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Remote sensing is a process which implies collecting information about an object. Due to their properties, satellite
images are widely used in both practical and scientific fields.

Satellite imagery is used in research aimed at the comprehensive study of natural resources, the dynamics of natural
phenomena, and in the tasks of environmental protection. Special attention is paid to the use of space information for
daily operational monitoring of the state of the environment in the implementation of geo-ecological monitoring of re-
gions. In particular, this poses the problem to find the regions of the earth's surface with the characteristics determined
by the considered parameters using the values of established parameters at certain points of the earth's surface. In this
paper, we consider the special case of this problem when the given four points of the earth's surface determine the re-
gions of the earth's surface (the so-called kernels of generalized squares) that have a specified configuration (square).
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Jlucmanyuonnoe 30n0uposanue npedcmaesisem cooou npoyecc, NoCpeocmsom Komopo2o cooupaemcs unpopmayus
00 obvexme. brnazooaps c6oum cOUCMEAM KOCMUYECKUE CHUMKU HAXOOAM WUPOKOe NPUMEHEHUe KAK 8 NPAKMU4ecKol,
MAax u 8 HayyHou cepax.

Kocmuueckyro cvemxy npumeHsiom 6 UCCIe008aHUSAX, HANPAGIEHHBIX HA BCECHOPOHHEEe U3YYeHUe NPUPOOHbLIX
Pecypcos, OUHAMUKU NPUPOOHBIX SGNEHUl, 8 3A0ayax oXpaHvl okpydicaioueli cpeovl. Ocoboe mecmo omeooumcs npu-
MEHEHUI0 KOCMUYecKoU UH@opmayuu O NOBCEOHEGHO20 ONEPAMUBHO20 KOHMPOIS 34 COCMOAHUEM OKPYAICarouell
Cpedvl nPU OCYWeCMEICHUU 2e0IKOI0SULECKO20 MOHUMOPUH2A pecuonos. B yacmuocmu, 6o3nukaem 3adaua no 3naye-
HUIO 3A0aHHbIX NAPAMEMPOS 68 ONPEOCIeHHbIX MOUKAX 3eMHOU NOBEPXHOCMU HAUMU 0OIACMU 3eMHOU NOBEPXHOCMU
C XApPaKmepucmuKamu, onpeoeisembiMu paccMampugaemMsiMy napamempamu. B nacmosiwei pabome paccmompen
YaCMHBILL CAYYAll OAHHOU 3a0adu, K020d NO 3A0AHHbIM YemblpeM MOYKAM 3eMHOU NOBEPXHOCMU ONnpedensomcs 00-
Jacmu 3eMHOU NOBEPXHOCIU (MAK HA3blaeMble s10pa 0000WeEeHHbIX K8AOPAmos), umelowue 3a0auHyl0 KOHQu2ypayuio
(xeadpam).

Kniouegvie cnosa: xocmuyeckuii annapam, OUCmMaHyuoHHoe 30HOUposanue, 0600ujeHnbIl Keaopam.

514



HquopMamuKa, eblduciumenlbHas mexunuKka u ynpaejienue

Introduction. Remote sensing of a territory is a proc-
ess which implies collecting information about a territory
without direct contact with it [1-6]. In connection with
the widespread reduction of the programmes for aerial
photography of the earth's surface, satellite imagery of the
earth's surface is acquiring special interest. Due to their
properties, space images are widely used in both practical
and scientific fields [7; 9-11]. Materials of Earth research
from space are widely used in Earth sciences. Space im-
agery is used in research aimed at the comprehensive
study of natural resources, the dynamics of natural phe-
nomena, in the tasks of environmental protection. Diverse
and widespread use of remote sensing data is especially
found in cartography, they serve as sources for the compi-
lation and operational updating of general geographic and
thematic maps [8]. Special attention is paid to the use of
space information for current operational control over the
state of the environment during geoecological monitoring
of regions. The main advantages of using remote sensing
data for mapping are the following: relevance of data at
the time of research, high accuracy in determining the
boundaries of objects [12—15]. In particular, this poses the
problem in the value of the given parameters at certain
points of the earth's surface to find areas of the earth's
surface with characteristics determined by the parameters
under consideration. In this paper, we consider the special
case of this problem when the given four points of the
earth's surface determine the regions of the earth's surface
(the so-called kernels of generalized squares) that have a
specified configuration (square).

