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Remote sensing is a process which implies collecting information about an object. Due to their properties, satellite 

images are widely used in both practical and scientific fields. 
Satellite imagery is used in research aimed at the comprehensive study of natural resources, the dynamics of natural 

phenomena, and in the tasks of environmental protection. Special attention is paid to the use of space information for 
daily operational monitoring of the state of the environment in the implementation of geo-ecological monitoring of re-
gions. In particular, this poses the problem to find the regions of the earth's surface with the characteristics determined 
by the considered parameters using the values of established parameters at certain points of the earth's surface. In this 
paper, we consider the special case of this problem when the given four points of the earth's surface determine the re-
gions of the earth's surface (the so-called kernels of generalized squares) that have a specified configuration (square). 
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Дистанционное зондирование представляет собой процесс, посредством которого собирается информация 

об объекте. Благодаря своим свойствам космические снимки находят широкое применение как в практической, 
так и в научной сферах. 

Космическую съемку применяют в исследованиях, направленных на всестороннее изучение природных  
ресурсов, динамики природных явлений, в задачах охраны окружающей среды. Особое место отводится при-
менению космической информации для повседневного оперативного контроля за состоянием окружающей 
среды при осуществлении геоэкологического мониторинга регионов.  В частности, возникает задача по значе-
нию заданных параметров в определенных точках земной поверхности найти области земной поверхности 
с характеристиками, определяемыми рассматриваемыми параметрами. В настоящей работе рассмотрен  
частный случай данной задачи, когда по заданным четырем точкам земной поверхности  определяются об-
ласти земной поверхности (так называемые ядра обобщенных квадратов), имеющие заданную конфигурацию 
(квадрат). 
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Introduction. Remote sensing of a territory is a proc-
ess which implies collecting information about a territory 
without direct contact with it [1–6]. In connection with 
the widespread reduction of the programmes for aerial 
photography of the earth's surface, satellite imagery of the 
earth's surface is acquiring special interest. Due to their 
properties, space images are widely used in both practical 
and scientific fields [7; 9–11]. Materials of Earth research 
from space are widely used in Earth sciences. Space im-
agery is used in research aimed at the comprehensive 
study of natural resources, the dynamics of natural phe-
nomena, in the tasks of environmental protection. Diverse 
and widespread use of remote sensing data is especially 
found in cartography, they serve as sources for the compi-
lation and operational updating of general geographic and 
thematic maps [8]. Special attention is paid to the use of 
space information for current operational control over the 
state of the environment during geoecological monitoring 
of regions. The main advantages of using remote sensing 
data for mapping are the following: relevance of data at 
the time of research, high accuracy in determining the 
boundaries of objects [12–15]. In particular, this poses the 
problem in the value of the given parameters at certain 
points of the earth's surface to find areas of the earth's 
surface with characteristics determined by the parameters 
under consideration. In this paper, we consider the special 
case of this problem when the given four points of the 
earth's surface determine the regions of the earth's surface 
(the so-called kernels of generalized squares) that have a 
specified configuration (square). 

Statement of problems, definitions, designations. 
Mathematical model of the problem. Let a Cartesian co-
ordinate system be given on the plane and  ;A AA A x y , 

 ;B BB B x y ,  ;C CC C x y ,  ;D DD D x y  are four 

different points on the plane, , ,,A B C DL L L L  are straight 

lines passing through the points A, B, C, D respectively. 
Let us denote by ACV the point of intersection of the 

straight lines AL  and СL , ADV  – the point of intersection 

of the straight lines AL  and DL , BCV
 – the point of inter-

section of the straight lines BL  and СL , BDV  – the point 

of intersection of the straight lines BL  and DL , 

 ;  AD BDV V  – the distance between the points ADV  and 

BDV ,  ;  BC BDV V  – the distance between the points BCV  

and BDV . 

The generalized square is a set of lines 
{ , ,  },ABCD A B С DK L L L L  with the property that AL  is 

parallel to BL , СL  is parallel DL , AL  is perpendicular to 

СL , and  ;   ;  AD BD BC BDV V V V . The generalized square 

kernel is a square with the set of vertices 

 ,  , ,  AD BD BC ACV V V V  (fig. 1). 

Question 1. Does the generalized square 
{ , ,  },ABCD A B C DK L L L L  always exist at the random 

selection of the points  ;A AA A x y ,  ;B BB B x y , 

 ;C CC C x y ,  ;D DD D x y ? 

Question 2. If question 1 is answered negatively, what 
are the necessary and sufficient conditions for its positive 
solution? 

