cases are greater than the normative ones, strength is
not ensured. Stress regulation is required. Calculations for
both fiber arrangements are discussed below.

3. Location of composite fibers along the long side
of the plate. The loads N, ,=10°N/m and

N, =10°N/m are applies. The calculation results are

shown in fig. 8. The initial stresses from pre-tension are
equal to: o) =N, /h M o) =N, /h-

The results shown in fig. 8, a show that under tension
N,=10°N/m deflection in the center of the plate

P=1kN
// W' =437 mm > w*
7 or™ =1970MPa > o/
J o =474,6MPa > 5,

T =405MPa > 1},

a

W™ =20,8mm >w" and stresses across the fibers, equal

max __

7 =130 MPa > o , are above standard.

The results shown in fig. 8, b show that under tension
N,=10°N/m deflection in the center of the plate

w™ =10.05mm < w* , which satisfies the stiffness condi-
the the fibers
129.8MPa > o, remain above standard.Let's in-

tion, and stresses  across

max __
y

crease efforts of N, and N, by an order. The calculation

(¢

results are shown in fig. 9.
When loading the plate  with

N, =10°N/m (fig. 9, a), the stress acting across
the fibers decreases from 474,6 MPa (at N, ,=0)
to 31,9 MPa (at N, =10°H/m).

The applied force N, =10° N /m (fig. 9, b) by itself

pretension

creates a preliminary tension across the fibers signifi-
cantly more than the standard G(; =500MPa >, . As for

the deflection, it is significantly less than the standard and

max

equal to W™ =1.84mm<w".

Let us present the diagrams of deflection and internal
force factors for this loading case in fig. 10-14.

4. Location of composite fibers along the short side
of the plate. The loads N _=10°N/m and

N, =10°N/m are applied. The calculation results are
shown in fig. 13. The initial stresses from pre-tension are
equalto: 9 =N _/h U =N, /h.

The results presented in fig. 13 a show that when
stretched by force N, =10° N /m deflection in the center

of the plate w™ =11,3mm <w" turned out to be of the

same order of magnitude with the allowable deflection,
and the stresses across the fibers, it is

o™ =130.9 MPa > o, , above the standard.

P=1kN

wm™ =280mm > w"
6™ = 438,9MPa > o,
o™ =1834,5MPa > o}

max __
xy T

T 32,4MPa < 1},

o

Fig. 3. Comparison of deflections and maximum stresses with standard:
a — fiber CFRP along the long sides of the plate; » — CFRP fibers are located along the short sides of the plate

Puc. 3. CpaBHeHHE MPOrHOOB 1 MAKCHMAIBHBIX HANPSDKEHUN C HOPMATUBHBIMH:
a — BOJIOKHA YTIJICIIJIAaCTHKA PACIIOJIOKCHBI BAOJIb HHHHHOﬁ CTOPOHBI INTACTHUHBI;
6 — BOJIOKHA YTJICTUTACTHKA PACIIONI0KEHBI BIOJb KOPOTKON CTOPOHBI ITACTUHBI
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| 2 I
246 810121416| g0y = 468102141619

column column

a o

Fig. 4. Comparison plots of deflections:
a — fiber CFRP along the long sides of the plate; b — CFRP fibers are located along the short sides of the plate

Puc. 4. CpaBHeHue 31i0p Iporubos:
a — BOJIOKHA YTJICIUIaCTHUKA pacCIlOIOKEHbI BOJIb L[J'[I/IHHOf/’I CTOPOHBI INTACTHUHBI;
6 — BOJIOKHA yriaermiaacTuKa pacrnoI0KEHbI BI0Ib KOpOTKOf/’I CTOPOHBI TTACTUHBI

column

Fig. 5. Comparison of bending moments M,:
a — CFRP fibers are located along the long side of the plate;
b — CFRP fibers are located along the short side of the plate