Statement of problems, definitions, designations.
Mathematical model of the problem. Let a Cartesian co-

ordinate system be given on the plane and A= A4(x,;y,),
B=B(xz;y5), C=C(xc;¥¢), D=D(xp;y)) are four
different points on the plane, L,, Lg, L.,L, are straight

lines passing through the points 4, B, C, D respectively.
Let us denote by V,-the point of intersection of the

straight lines L, and L., V,, — the point of intersection

of the straight lines L, and L, Vic _ the point of inter-
section of the straight lines L, and L., Vy, — the point
and L,

|VAD; VBD| — the distance between the points V,;, and

of intersection of the straight lines L,

Vep» |Vacs VBD| — the distance between the points V.
and V.
The generalized square is a set of lines

K pep ={L4, Ly, Lo, Ly} with the property that L, is
parallel to Ly, L. is parallel L,, L, is perpendicular to

L., and |VA 03Vap | =|VBC;VBD| . The generalized square

kernel is a square with the set of vertices
WanVap Vac:Vac} (fig. 1).
Question 1. Does the generalized square

K gep ={L4, Ly, Lo, Ly} always exist at the random

selection of the pointsA=A(x,;y,), B=B(xzyz),
C=C(xc;5c), D=D(xp3yp)?
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Question 2. If question 1 is answered negatively, what
are the necessary and sufficient conditions for its positive
solution?

Question 3. If for the set of the points 4=A(x,;y,).,
B=B(xzy5), C=C(xc;y¢), D=D(xp;yp) the
generalized square K ,p-p ={L,,Lg, Lo, Ly} exists, how
many such generalized squares are there?

Fig. 1. Generalized square

Puc. 1. O6001eHHBIIH KBaaApaT

Partial solution to question 2 and full solution to
question 3. In accordance with the above notations,

A=A(x;v,), B=B(xz;v5), C:C(xc;yc),
D=D(xp;yp) are four different points on the plane,

L, Ly, Lo, L, — straight lines that pass through the

points A, B, C, D respectively. Let us write the equations
of these sides according to [16]:
— L,:y=kx+b, — equation of the straight line pass-

ing through the point 4= A(x,;y,),
— Ly :y=hkx+by — equation of the straight line pass-
ing through the point B = B(x,;y;),

—Loiy= —%x+bc — equation of the straight line
passing through the point C =C(x¢;y¢),
- Ly: y:—%x+bD — equation of the straight line

passing through the point D = D(x,;yp ).

According to the notation introduced above, we
write down the set of equations for finding the

points V-, Ve, Vpp, Vye and  distances |VAD;VBD|,
|VBC;VBD|'

y=kx+b,,

Vet -1
Ac y:7x+b ’

1
where b, =y, —kx, b, =y, +;xc.
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y:kx"‘(J’A_k"A)a
(A T S (S
Yy X Ye PR

x:kzxA +k(ye—y4)+xc
1+ k*

5

Vic = 2
:kyc+k(xc—xA)+yA.
1+k2 ’
y=kx+bg,
Voe:
Be y=—%x+bc,
x:k2x3+k(yc—y3)+xc
Vo= 1+ k2 ’
BC = )
y:k ye+k(xe—x5)+y5
1+ k2 ’
y=kx+b,,
Vi
ap yz—%x—i-bD,

:kzxA+k(yD_yA)+xD .
1+ k2 ’
:kzyD+k(xD—xA)+yA.
1+ k2 ’