Question 3. If for the set of the points  ;A AA A x y , 

 ;B BB B x y ,  ;C CC C x y ,  ;D DD D x y  the 

generalized square { , ,  },ABCD A B C DK L L L L  exists, how 

many such generalized squares are there? 
 

 
 

Fig. 1. Generalized square 
 

Рис. 1. Обобщенный квадрат 

 
Partial solution to question 2 and full solution to 

question 3. In accordance with the above notations, 

 ;A AA A x y ,  ;B BB B x y ,  ;C CC C x y , 

 ;D DD D x y  are four different points on the plane, 

,, ,  A B C DL L L L  – straight lines that pass through the 

points A, B, C, D respectively. Let us write the equations 
of these sides according to [16]: 

– : AA y kL x b   – equation of the straight line pass-

ing through the point  ;A AA A x y , 

– : BB y kL x b   – equation of the straight line pass-

ing through the point  ;B BB B x y , 

– 
1

:C CL y x b
k

    – equation of the straight line 

passing through the point  ;C CC C x y , 

– 
1

:D DL y x b
k

    – equation of the straight line 

passing through the point  ;D DD D x y . 

According to the notation introduced above, we  
write down the set of equations for finding the  
points ,  ,  ,  AC BC BD BCV V V V  and distances ;  AD BDV V , 

;  .BC BDV V  

,
: 1

,

A

AC
C

y = kx +b
V

y = x +b
k



 


 

1
where .A A A C C Cb = y kx ,b = y + x

k
  
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;

B
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C
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V
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k

k x k y y x
x

kV
k y k x x y

y
k

 



  
   


  

    
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2

,
: 1
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1

1

,

;

A

AD
D

A D A D

AD

D D A A

y kx b
V

y x b
k

k x k y y x
x

kV
k y k x x y

y
k

 



  
   


  

    
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 

 

2

2

2

2

:  1
,

,
1

1

,

;

B

BD
D

B D B D

BD

D D B B

y kx b
V

y x b
k

k x k y y x
x

kV
k y k x x y

y
k

 



  
   


  

    

 

    22 ;  AD BD A B B AV V k x x k y y    
 

    
1

2 2

2

1
·
1

B A A Bk x x y y
k

     
, 

    22 ;  BC BD C D C DV V k y y k x x    
 

    
1

2 2

2

1
· .
1

C D C Dk y y x x
k

     
 

 

Since the sides of the square are equal, we search  

for k  from the condition  ;   ; AD BD BC BDV V V V : 

    22
A B B Ak x x k y y    

 

    
1

2 2 2
B A A Bk x x y y     

 

    22
C D C Dk y y k x x    

 

    
1

2 2
.C D C Dk y y x x     
 

Squaring both sides of the above equation, we obtain: 

      2 24 3 22A B A B B A B Ak x x k x x y y k y y        

      2 22 2B A B A A B A Bk x x k x x y y y y        = 

    
   

24 3

2 22 2

2C D C D C D

C D C D

k y y k y y x x

k x x k y y

     

    
 

    2
2 .C D C D C Dk y y x x x x      

After reducing the similar terms with respect to k, we 
obtain the biquadratic equation: 

   224
A B C Dk x x y y       

     3 2 ) 2A B B A C D C Dk x x y y y y x x         

       2 22 22
B A B A C D C Dk y y x x x x y y           

     2 2B A A B C D C Dk x x y y y y x x         

   22
0.A B C Dy y x x       

Dividing both sides of this equation by the coefficient 
at k4, we obtain the following equation: 

     
   

4 3
22

2 ) 2A B B A C D C D

A B C D

x x y y y y x x
k k

x x y y

     
  
    

 

       
   

2 22 2
2

22
B A B A C D C D

A B C D

y y x x x x y y
k

x x y y

       
  
    

 

     
   

   
   

22

22

22

2 2

0.

B A A B C D C D

A B C D

A B C D

A B C D

x x y y y y x x
k

x x y y

y y x x

x x y y

     
  
    

   
  
    

 

This yields the partial solution to question 2 and the 
full solution to question 3. 

Partial solution to question 2 (sufficient condition  
for the existence of a generalized square). To make the 
equation have a real root, it is sufficient to satisfy the ine-
quality: 

   

   

22

22
0

A B C D

A B C D

y y x x

x x y y

     
    

. 