Puc. 5. CpaBHeHue u3rubaromux MOMEHTOB M, :
@ — BOJIOKHA yIJICIUIACTHKA PACIIONOKEHBI BIOMb [JUIMHHOM CTOPOHBI ILUTACTHHBI;
6 — BOJIOKHA yriaemiiacTuka pacrioyoKEeHbl BAOIb KOpOTKOﬁ CTOPOHBI INTACTUHBI

. (,1820

68[{]ld

snlimn

Fig. 6. Comparison of bending moments M,
a — CFRP fibers are located along the long side of the plate;
b — CFRP fibers are located along the short sides of the plate

Puc. 6. CpaBHeHHE H3rHOAIOIMX MOMEHTOB My:

a — BOJIOKHA YTJICIUIaCTHUKA pacCIlOIOKEHbI BAOJIb I[J'II/IHHOf/’I CTOPOHBI INTACTHUHBI;
6 — BOJIOKHA yrierminacTuKa pacrnoyIOKEHbI BI0Ib KOpOTKOﬁ CTOPOHBI TTACTUHBI

504
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Fig. 7. Comparison of torque H,y:
a — CFRP fibers are located along the long side of the plate;
b — CFRP fibers are located along the short sides of the plate

Puc. 7. CpaBHEeHHE KPYTALIMX MOMEHTOB H,y:
a — BOJIOKHA YTIJICIIJIaCTHKA PACIIOJIOKCHBI B1OJIb ,E[HPIHHOFI CTOPOHBI INIACTHUHBI;
6 — BOJIOKHA yriaemiiacTuka pacrioyoKEeHbl BAOIb KOpOTKOﬁ CTOPOHBI ITACTUHBI

Ny:IOS%
I HEENE
—~ /// - . |~
e i _»Nx:10; —

Prddtd

W™ =10.05mm < w*

=0

0
. c° =50MPa > o’
o™ =559 MPa < o, y 2

max __ +
o™ =130 MPa > o5 o, =374.0MPa<o,
o™ =129.8 MPa > o,

wm™ =20.8mm > w*
¢’ =50MPa <o}

0 _ c
v

(e

T =5.65 MPa <1,
T =3.8 MPa <1,

a o

Fig. 8. Calculation results for a plate in which CFRP fibers are located along its long side:
a — pre — stretching by force N = 10° N/m ; b — pre-stretching by force N, = 10° N/m

Puc. 8. Pe3ynpTaTsl pacueTa IIacTUHEL, B KOTOPOH BOJIOKHA YITIEIIACTHKA PACIIONOKEHBI
BIIOJIb €€ JUTHHHOM CTOPOHBI:

@ — PENIBAPUTENBLHOE PACTSHKEHUE CUIoi N | = 10°H/™ ;

6 — IIPE/IBAPUTEIILHOC PACTOKEHHE CHIIOH N, = 10° H/m
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/P:IkN Ny:106%f 1 * f * *

——— / -
- // —
—- = v =100 Y —
- S m
- —_—
RN
W:‘a* =3.72mm < w" W™ =1.84mm < w'
¢’ =500MPa < 6’ =0
o) =0 o) =500 MPa > G}

max __ +
o, =6l7MPa<o, o™ =121.6 MPa < o}
o™ =31.9 MPa < o} =34.5 MPa max

o™ = 524.0 MPa > o}
™ =0.96 MPa < 17’ ma +
Wy : 12 T, =0.76 MPa <1,

a o

Fig. 9. Results of calculating a plate in which CFRP fibers are located along its long side:
a — pre — stretching by force N, = 10% N/m ; b — pre-stretching is applied N y = 10® N/m

Puc. 9. Pe3ynpTaTsl pacueTa MIacTUHbI, B KOTOPOI BOJOKHA YIJIEIIACTHKA PACIIONOKEHBI
BJI0JIb €€ JUIMHHOW CTOPOHBI:

@ — PE/IBAPUTENLHOE PACTSHKEHUE Culol N = 10° H/m ;