Vaip =

Vep :{

Vep =

y=hkx+bg,
1
=——x+bp,
y A D
:k2x3+k(yD—yB)+xD
1+ k2
:kzyD+k(xD—xB)+yB.
1+ k2 '

E

2
|VAD;VBD|:|:(k2(xA _x3)+k(J’B _yA)) +

1
1+k%°

+(k(xp =) +(vs _J’B))ZT'

2
|VBC5VBD|_|:( yc yD)+k(xC_xD)) +
1

+(k(ve =vp)+(xc ‘xD))ZF

1
1+k%

Since the sides of the square are equal, we search

for k from the condition|VAD;VBD|=| VBC;VBD| :

[(k2(xA—xB)+k(yB—yA))2+

+(k(x5—x,)+(ys— s ))2}E

[(k2 (ve—vp)+k(xc —xD))2 +
1
+(k(yc —yD)—l-(xC —xD))Z}Z.
Squaring both sides of the above equation, we obtain:
K (x, —)CB)2 +2k° (x, —x5) (v — 4 )+ (Vg —yA)2 +
+ k% (xg _xA)Z +2k (x5 =, ) (v =)+ (V4 _}’3)2 =
=k*(vc _yD)2 + 2k (ve = p ) (xc =xp )+
+ kz(xc —)CD)2 +k2(yc —yD)2 +

2
+2k(ye —yp )(xc —xp ) +(xc —xp).
After reducing the similar terms with respect to k, we
obtain the biquadratic equation:

k4[(xA —x3)2 —(yc—yD)2J+

) =2(ve - yD)(xC_xD)):|+

#2004 =) (35
k [( ) +(xB_xA) ~(xc - xD) —(yc_)’o)2}+
k[2 xp—x,)( 2(ye - yD)(xC_xD ]+
[(yA —yB) —(xc —xD)ZJ:O.

Dividing both sides of this equation by the coefficient
at k*, we obtain the following equation:

Ya— yB)

k4+k3[2(xA_XB)(yB_yA)_Z(yC_yD)(XC—xD))_+
(xA_xB)z_(yC_yD)z

kz[()’s ) (x5 —x,) —(xC—xD)z—(yC—yD)2_+

~(ve-») ]

(
(x4 =5 )2
(

xA) yA_yB)_z(yC_yD)(xC_xD)

(x4 ‘x3)2 ~(ve ‘J’D)2
J{(yA —yB)2 —(xc ‘xD)2

}
(x4 ‘xB)2 —(¥e ‘J’D)z}
This yields the partial solution to question 2 and the
full solution to question 3.
Partial solution to question 2 (sufficient condition
for the existence of a generalized square). To make the
equation have a real root, it is sufficient to satisfy the ine-

quality:
|:(yA _)’3)2 ~(xc _xD)ZJ -

|:(XA —Xp )2 _(J/c _J’D)ZJ
Solution to question 3. According to [17], this equa-
tion has no more than 4 different real roots. Since with the
considered situation we can consider a certain case L, is
parallel to L¢ and a certain case L, is parallel to Lp, then
the total number of generalized squares for a fixed set of

points A=A(x,;y,), B=B(xzy), C=C(xcivc),
D=D(xp;yp) is no more than 12. It is obvious that the

estimate is accurate.
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Case Study. As our example we take the following:
A(x34)=(5:6), B(xp;v5)=(7:5), Clacsye)=(43),
D(xp;yp)=(3;4) and we consider three different situa-
tions.

1. L, is parallel to Lp

After substituting the coordinates of the given points
into the formula (8), we obtain the equation

3k* + 6k +3k> + 6k =0.

We find the roots of this
k=0, ky=-2, ky =i, k, =—i, wherei* =—1.