Solution to question 3. According to [17], this equa-
tion has no more than 4 different real roots. Since with the 
considered situation we can consider a certain case LA is 
parallel to LC and a certain case LA is parallel to LD, then 
the total number of generalized squares for a fixed set of 
points  ;A AA A x y ,  ;B BB B x y ,  ;C CC C x y , 

 ;D DD D x y  is no more than 12. It is obvious that the 

estimate is accurate. 
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Case Study. As our example we take the following: 

   ; 5;6A AA x y  ,    ; 7;5B BB x y  ,    ; 4;3C CC x y  , 

   ; 3;4D DD x y   and we consider three different situa-

tions. 
1. LA is parallel to LB 
After substituting the coordinates of the given points 

into the formula (8), we obtain the equation 
4 3 23 6 3 6 0.k k k k     

We find the roots of this equation: 
2

1 2 3 40, 2, , , 1k = k = k = i k = i wherei =   . 

We calculate the coordinates of the vertices of the 
generalized square for the root 1 0k k   using the for-

mulae: 

 

 

   

2

2

2

2

,
1

,

,;

1

4;6

A C A C

AC

C C A A

AC C A AC

k x k y y x
x

kV
k y k x x y

y
k

V x y V

   


  
    



 

 

 

   

2

2

2

2

,
1

,

,;

1

4;5

B C B C

BC

C C B B

BC C B ВC

k x k y y x
x

kV
k y k x x y

y
k

V x y V

   


  
    



 

 

 

   

2

2

2

2

,
1

,

,;

1

3;6

A D A D

AD

D D A A

AD D A AD

k x k y y x
x

kV
k y k x x y

y
k

V x y V

   


  
    



 

 

 

   

2

2

2

2

,
1

,

.;

1

3;5

B D B D

BD

D D B B

BD D B BD

k x k y y x
x

kV
k y k x x y

y
k

V x y V

   


  
    



 

Direct calculation shows that 

; ; ; ; 1AC BC BC BD BD AD AD ACV V V V V V V V    . 

It follows that the quadrangle with the vertices 
,  , , AD BD BC ACV V V V  is a square (fig. 2). 

We calculate the coordinates of the vertices of the gener-
alized square for the root k = k2 = –2 using the formulae: 

 

    
 
 

    
 

 

2

2

2

2

2

2

2

2

1

2 5 2 3 6 4 30
,

51 2
6; 4 ;

1

2 3 2 4 5 6 20
,

51 2

A C A C

AC AC

C C A A

k x k y y x
x

k

V V
k y k x x y

y
k
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
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  
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2

1
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1
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51 2

B C B C
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C C B B

k x k y y x
x

k

V V
k y k x x y

y
k

   
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
      
  


     
     
 
  

  

 

    
 
 

    
 

 

2

2

2

2

2

2

2

2

1

2 5 2 4 6 3 27
,

51 2
 5.4;5.2 ;

1

2 4 2 3 5 6 26
,

51 2

A D A D

AD AD

D D A A

k x k y y x
x

k

V V
k y k x x y

y
k

   
 


      
  


     
     
 

 

  

 

    
 
 

    
 

 

2

2

2

2

2

2

2

2

1

2 7 2 4 5 3 33
,

51 2
6.6;5.8 .

1

2 4 2 3 7 5 29
,

51 2

B D B D

BD BD

D D B B

k x k y y x
x

k

V V
k y k x x y

y
k

   
 


      
  


     
     
 

 

  

 

 
 

Fig. 2. Generalized square for the root k1  = 0 
 

Рис. 2. Обобщенный квадрат для корня k1  = 0 
 
Direct calculation shows that 

0
3

; ; ; ; 
5

BAD BD BD BC AC ACC ADV V V V V V V V    . 

It follows that the quadrangle with the vertices 
,  , , AD BD BC ACV V V V  is a square (fig. 3). 
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Fig. 3. Generalized square for the root k2  = –2 
 

Рис. 3. Обобщенный квадрат для корня k2  = –2 

 
2. The straight line LA is parallel to the straight line LC 
The general equations of required sides in this case are 

the following: 
:  A AL y kx b   – equation of the straight line passing 

through the point  ;A AA x y ; 

1
:  B BL y x b

k
   – equation of the straight line pass-

ing through the point  ;B BB x y ; 

: C CL y kx b   – equation of the straight line passing 

through the point  ; ;C CC x y  

1
: D DL y x b

k
    – equation of the straight line pass-

ing through the point  ; .D DD x y  

Let us write down the set of equations for finding the 
vertices of the square in this case: 

,
: 1

,

A

AB
B

y = kx +b
V

y = x +b
k



 


 

1
where  A A A B B Bb = y kx ,b = y + x

k
 ; 

 

 

 

 

2

2

2

2

,

:  1 1
,

,
1

.
1

A A

AB
B B

A B A B

AB

B B A A

y kx y kx

V
y x y x

k k

k x k y y x
x

kV
k y k x x y

y
k

   

        
   


  

    

. 