6 — IIPAJIOKEHO TPENBAPUTENBHOE pacTshikenne N y = 10° H/m

-0.0017

-0.0027

-0.0037

2
46 8101207,

oW

e

Fig. 10. Diagram of deflections for calculating
a plate in which CFRP fibers are located along

its long side N, =10°N/m and P=1 kN

Puc. 10. Dmropa nporuboB pacyeTa MIacTUHbI,
B KOTOPOU BOJIOKHA YIJICTUIACTUKA PACTIOI0)KEHBI

BJIOJIb €€ JUIMHHOM CTOPOHBI IpU N | = 10°H/m
u P=1xH
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row

TTT T
16 14121

o

Fig. 11. Diagram of the bending moment A{_ of a plate in which CFRP fibers are located along its

long side at N, = 10° N/m and P=1 kN :
a — general view of the diagram; b — view of the diagram in the Oyz plane

Puc. 11. Dmropa u3rubaroriero MOMeHTa A/, B KOTOPOH BOJIOKHA yTTIEIUIACTHKA PACTIONOKEHBI

BJIOJIb JUIMHHOM CTOPOHBI IpH N . = 10°H/M u P=1xH :

a — obuuit BUJ SMIOPBL; 6 — BUJL SMIOPHI B II0cKoCTH )z

g PP
16141210 § & 1o'4

row

6
column

a

Fig. 12. Diagrams of moments of a plate in which CFRP fibers are located along
its long side at N = 10° N/m and P=1 kN :

a—plot M ;b —plot ny

Puc. 12. Dnropbl MOMEHTOB ILJIACTUHBI, B KOTOPOH BOJIOKHA yTIJIEMJIacTUKA

PACIIOJIOKEHBI BIIOJIb €€ JUIMHHOM CTOPOHBI IpH N = 10°H/M u P=1xH :

a—osmopa M ;6 —smopa HW

The results shown in fig. 13 b show that under tension
N,=10°N/m in the center of the plate deflection

wh'™ =18,16mm >w" =15mm, that does not satisfy
the stiffness condition; also the stress across the fibers,
equal to oy =127,7MPa>o,, is higher than the

standard.
Let's increase forces N, and N , toan order of mag-

nitude. The calculation results are shown in fig. 14.
The pre-tension by force N =10°N /m gives tension

across the fibers (¢ = 500 MPa > ¢} ) more regulatory
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stress. The combined action of the shear force and the
tensile force increased this stress
(o™ =525.4 MPa > . ).

When the plate is loaded (fig. 14, a) with a load acting
across the fibers, the stress decreases from 474.6 MPa
(at N,=0)to31.9 MPa (at N, =10°N /m).

Applied effort N, =10°N /m (fig. 14, b) meets all

the criteria of rigidity and strength.

Let us present the diagrams of the deflection
and internal force factors for this case of loading
in fig. 15-17.
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P=1kN

/

BEEE

W™ =11.3 mm<w’
¢ =50 MPa > o}
G(y):O

6™ =130.9 MPa > o}
378.7 MPa <o}

max __

o, =

max __ +

Ty =3,77 MPa <1,
a

Fig.

|
Ny=1o5ﬁf f * * *
j—— m
1
1
1
- . o |
N, =10° =
_» m
e

EEERE

W™ =18.16 mm > w*
02 =0

o) =50 MPa <oy
or™ =127.7 MPa > o,

552.0 MPa <o}

max __
G, =
max __ +
Ty =5.874MPa<rt,

0

13. Results of calculating a plate in which CFRP fibers are located along its short side:

A — pre — stretching is N, = 10° N/m ; b — applied pre-stretching is Ny =10° N/m

Puc. 13. Pe3ynbTatsl pacueTa MIacTHHBI, B KOTOPOI BOJOKHA YITIEIUIACTHKA PACITIONOKEHBI
BJI0JIb €€ KOPOTKOI CTOPOHBI:

@ — NPENIBAPUTENBHOE pacTshkenue N = 10°H/™ ;

0 — IPHII0KEHO NPEBAPUTENbHOE pacTskenne N, = 10° H/m

P=1kN

RERE

wh™ =2.08mm < w*

500 MPa > o}

o™ =525.4MPa > o}
o™ =124.9 MPa <oy

T, =0.75 MPa < 1,

a

Fig. 14. Results of calculating a plate in which CFRP fibers are located along its short side:

N
_1n6
N, =10°—
—_
—
—=n, =10°Y

m
S
—

Py

0
Y =500 MPa <o}

P=1kN

P=1kN

6™ = 29.86 MPa < o} = 34.5 MPa

o)™ =611.4 MPa <o/

max

T =097 MPa <1,

7

a —applied pre — tension is N, = 10° N/m ; b — applied pre-tension is Ny =10° N/m

Puc. 14. Pe3ynpTaTe! pacdeTa INIaCTHHBI, B KOTOPOW BOJIOKHA YTJIEIUIACTHKA
PAacCIOJIOKEHBI BJJOJIb €€ KOPOTKOH CTOPOHBI:

@ — NPUIIOKEHO NPE/IBAPUTEIILHOE pacTshkeHue N, = 10 H/m ;

6 — TIPUIIOXKEHO NPEeJIBAPUTENILHOE pacTsikeHue N )= 10° H/m
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2E 10021 462

]
! column

Fig. 15. Diagram of deflections of a plate in which
CFRP fibers are located along its short side

at N, =10°N/m and P=1 kN

Puc. 15. Dmiopa nporu6oB IIACTUHEL, B KOTOPOH
BOJIOKHA YIJIETUIACTHKA PACIIONOKEHBI B0

€€ KOPOTKOM CTOPOHBI IpU N, = 10°H/M u P=1xH

10 1820

§ 10121416182

ow column

a o
Fig. 16. Diagrams of moments of a plate in which CFRP fibers are located along its
short side of the short side at N, = 10° N/m and P =1 kN :
a- M, ;b- H o

Puc. 16. Onropbl MOMEHTOB ILJIACTHHBI, B KOTOPOM BOJIOKHA YIJIEIUIACTUKA PACTIONOMKEHBI

BJIOJIb €€ KOPOTKOH CTOPOHBI KOPOTKOU CTOPOHBI IpU N, = 10°H/™M 1 P=1xH :

a-M_; 6—ny

LI I B I I I LR B
2018161412108 6 4 2

column T

a o

Fig. 17. Diagrams of moments of a plate in which CFRP fibers are located along
its short side at N, = 10° N/m atand P=1 kN :

a — general view; b — view in the Oxz plane

Puc. 17. Dmropsl MOMEHTOB IIACTHHBL, B KOTOPOIT BOJIOKHA YTJICTIIACTHKA PACIIOIOKEHBI
BJIOJIb €€ KOPOTKOH CTOPOHBI Iipu N y = 10°H/™M u P=1xH :

a — o0IuiA BUJT; 6 — BUJ B INIOCKOCTH (xz
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According to the results of calculations of a plate rein-
forced along its long and short sides, it was found that,
according to the required characteristics of rigidity and
strength, both variants of tension by membrane forces are
suitable N, u N, .

When reinforcing along the long side of the plate, the
pretension by force N, =10° N/m reduces the stress act-
ing along the fibers from 1970 MPa to 617 MPa
(fig. 3, a), and the stress acting across the fibers, equal
to 474.6 MPa, is reduced by the preliminary tension
to 31.9 MPa (fig. 9, a).

For reinforcement on the short side, the pretension
by force N, = 10°N /m reduces the stress acting across

the fibers from 438 MPa to 29.86 MPa (fig. 3, b),
and the stress acting along the fibers, equal to 1834.5
MPa, is reduced by the pretensioning to 611.44 MPa
(fig. 14 b).