We calculate the coordinates of the vertices of the
generalized square for the root k =4k, =0 using the for-

equation:

mulae:

3 kzxA +k(yc —yA)—l-xC
1+k°

_ Ky +hk(xe =x4)+ 2,
1+k*

Vie (xci)’A): Vie (4§6)’

B ksz +k(yc—y3)+xc
xX=
1+ k2
=k2yc +k(xc _xB)+yB
1+ k*
VBC (xc§y3):VBc (4;5)9

e kzxA +k(yD —yA)+xD
1+ k2
_ kzyD +k(xD _xA)+yA
1+ k2
Vip (xD;yA ) =Vip (3;6):
kaB +k(yD —yB)+xD
1+ k2
_ sz’D +k(xD _xB)+yB
1+ k2
Vp (xD;yB) =Vap (3;5)~
Direct calculation shows that
|VAC;VBC |:| VBC;VBD| = |VBD;VAD |:| VAD;VAC| =1.
It follows that the quadrangle with the vertices
Vip-Vep »Ve-Vac 18 asquare (fig. 2).

>

Vic =

E

>

VBC

>

>

VAD

B

>

VBD -

>

We calculate the coordinates of the vertices of the gener-
alized square for the root k = k,=—2 using the formulae:

x:kzxA+k(yC—yA)+xC:
1+k°
(-2)’5+(-2)(3-6)+4 30
1+(-2) 5°
Vic = 2 Vaic (6;4);
:k J’c"‘k(xc_xA)Jf)’A _
1+ k>
(-2)°3+(-2)(4-5)+6 20
1+(-2) 5°

x:k2x3+k(yc—y3)+xcz
1+k2
(-2’ 7+(-2)(3-5)+4 36
- 1+(=2) I
Ve = , (=2) Vic (7.2;4.6);
:k yC+k(xC_xB)+yB:
1+ k>
_(—2)23+(—2)(4—7)+5_§
1+(=2) 5°
:kzxA+k(yD—yA)+xD:
1+ k2
C(-2)'5+(-2)(4-6)+3 27
- 14(-2) e
Vip = , (=2) Vip(54:5.2);
:k yD+k(xD_xA)+yA _
1+ k2
C(-2)'4+(-2)(3-5)+6 26
1+(-2) 5°
x:k2x3+k(yD—yB)+xD _
1+k2
_(—2)27+(—2)(4—5)+3_£
v L2y ° Vi (6.6:5.8)
o :kzyD+k(xD_xB)+yB: S
1+ k2
_(—2)24+(—2)(3—7)+5_§
1+(-2) 5°
.}'ll
Lp Le
6 V.ip Vac :1 L
5 VED VEC 3 B LB
E ) D
3 C
3 PR 7 ™

Fig. 2. Generalized square for the root k; =0

Puc. 2. O6001meHHbIi KBagpat A KopHs ky = 0
Direct calculation shows that

O|VAD§VBD =] VBD;VBC| - |VBC;VAC |:|VAC;VAD| :%'

It follows that the quadrangle with the vertices

VipsVep »VaesVac 1s asquare (fig. 3).
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Lc

Fig. 3. Generalized square for the root k, = -2

Puc. 3. O600meHHbIH KBagpat It KOpHS k = —2

2. The straight line L, is parallel to the straight line L

The general equations of required sides in this case are
the following:

L,:y=kx+b, — equation of the straight line passing

through the point 4(x,;y,);

1 . . .
Lg:y =—;x+bB — equation of the straight line pass-

ing through the point B(x4;y5);
L. 1y =kx+b, — equation of the straight line passing
through the point C(xc;y¢);

1 . . .
Ly:y= —Ex + b, — equation of the straight line pass-

ing through the point D(xD;yD )
Let us write down the set of equations for finding the
vertices of the square in this case:
y=hkx+b,,

Vg -1
=—Xx+by,
T

1
where b, =y, —kx,, by :y3+%x3;

y:kx"‘(YA_kxA),

x:kzxA+k(yB—yA)+xB .
1+ k2 ’
:k2y3+k(xB_XA)+yA
1+ k2 '
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y=hkx+b,,
vV
ap y:—%x—i-bD,
x:kzxA+k(yD—yA)+xD
Vo= 1+ k2 ’
AD = s
y:kyD+k(xD_xA)+yA
1+ k> '
y=kx+b.,
v,
b y:—%x+bD,
:kzxc+k(yD—yC)+xD
1+ k? ’
Vep = )
_k yD+k(xD—xC)+yD
1+ 4%