 

 

2

2

2

2

,

,
:   1

,
1

.
1

C

BC
B

C B C B

BC

B B C C

y kx b
V

y x b
k

k x k y y x
x

kV
k y k x x y

y
k

 



  
   


  

    

. 

 

 

2

2

2

2

,

,
:   1

,
1

.
1

A

AD
D

A D A D

AD

D D A A

y kx b
V

y x b
k

k x k y y x
x

kV
k y k x x y

y
k

 



  
   


  

    

 

 

 

2

2

2

2

,

,
:   1

,
1

.
1

С

CD
D

C D C D

CD

D D C D

y kx b
V

y x b
k

k x k y y x
x

kV
k y k x x y

y
k

 



  
   


  

    

. 

After substituting the coordinates of the points into the 
formula, we obtain the equation 

3 22 2 1 0.k k k     
We find the roots of this equation 

1 2 3
1

, ,  
2

k k i k i     , where 2 1i   . We calculate  

the coordinates of the vertices of the generalized square 

for a real root 1
1

2
k k    according to the formulae pre-

sented above. 

 

 

 

 

 

2

2

2

2

2

2

2

2

1

1 1
5 5 6 7

2 2
7,

1
1

2
7;5 .

1

1 1
5 7 5 6

2 2
5,

1
1

2

A B A B

AB AB

B B A A

k x k y y x
x

k

V V
k y k x x y

y
k

   
 


          

       
     

       
  

     
 

 

 

 

 

 

 

2

2

2

2

2

2

2

2

1

1 1
4 5 3 7

282 2
,

51
1

2
5.6;2.2 .

1

1 1
5 7 4 3

112 2
,

51
1

2

C B C B

BC BC

B B C C

k x k y y x
x

k

V V
k y k x x y

y
k

   
 


          

       
     

       
  

     
 
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 

 

 

 

 

2

2

2

2

2

2

2

2

1

1 1
5 4 6 3

212 2
,

51
1

2
 4.2;6.4 .

1

1 1
4 3 5 6

322 2
,

51
1

2

A D A D

AD AD

D D A A

k x k y y x
x

k

V V
k y k x x y

y
k

   
 


          

       
     

       
  

     
 

 

 

 

 

 

 

 

2

2

2

2

2

2

2

2

1

1 1
4 4 3 3

142 2
;

51
1

2
2.8;3.6 .

1

1 1
4 3 4 3

182 2
;

51
1

2

C D C D

CD CD

D D C D

k x k y y x
x

k

V V
k y k x x y

y
k

   
 


          

       
     

       
  

     
 

 

Direct calculation shows that 
7

; ; ; ; 
5

AB BC BC DC AD DC AD ABV V V V V V V V    . 

Consequently, the quadrangle with the vertices 
,  , , AB DC BC ADV V V V  is a square (fig. 4). 

 

 
 

Fig. 4. Generalized square for the root k  = –1/2 
 

Рис. 4. Обобщенный квадрат для корня k  = –1/2 
 

3. The straight line LA is parallel to the straight line LD 
Let us write down the general equations of required 

sides in case when the straight line LA is parallel to the 
straight line LD, in this instance: 

:  A AL y kx b   – equation of the straight line passing 

through the point  ;A AA x y ; 

1
:  B BL y x b

k
   – equation of the straight line pass-

ing through the point  ;B BB x y ; 

1
: C CL y x b

k
    – equation of the straight line pass-

ing through the point  ; ;C CC x y  

: D DL y kx b   – equation of the straight line passing 

through the point  ; .D DD x y  

The system of equations for finding the vertices of a 
square in this case is written as follows: 

,
: 1

,

A

AC
C

y = kx +b
V

y = x +b
k



 


 

1
where A A A C C Cb = y kx ,b = y + x

k
 . 

 

 

 

 

2

2

2

2

,

:   1 1
,

,
1

.
1

A A

AC
C C

A C A C

AC

C C A A

y kx y kx

V
y x y x

k k

k x k y y x
x

kV
k y k x x y

y
k

   

        
   


  

    

 

 

 

2

2

2

2

,

,
:   1

,
1

.
1

D

DC
C

D C D C

DC

C C D D

y kx b
V

y x b
k

k x k y y x
x

kV
k y k x x y

y
k

 



  
   


  

    

 

 

 

2

2

2

2

: ,  1

1 .

1

D

BD
B

D B D B

BD

B B D D

y kx b
V

y x b
k

k x k y y x
x

kV
k y k x x y

y
k

 



  
   


  

    

 

Let us find the distance between the points. 