5. Simultaneous loading of plates with membrane
forces N, and N, . In fig. 18 we present the results of

-
-
-
-
-—

REREN

W =525mm < w*
=50 MPa<o/
50 MPa > 6}

0
Oy
0

o, =
o™ =265.4MPa<o,
o™ =97.43MPa > 5,

max __ +
Ty =24MPa<1),

a

calculating a plate in which the fibers of the composite are
located along its long side (fig. 18, a), and a plate
in which the fibers are located along its short side
(fig. 18, b). In both cases, stretching by membrane forces
is performed simultaneously by forces N _=10°N/m

and N, = 10°N / m . Both types of loading do not satisfy

the strength across the fibers. Let's increase the membrane
tensile forces by 10 times (fig. 19).

Diagrams for a plate in which CFRP fibers are located
along the short side of the plate are shown in fig. 20.

Both variants of loading the plates, in which the fibers
are oriented both along the long and short sides, do
not correspond to the strength across the fibers of the
composite material. Therefore, it is necessary to select a
material with increased strength in the direction of the
anisotropy axis 2.

Stretching of a rectangular composite web simultane-
ously in two directions presents certain technological
difficulties; therefore, this option of pretensioning should
be abandoned.

P=1kN
BEREEDS
=

Prdddd

W' =525 mm<w*
=50 MPa >,
=50 MPa <o/

)

0
X
0
y

oy™ =97.6 MPa > o3
™™ = 265.9 MPa < o]

max __ +
Ty =24MPa<1),

o

Fig. 18. Comparison of deflections and maximum stresses
with standard ones when loads are applied simultaneously

N, =10’ N/m and N, =10’ N/m:

a — CFRP fibers are located along the long side of the plate;
b — carbon fiber fibers are located along the short side of the plate

Puc. 18. CpaBnenne nporn6oB 1 MaKCHMAaJIbHBIX HAIPSDKEHUH
C HOPMaTHUBHBIMU IIPY OJHOBPEMEHHOM NPHIIOKEHUH HArpy30K

N,=10"H/mu N, =10’ H/m:

a — BOJIOKHA YIJICIIJIACTHKA PACIIOJIOKCHBI BOJIb JUTUHHOM CTOPOHBI IUTACTUHBI;
6 — BOJIOKHA yrieriacTuka pacrnojioKEHbl BI0JIb KOpOTKOﬁ CTOPOHBI TNTACTUHBI
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BERED RN R

- ——— ) ——
- —— ———— —
- - —— —

W™ =0.60 mm<w* W™ =0.60 mm <w*
6? =500 MPa <o} ¢ =500 MPa > &}
o), =500 MPa > G} G?, =500 MPa <o/
oM™ =532.4MPa <oy o™ =506.95 MPa > G,
o)™ =506.9 MPa > o, o™ =532.1MPa <oy
Ty =038 MPa < 1, Tt =032 MPa <1},

a 6

Fig. 19. Comparison of deflections and maximum stresses
with standard ones when loads are applied simultaneously

N, =10°N/m and N, =10° N/m:

a — CFRP fibers are located along the long side of the plate;
b — CFRP fibers are located along the short side of the plate

Puc. 19. CpaBHeHue MpOruOoB U MaKCUMAITbHBIX HAITPSKCHU I
C HOPMATHUBHBIMH ITPU OJJHOBPEMECHHOM MPHIOKCHUH HArPy30K

N, =10°H/m u N, =10°H/m :

a — BOJIOKHA YIJICIIJIACTHKA PACIIOJIOKCHBI BOJIb JUTUHHOM CTOPOHBI IUTACTUHBI;
6 — BOJIOKHA yrieriacTuka pacrnojoKEHbl BA0Jb KOpOTKOﬁ CTOPOHBI TNTACTUHBI

0
6754 6 8 101214161820

T

column

a o c

Fig. 20. Results of calculations of a plate in which CFRP fibers are located along the short side:
a—moment M ; b — moment M, ; ¢—moment ny

