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EXTERNAL BOUNDARIES OF POLE LOCALIZATION REGION FORMULATION FOR TRANSFER
FUNCTION WITH INTERVAL-GIVEN PARAMETERS
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In this paper the approach for external boundary of pole localization region formulation for transfer function with
interval-given parameters is proposed. The boundary is formulated as analytic piecewise function of characteristic
polynomial parameters of the given transfer function.

Analytic formulation of external boundary of poles localization region allows to reduce computations since existing
methods require iterative numeric calculations of characteristic equation roots with fixed step size for edges mapping
or full interval root locus mapping as well. Formulated boundary allows to clearly describe system behavior and calcu-
late variation ranges of performance indexes. In addition, piecewise function that constrains gives new opportunities
for parametric controller synthesis for systems introduced by transfer functions with interval-given parameters.

The results can find its practical application in aerospace engineering problems of mathematical analysis and syn-
thesis for highly-precise systems of self-direction missiles.

In the research the boundary formulation is performed for third order transfer function. Transfer function order was
chosen due to the fact that many physical systems and objects can be described mathematically with the third order
transfer function, e.g. model of missile target-seeking head with gyro stabilized drive is described with this model.

The research was performed on the basis of the following step sequence: firstly, analytical solving of cubic equation
applying Cardano’s formula; secondly, interval root locus edges functions obtaining, next external vertexes set obtain-
ing and, finally, external border formulation and plotting.

Key words: system analysis, root locus, interval systems, poles localization.
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A. B. Hasnun, C. B. E¢pumos, C. B. 3amsatun

HanumonaneHelil nccnenoBaTenbekuil TOMCKUN NOTUTEXHUYECKUIT YHUBEPCUTET
Poccuiickas ®@enepamust, 634050, r. Tomck, npocn. Jleanna, 30
E-mail: avel4@tpu.ru

Ilpeonazaemcst n00x00 Kk ROCMPOEHUIO GHEWHEl 2PAHUYbI 0OAACTU TOKATUZAYULU NOTIOCO8 NEePeOamOoyHOU PYHKYUU
€ UHMEPBANIbHO-3A0AHHbIMU napamempamu. I panuya obracmu 10KAIU3AYUU NOTIOCO8 POPMUPYEMCS KAK AHATUMUYe-
CKAsl KYCOYHO-3A0AHHASL (YYHKYUSL 3A6UCUMOCTIU OM NAPAMEMPO8 XAPAKMEPUCMUUECKO20 NOTUHOMA 3A0AHHOU nepe-
oamoyHou pyHKyuu.

Ananumuueckoe nocmpoenue eHewHel epanuybl 001acmu I0KATU3AYUY NOTIOCO8 NO360ISIem COKpaujams 00vem
BLIUUCIEHUL, MAK KAK CYWecmaylouue nooxo0bl mpedyom umepamueHo20 YUCIEeHHO20 HAX0ICOeHUsi KOpHell Xapakme-
PUCMUYECKO20 YPasHeHUsl OJisl HOJIHO20 OMOOPAdICEHUsi KOPHEN ¢ 3A0AHHBIM WAa2oM Uy 0Jisk NOCMpoeHUst pebep Ha Kop-
Hesoll naockocmu. Hanuuue epanuyvl obracmu 1oKkaau3ayuy no3601sem 0OHO3HAYHO OXApaKmepu3osams noseoeHue
cucmembl, 8 MOM YUCTIe GLIYUCTUMb OUANA3OHbL USMEHEHUs! 3HAYEHUTI KOPHEBbIX NoKazameineli Kayecmad.

Kpome moeo, nanuuue ananumuueckou Kycouno-3a0anHol yHKyuY, onpeodensiowel 0oaacmy J0KAIU3ayuL noo-
€08 Ha KOPHEeBOU NIOCKOCMU, OMKPbIEAem OONOIHUMENbHbIE 603MONCHOCMU 6 PeuleHul 3a0ay napamempuiecko2o
CUHmE3a Pecyamopos 05l CUCIEM ABIMOMAMUYECKO20 YNPABIeHUs, NPeOCMAGIEHHbIX NEPEOamOYHbIMU (DYHKYUIMU C
UHMEPBANbHO-3A0AHHBLMU NAPAMEMPAMU.

Ipakmuueckas 3HAUUMOCTb ROJYYEHHBIX PE3VIbMAMO8 MOJICem Oblmb OOCMUSHYMA 6 AIPOKOCMUYECKOU NPOMbIUL-
JIEHHOCMU, 8 YACMHOCIMU, NPU PEWEHUU 3a0ay AHANU3A U CUHME3A 8 8bICOKOMOYHBIX CUCHIEMAX PAKEMHO20 CAMOHABE-
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OeHu}z, noCmMpoOeHUsl ux mamemamudecKux MOO@JZe‘LVl, C Yelblo U3eledeHUsl IKOHOMUHYECKO20 3¢qbekma, C6A3AHHO20

C KOJIUYeCmeomM HamypHblX IKCNEPUMEHMOB.