After substituting the coordinates of the points into the
formula, we obtain the equation

26 +k* +2k +1=0.
We find the roots of this equation
k :—l, ky=—i, ky=i, where i*=-1. We calculate
the coordinates of the vertices of the generalized square
for a real root k =k = —% according to the formulae pre-
sented above.
e kzxA +k(yg —yA)+xB _

1+k2

2
1+[—1)
2
Vi = V,5(755)
k yB+k(xB_xA)+yA
1+4k*
1Y, 1
—— | 5-2(7-5)+6
_( zj 7 )%e
- . =5,
l+(—1j
2
:kxc—i-k(yB yc)-i-xB:
1+ k>
1Y 1
_(_2j e N
- . ==
5
3
Ve = Ve (5.6:2.2).
:k J’B+k(x3_xc)+J’C:
1+ k2
1V, 1
=(—2) 5_5(7—4)"1‘3:H
5’
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Vep =

:kzxA+k(yD—yA)+xD _

1+ k2

Vo (4.2;6.4).
- 1+ k2 -
1Y 1
(_j 4-L(3-5)+6
2) 2 32
2 - )
5
1+(—1)
2
:kzxc+k(yD—yC)+xD _
1+ k2
1Y 1
_j 4= a-3)43
2 2 14
P - _
5
1+(—1j
2
Vep (2.8;3.6).

Direct calculation shows that

|VAB;VBC |=| VBC;VDC| = |VAD;VDC |=| VAD;VAB| =%

Consequently,

Vig-Voe sVeesVap 18 a square (fig. 4).

Lp

Fig. 4. Generalized square for the root k£ =—1/2

Puc. 4. O600meHHbIH KBagpat 1 KOpHSI k = —1/2

the quadrangle with the vertices

3. The straight line L, is parallel to the straight line Lp

Let us write down the general equations of required
sides in case when the straight line Z, is parallel to the
straight line Lp, in this instance:

L,:y=kx+b, — equation of the straight line passing

through the point 4(x,;y,);

Lg:y =—%x + by — equation of the straight line pass-
ing through the point B(xz;y;);

Lo:y= —%x + b — equation of the straight line pass-

ing through the point C (xC; Ve );
L :y=kx+b, — equation of the straight line passing
through the point D(xp;y, ).

The system of equations for finding the vertices of a
square in this case is written as follows:

y=kx+b,,

Ve -1
=—x+b,,
T

whereb, =y, —kx,,b- =Y. +%xc.
y=hkx+(y, —kxA),
Vie:

1 1
:__x+ yC+k'xC 5

y
+ kxA+k Yo —Ya)¥Xc

B

1+ k?
S Yotk xC_xA)+yA
1+ 42

yv=kx+b,,

>

1+ k>
k J’C+k(xc xD)+yD
1+ k*

y
x:ksz+k(yC—yD)+xC
Vpe =

Let us find the distance between the points.

2
|VAB;VDB|:[(k2 (xA _xD)+k(yD — V4 )) +
1

+(k(xD"xA)+(JM"yD)y}2'