Puc. 20. Pe3ynpTaTh! BRIYHUCICHHUH TIIACTHHBI, B KOTOPOH BOJIOKHA YTJICIIACTHKA
PAacIoIOkKEHbI BIOJIb KOPOTKOH CTOPOHBL:
a—MOMeHT M ; 6 — MOMEHT M, ; ¢ — MOMEHT ny
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Fig. 21. Diagrams of calculated longitudinal forces
N, =N,(x,y) and N, =N (x,y):

a~—diagram N ;b —diagram N,

Puc. 21. Dmropbl BEIYUCSAEMBIX TPOAOIBHBIX CHII

Nx =Nx(x9y) u Ny =Ny(x,y):

a—omopa N, ;6-smopa N,

6. A numerical estimate of simplification of geo-
metric equations of the boundary value problem. To
estimate the level of efforts (15) and (16), which depend
only on the squares of the first derivatives of the deflec-
tion functions, we consider the calculation data for an
orthotropic plate. Compared with the specified longitudi-
nal forces, the level of which was assigned from 10’
to 10°N/m, which gives stresses of the order of 50 MPa to
500 MPa, the forces calculated by formulas (15) and (16)
(fig. 21) give the maximum stresses up to 0.04 MPa. That
is, the squares of the first derivatives of the deflection

function (éw/éx)*and (éw/dy)*in (15) and (16) have

little effect on the values of longitudinal membrane forces
N,=N,(x,y) and N, =N (x,y).

Thus, following the calculated results, it makes no
sense to complicate the model of the longitudinal-
transverse deformation of the plate under preliminary
tension by membrane forces and to solve problem (22)
with variable coefficients.

Conclusion. The selected deformation model, as a
model of a flexible plate of small deflection made of an
orthogonal anisotropic material, makes it possible to solve
the problems of ensuring the rigidity and strength of com-
pound longitudinal-transverse bending of an orthotropic
plate.

For a rectangular plate, according to the selected de-
formation model, in order to ensure a minimum deflection
from a concentrated force, it is more advantageous to in-
stall fibers of a unidirectional composite along the short
side. Stress levels and deflection are reduced.

Significant bending moments arising in the zone of
application of a concentrated force are a source of stress
concentration. The pre-tension of the plate web allows the
stress to be reduced by 50 times.

The problem of compound bending of isotropic and
anisotropic plates when applying transverse and selecting
longitudinal loads with constraints on strength and stiff-
ness can be called the problem of rational design of a

structure. The obtained equations and the calculation pro-
gram can be used both in the design of plate structures
and in the educational process.

References

1. Morozov E. V., Lopatin A. V. Analysis and design
of the flexible composite membrane stretched on the
spacecraft solar array frame. Composite Structures. 2012,
No. 94, P. 3106-3114.

2. Lopatin A. V., SHumkova L. V., Gantovnik V. B.
Nelineynaya deformaciya ortotropnoj membrany, rast-
yanutoj na zhestkoj rame solnechnogo elementa. V: Pro-
tokol 49 konferencii AIAA / ASME / ASCE / AHS / ASC,
strukturnoj dinamiki i materialov, 16 konferencii AIAA /
ASME / AHS po adaptivnym strukturam. 10t, Schaum-
burg, IL: AIAA-2008-2302 [Nonlinear deformation of an
orthotropic membrane stretched on a rigid frame of a so-
lar cell. In: Minutes of the 49th AIAA / ASME / ASCE /
AHS / ASC Conference, Structural Dynamics and Materi-
als, 16th AIAA / ASME / AHS Conference on Adaptive
Structures. 10t, schaumburg, il: aiaa-2008-2302]. april
7-10, 2008.

3. Vasil'ev V. V., Protasov V. D., Bolotin V. V. et al.
Kompozicionnye materialy: Spravochnik [Composite ma-
terials: handbook]. Moscow, Mashinostroenie Publ.,
1990, 512 p.