B npeocmasnennou pabome nocmpoenue cpanuybl 06IACMU TOKATUZAYUL NOTIOCO8 OCYUWeCmEIsencs 0Jis nepeod-
MoyHOU hyHKYUU mpemoe2o nopsaoka. Ilopsaoox nepedamoynoii yHKyuy 8b10pan UCX005 U3 Mo2o, Ymo HA NPAxKmuxe,
MHOCECMBO 0OBEKNOG U CUCTEM MO2YM OblMb ONUCAHBL MAKOU Modenvlo. Hanpumep, modenb pakemuotl 20106Ku ca-
MOHABEOEHUs! C 2UPOCMAOUTUSUPOBAHHBIM NPUBOOOM ONUCHIBACMCsL NePedamoyHOl YyHKYUeli mpembe2o nopsoKa.

B ocnosge npednazaemozo nooxooa nexcum credyrouas nociedo8amenbHOCMb OeUCMBUlL: aHaTumu4eckoe peuieHue
KyOuuecko2o ypasHenus, noiyuaemozo no gopmyie Kapoano, nonyuenue gynxyuonanvuvix 3agucumocmeti 01s pebep
MHO2ONAPAMEMPULECKO20 KOPHEB020 20002pagha, (opmuposanue HAOOpa SHEWHUX BEPUUH KOPHeB020 2odozpadha,
nocmpoenue KycouHo-3a0aHHbIX QYHKYULL 01l BHEWHUX 2PaHUuY 00IACMU JIOKATUZAYUL NOTTOCO8.

Knrouesvie crosa: ananus cucmem, KOpH@GOZZ zodozpagb, UrmepedaibHble cucmemsl, JoKAIU3ayusl noarocoes.

Introduction. In classical automatic control theory,
parameters of technological objects models and control
systems are expressed in real fixed values, but in practice
the exact parameter values and coefficients are unknown
and can be represented as some tolerance interval values
of a given parameter.

Referring to a number of works devoted to the study
of systems with interval-given parameters [1-9], it can be
noted that the boundaries of the pole localization region
of the transfer function (TF) of these systems are obtained
by calculating the roots of the characteristic equation at
some discrete step of varied parameter changing, i.e. nu-
merical construction of boundaries takes place. This ap-
proach allows to determine numerical values of root qual-
ity indicators for a given class of systems with some
given accuracy and similarly to evaluate the stability of
the system as a whole. However, it requires a lot of itera-
tive calculations. In turn, when solving the problems of
the regulator parametric synthesis, the absence of analyti-
cal dependence does not provide accurate understanding
of how the changing values of parameters affect the qual-
ity indicators.

The above problems of synthesis and system analysis
with interval-given parameters require analytical descrip-
tion.

Task Setting. The task for the third-order TF with in-
terval-given parameters to obtain the analytical function
describing the external region of pole localization at any
parameter values within the specified intervals.

Obtaining basic dependencies. Let us assume that
given is some 3rd order TF system with characteristic
polynomial of

A(s) = ays® + ays” +ays +ay. (1)

Edges of root locus are formed by motion of
polynomial roots (1) under changing value of one or
several polynomial coefficients.

It is known that the roots of the cubic equation can be
analytically found applying Cardano’s formula. Car-
dano's formula gives solution to the following cubic equa-
tion

v +py+q=0. 2)

To bring the original characteristic equation of the
system (1) to the appearance (2), we obtain a set of coef-
ficients of the equation

a. -
j-1 .

7] —1,7’1,
a

b

n—j+1 =
n
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where n—order of the system characteristic polynomial
(1). Values p and g will respectively equal

b’
=—L+1p,
p 3 2
_2°  bhb, ‘b,
27 3

We will then substitute the obtained values p and ¢
into Cardano’s formula

2 3 2 3
y= _24_ q_+p_+3_1_ q_+p_
2 4 27 2 4 27

With regard to substitution s =y — ;—2 [10]
4

125345, ap,01,00) =

a
(u(as,ay,a,ay) +v(ay,ay,a,a0)) — ==,
3a,
a (3)
= (u(a3,a2,al,ao)e2 +v(a3,a2,a1,a0)el)——2,
3a,
a

(u(a3,a2,a1,a0)el +v(a3,az,al,ao)ez)——3a2 S
3

where
u(as,ay,ay,ay) =

2 3
Yasa,a, —27aya;” —2a,” +

2 3
+\/<27a0a32 —9asa,a, +2a,° ) + 4(3a1 - azz) @)
; 54a33 '

v(as,a,5,a1,4) =

2 3
9asa,a, —27aya;” —2a,” —

—\/(27a0a32 ~9aya,a, +2a,’ )2 +4(3a1 -a,’ )3 ®)