    22;  AB DB A D D AV V k x x k y y    
 

    
1

2 2 2

2

1
·
1

D A A Dk x x y y
k

     
. 
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    22 ;  DC DB C B C BV V k y y k x x    
 

    
1

2 2

2

1
· .
1

C B C Bk y y x x
k

     
 

Let us define k from the condition 

 ;   ; AB DB DC DBV V V V : 

     22
A D D Ak x x k y y    

 

    
1

2 2 2
D A A Dk x x y y     

 

    22
C B C Bk y y k x x    

 

    
1

2 2
C B C Bk y y x x     

. 

Let us square both sides of the resulting equality: 

    
      

24 3

2 22 2

2

2

A D A D D A

D A D A D A A D

k x x k x x y y

k y y k x x k x x y y

    

       
 

      
   

22 4 3

2 22 2

2A D C B C B C B

C B C B

y y k y y k y y x x

k x x k y y

     

   

 


 

    22 C B C B C Bk y y x x x x    . 

After reducing the terms in regard to the power of k  
of additive components, we obtain the following equation: 

   

     

224

3 2 ) 2

A D C B

A D D A C B C B

k x x y y

k x x y y y y x x

     
        

 

       2 22 22
D A D A C B C Bk y y x x x x y y            

     2 2 0D A A D C B C Bk x x y y y y x x         . 

We substitute the coordinates of the points into the 
equation and we obtain the equation with numerical coef-
ficients: 

3 220 12 20 5 0.k k k     
We find the roots of this equation 

1 2 30, 28,  0,16 0,94 ,  0,16 0,94k k i k i      . 

We calculate the coordinates of the vertices of the 
generalized square for a real root 1 0,28k k    accord-

ing to the formulae presented above: 

 

    
 

 

    
 

 

2

2

2

2

2

2

2

2

1

0.28 5 0.28 3 6 4
4.85;

1 0.28

1

0,28 3 0,28 4 5 6
6,08;

1 0,28

4.85;6.08 .

A C A C

AC

C C A A

AC

k x k y y x
x

k

V
k y k x x y

y
k

V

   
 


      
   

     
     
 
  

 

 

    
 

 

    
 

 

2

2

2

2

2

2

2

2

1

0.28 3 0.28 3 4 4
4.51;

1 0,28

1

0.28 3 0.28 4 3 4
3.66;

1 0.28

4.51;3.66 .

D C D C

DC

C C D D

DC

k x k y y x
x

k

V
k y k x x y

y
k

V

   
 


      
   

     
     
 
  

 

 

    
 

 

    
 

 

2

2

2

2

2

2

2

2

1

0.28 5 0.28 5 6 7
7.1;

1 0.28

1

0.28 5 0.28 7 5 6
5.4;

1 0.28

7.1;5.4 .

A B A B

AB

B B A A

AB

k x k y y x
x

k

V
k y k x x y

y
k

V

   
 


      
   

     
     
 

 

 

 

    
 

 

    
 

 

2

2

2

2

2

2

2

2

1

0.28 3 0.28 5 4 7
6.4;

1 0.28

1

0.28 5 0.28 7 3 4
3.96;

1 0.28

6.4;3.96 .

D B D B

BD

B B D D

BD

k x k y y x
x

k

V
k y k x x y

y
k

V

   
 


       
   

     
     
 

 

 

Direct calculation shows that 

; ; ; ; 2.25AC DC AC BA BD DC BA BDV V V V V V V V     

Consequently, the quadrangle with the vertices 
,  , , AC DC BA BDV V V V  is a square. 

 

 
 

Fig. 5. Generalized square for the root k  = –0.28 
 

Рис. 5. Обобщенный квадрат для корня k  = –0,28 
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Thus, for a given set of points, there are 4 generalized 
squares shown in fig. 2–5. 

Conclusion. Remote sensing by spacecraft is a rapidly 
developing technology-based field. One of the most im-
portant components ensuring this development is the 
mathematical apparatus underlying the operation of the 
algorithms incorporated into the operation of spacecraft 
and providing the required parameters for sensing the 
earth's surface. The problem being considered in this 
work is devoted to this issue. 

Sensing algorithms built on its basis will effectively 
obtain information about the state and boundaries of indi-
vidual sections of the earth's surface within a short time 
(depending on the values of a finite number of specified 
parameters). The method being considered can naturally 
be expanded by changing the conditions imposed on the 
form of lines (not necessarily straight) passing through 
selected points on the earth's surface and intersecting un-
der the conditions that are different from those given in 
the work under consideration. 
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