4. Papkovich P. F. Stroitel'naya mekhanika korablya.
CHast' II. Slozhnyy izgib, ustojchivost' sterzhney i usto-
Jjchivost' plastin [Construction mechanics of the ship. Part
II. Complex bending, stability of rods and stability
of plates]. Leningrad, Sudpromgiz Publ., 1941, 960 p.

5. Papkovich P. F. Stroitel'naya mekhanika korablya
[Construction mechanics of the ship]. Vol. 1. Iss. 1.
Moscow, Morskoy transport Publ., 1945, 618 p.

6. Lukasevich S. Lokal'nye nagruzki v plastinah i
obolochkah [Local loads in plates and shells]. Moscow,
Mir Publ., 1982, 544 p.

7. Novozhilov V. V. Osnovy nelinejnoj teorii
uprugosti [Fundamentals of the nonlinear theory of elas-

512



HquopMamuKa, eblduciumenlbHas mexunuKka u ynpaejienue

ticity]. Leningrad — Moscow, OGIZ-Gostekhizdat Publ.,
1948, 212 p.

8. Timoshenko S. P. Ustoychivost' uprugih system
[Stability of elastic systems]. Leningrad — Moscow,
OGIZ-Gostekhizdat Publ., 1946, 532 p.

9. Timoshenko S. P., Yung D. Inzhenernaya mek-
hanika [Engineering mechanics]. Moscow, Mashgiz
Publ., 1960, 508 p.

10. Lyav A. Matematicheskaya teoriya uprugosti
[Mathematical theory of elasticity]. Moscow, ONTI Publ.,
1935.

11. Vol'mir A. S. Gibkie plastinki i obolochki [Flexi-
ble plates and shells]. Moscow, Gostekhizdat Publ., 1956,
419 p.

12. I'yushin A. A., Lenskiy V. S. Soprotivienie mate-
rialov [Resistance of materials]. Moscow, Fizmatgiz
Publ., 1959, 372 p.

13. Kauderer G. Nelineynaya mekhanika [Nonlinear
mechanics]. Moscow, 1zd-vo inostrannoy literatury Publ.,
1961, 778 p.

14. Lejbenzon L. S. Kurs teorii uprugosti [Course of
the theory of elasticity]. Leningrad — Moscow, OGIZ
Publ., 1947, 465 p.

15. Lukash P. A. Osnovy nelineynoy stroitel'noy mek-
haniki [Fundamentals of nonlinear construction mechan-
ics]. Moscow, Stroyizdat Publ., 1978, 204 p.

16. Novackij V. Teoriya uprugosti [Theory of elastic-
ity]. Moscow, Mir Publ., 1975, 872 p.

17. Lekhnickiy S. G. Teoriya uprugosti anizotropnogo
tela [Theory of elasticity of an anisotropic body]. Mos-
cow, Nauka Publ., 1977, 416 p.

18. Samarskij A. A. Teoriya raznostnyh skhem [The-
ory of difference schemes]. Moscow, Nauka Publ., 1977,
656 p.

19. Govoruhin V., Cybulin V. Komp'yuter v mate-
maticheskom issledovanii. Uchebnyy kurs [Computer in
mathematical research: training course]. St. Petersburg,
Piter Publ., 2001, 624 p.

bubauorpaguyeckue cCblIKH

1. Morozov E. V., Lopatin A. V. Analysis and design
of the flexible composite membrane stretched on the
spacecraft solar array frame // Composite Structures.
2012. No. 94. P. 3106-3114.

2. Jlomatun A. B., lllymkosa JI. B., 'antoBHUK B. b.
Henuneiinas nedopmarius opToTponHoit MeMOpaHbl, pac-

TSHYTOH Ha JKECTKOH paMe COJHEYHOI'O JJIEMEHTA.
B: IIpotokon 49-i1 kondepenn AIAA / ASME / ASCE
/ AHS / ASC, cTpyKTypHOW IWHAMHKH W MAaTEPHAJIOB,
16-i1 xordepenunu AIAA / ASME / AHS mo amantus-
HBIM cTpykTypam. 10t, Schaumburg, IL: AIAA-2008-
2302; 7-10 anpens 2008 r.