1
1+k2°
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|VDC;VDB |:[(k2 (ye —yp)+k(xc —xB))2 + . ksz +k(yc _J’D)+xc _
| 1+k2
21 ~0.28)*3+(=0.28)(3-4)+4
+(k(yc_y3)+(xc_x3))} Tk — 1+((—o 28;2( sy
Let us define & from the condition Voo = 5 ’
|VAB;VDB|=|VDC§VDB|5 :k yc+k(xc—xD)+yD _
1+k*
2 2
[(kz (v, —xp) k(v —yA)) N _(-0.28) 3+(—0.28)2(4—3)+4 366
1 1+(~0.28)
(K (xp—x,) (4 - yD))Z}2 - Ve (4:51:3.66).
_ k2xA +k(yB —yA)+xB _
2 2
:[(kz(yc—y3)+k(xc—x3)) + , 1+&
1 _(028)5+(-028)(5-6)+7 __
— - 2 D
+(k(yc—y3)+(xc—x3))2j|2 ' VAB _ 1+(—028)
. . . k2y3+k(x3_xA)+yA
Let us square both sides of the resulting equality: = 3 =
K (x,—x )2+2k3(x —xp)(vp—y4)+ bk
o b _ (028 5+(<028)(7-5)+6 __,
+k2()’D—J’A) +k2(xD_xA) +2k(xp —x4)(y4—¥p)+ - 1+(—O.28)2 T
+(J’A _J’D)2 =k (J’c _yB)2 +2k° (J’C _yB)(xC —xB)+ Vs (7.1;5.4).
+k2(xc_x3)2+k2(yc_y3)2+ x:k2x0+k(y3—yz>)+x3:
2
+2k(yC_yB)(xC_x3)+(xc_x3)2' 2 L
After reducing the terms in regard to the power of k _ (-028)"3+(-0.28)(5-4)+7 _6.4:
of additive components, we obtain the following equation: 1+ (—0.28)2 o
k4[(xA_xD)2_(yc_yB)2J+ Vio = Kyp+k(xp—xp)+
y= VB B~ *p)*Vp _
2
+k3[2(xA—xD)(yD—yA)—2(yC—yB)(xC—xB))]+ i 1+k
-0.28)"5+(—-0.28)(7-3)+4
+k2|:(yD_yA)2+(xD_xA)z_(xC_xB)z_(yC_yB)2]+ :( ) ( )2( ) =3.96;
1+(~0.28)
+k|:2(xD _xA)(yA _J/D)_z(J’c _J/B)(xc _xB):| =0. Ve (6.4;3.96).
We substitute the coordinates of the points into the ] )
equation and we obtain the equation with numerical coef- Direct calculation shows that
ficients: 3 2 VaciVoc [V acsVaa| = VansVoc [HVaaiVin| = 2-25
20k +12k” +20k +5=0. Consequently, the quadrangle with the vertices

We find the roots of this equation
k, =-0,28, k, =0,16+ 0,94, k; =0,16—0,94i .

We calculate the coordinates of the vertices of the
generalized square for a real root k =k =-0,28 accord-

VicsVoe sVsa-Vap 18 a square.

ing to the formulae presented above:
_ kzxA +k(yc —yA)+xC _

1+k*
(-0.28)"5+(~0.28)(3-6) +4

B 1+(-0.28)’

=4.85;

:kzyC+k(xC_xA)+yA _
1+ k2

(0,28)*3+(-0,28)(4-5)+6 _ 6,08
1+ (—0728)2 o Fig. 5. Generalized square for the root £ =-0.28

Vie (4-85; 6-08)' Puc. 5. O600wmennblit kBagpar st kopus k = —0,28
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HquopMamuKa, eblduciumenlbHas mexunuKka u ynpaejienue

Thus, for a given set of points, there are 4 generalized
squares shown in fig. 2-5.

Conclusion. Remote sensing by spacecraft is a rapidly
developing technology-based field. One of the most im-
portant components ensuring this development is the
mathematical apparatus underlying the operation of the
algorithms incorporated into the operation of spacecraft
and providing the required parameters for sensing the
earth's surface. The problem being considered in this
work is devoted to this issue.

Sensing algorithms built on its basis will effectively
obtain information about the state and boundaries of indi-
vidual sections of the earth's surface within a short time
(depending on the values of a finite number of specified
parameters). The method being considered can naturally
be expanded by changing the conditions imposed on the
form of lines (not necessarily straight) passing through
selected points on the earth's surface and intersecting un-
der the conditions that are different from those given in
the work under consideration.
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