3. KoMno3uimoHHbsIe MaTepHabl CIPaBOYHUK /
B. B. Bacuibes, B. [I. IIporacos, B. B. bonotun u np.
M. : Mammnoctpoenue, 1990. 512 c.

4. IManxosuu I1. ®@. CrpourensHas MexaHHKa KOpad-
na. Y. II. CnoxHblii nM3rub, ycTOWYHMBOCTH CTEpIKHEH
u ycroiiunBocTs miactul. Jlenunrpan : CYAITPOMI'U3,
1941. 960 c.

5. Mankosuy I1. ®. CrpoutenpHas MexaHUKa Kopad-
. Y. 1. T. 1. M. : Mopckoii Tpancmiopt, 1945. 618 c.

6. JIykacesuu C. JIokanpHBIC HATPY3KHU B INIACTHHAX U
obomoukax. M. : Mup, 1982. 544 c.

7. HoBoxunoB B. B. OcHOBBI HenuHeitHON Teopuu
ynpyroctu. JI.-M. : OT'3-T'ocrexnznat. 1948. 212 c.

8. Tumomenko C. I1. YcTOHIMBOCTD YIPYTHX CHCTEM.
M.-JI. : OI'U3-T'ocTrexmusaar, 1946. 532 c.

9. Tumomenko C. I1., FOur /. MHxeHepHas MexaHU-
ka. M. : Mamrus, 1960. 508 c.

10. JIsB A. MaremaTuueckast Teopust ynpyroct. M. :
OHTH, 1935.

11. Bomemup A. C. T'ubkue MmiacTHHKA U OOOJIOYKH.
M. : T'ocrexmsaart, 1956. 419 c.

12. Unsrommn A. A., Jleackuit B. C. ConporuBnenne
MaTepuasioB. M. : ®uzmarrus, 1959. 372 c.

13. Kaynepep I'. Henuneitnas mexanuka. M. : U3a-Bo
HHOCTpaHHOHU MUT-bI, 1961. 778 c.

14. Jleitoenzon JI. C. Kypc Teopuu yIpyrocrw.
M.-JI. : OI'U3, 1947. 465 c.

15. Jlyxam II. A. OCHOBBl HEIMHEHHON CTPOUTENb-
Hoi MexaHuku. M. : Crpoitusaar, 1978. 204 c.

16. HoBauxuit B. Teopus ynpyroctu. M. : Mup,
1975. 872 c.

17. Jlexaunkuit C. I'. Teopus yrnpyrocTa aHH30TpPOII-
Horo Tena. M. : Hayka, 1977. 416 c.

18. Camapckwuit A. A. Teopust pa3HOCTHBIX cxeM. M. :
Hayxka, 1977. 656 c.

19. T'oBopyxun B., LpiOynun B. Komnbtotep B MaTe-
MaTH4eCcKOM HcclieoBaHuH : yueOHslit kype. CII6. : ITu-
Tep, 2001. 624 c.

© Sabirov R. A., 2020

Rashid Altavovich Sabirov — Ph. D., Associate Professor; Reshetnev Siberian State University of Science and

Technology. E-mail: rashidsab@mail.ru.

CabupoB Pammn AbTaBoBMY — KaHAWAAT TEXHUYECKUX HAyK, JOIEHT, IOLUEHT Kadeaphl TEXHUIECKONH MEXaHH-
ku; CHOMpCKHUl TOCYJapCTBCHHBI YHHBEPCUTET HAYKHA M TEXHOJOTHA nMeHH akanemuka M. @. PemerneBa. E-mail:

rashidsab@mail.ru.