3 54a;’ '
e =——+ iﬁ,
2 2 (6)
1 3
ez = —E— IT.
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Fig. 1 Interval Root Locus with internal
and external edges intersection

Puc. 1. KopreBoii ronorpad cucreMsl ¢ HUIHYHEM B3aUMHOTO
HepeceyeHus BHELIIHETO ¥ BHYTPEHHEro pedep

Using the property el2 =e, U 822 = ¢, the expression
for the roots of the equation can be rewritten as
s(as,a,,ay,ay) =

4
9

k k
:<”(a3’a27“1’ao)el +v(ay,ay,a1,a0)e, )_ 3
a3

k={0,1,2}. (7)

In addition, the pole configuration will be determined
by the discriminant equation value (2), the expression for
which is

2

3
q

=1+
=7

P
27
Let us consider the case of Q € (0;+ 00) , which corre-

lates with the pair of complex-conjugate poles and one
real pole.

For a system with interval-given parameters, the edge
of a multi-parameter root locus (MPRL) is formed by
changing the value of one of interval parameters at fixed
boundary values of other parameters. Thus, the analytical

expression E ’;’ for the MPRL edge when changing pa-

rameter values g, can be determined according to (3) as

Ef =s,(a)),k=1,nl=1,m

®)

where n — order of characteristic polynomial, m — num-
ber of interval parameters.

Given that the presented expressions are obtained with
respect to the coefficients at the degrees of characteristic
equation, it is also fair to use dependency data for more
complex types of uncertainties. For affine, polylinear, and
polynomial uncertainties, coefficients at degrees in gen-

eral form can be represented as @, =(q;,4,,..q;) [11]
and are further substituted into (8), having the following
appearance

Ejf-l =5, (¢(% )),k =Lnl=1m.

Description of system pole boundary regions local-
ization under the interval type of uncertainty. So-
called external vertices must be selected to form the ex-
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ternal boundary of the TF system pole localization region
with the parametric uncertainty of the interval type. The
procedure for determining the membership of an MPRL
vertex in a set of external vertices is based on the values
of the departure angles. The angle of the edge departs
from the vertex is defined as

©=180°->'0,+>.0,, )
Under parameter increase, or
O=->0,+).0, (10)

under decrease [12—-13], where ®, and ©, — angles be-

tween real axis and vectors, directed from the pole under
study to neighbor poles and zeros respectfully. The vertex
will be referred to as external vertex in case all of its exit
angles lie within the sector in 180° [14].

It should be noted that when considering TF systems
with interval-given parameters of the third order and
higher, edge intersection connecting two external vertices
and the edge connecting one external vertex with an in-
ternal vertex are possible, as shown in fig. 1.

Edges intersection is possible in case they come out of
the same vertex and are formed by changing the values of
the coefficients at degrees i,j for which the condition

|i— j|23 is met. For the coefficients under study

with indexes 7,/ the following equation system can be
formulated

sin((j—i)(p)zO;
ZZ:aZ s|j+z sin((z—j)(p) =0;

where i,j — the indices of vertex polynomial parameters

an

which variation forms intersecting edges, z are the set of
indices of the remaining coefficients of the vertex poly-
nomial. Considering the part of the MPRL formed only
by poles with a positive imaginary part, the angle ¢ will
be defined by the expression

L li-j|=3,45..
-

(P:ﬂ:_| _]|’ (12)
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Substituting ¢ into the second expression (11), we
obtain |s| . Knowing the module and argument, we will

find the actual value of the edges intersection point U~ .
However, to correctly create the system of analytical ex-
pressions defining the boundary of localization region of a
given system, we must define parametric coordinates of

the point U" , i. e. interval parameter values a;,a; , under
which the edges, coming out from the boundary vertex,

created by the movement of these parameters possess a
common point [15].

. * * . . *
Numerical parameter values a; ,a; in point U may

be obtained from equations

x
$(a;,05,a1,a0) =U; (13)
x
SZ(a3:a2aa19aj)=U 5
where a;,a; — changeable parameters , a,,a; — fixed

border values of corresponding parameters.

Example. Let us consider the system described by the
3-order TF with interval-given parameters and character-
istic polynomial of

A(s)= [613]53 +[a,]s’ +ay]s+[ap],

where a; =[0.7; 0.9],

a, =[2.5;3.7].

Let us numerically build MPRL for a given system
(fig. 2). Since MPRL is symmetrical to the real axis,
only the part with a positive imaginary part is considered.
Applying (9) and (10), we will define a set of external
vertexes of the given system root locus. The obtained
set of external vertexes makes the route:
557—-53—->4—>12—->10—>14—>13 — 5, with external
boundary of transition 13— 5 created by the part of the
transition 13—5 and 5— 6. For this system the edge
556 is formed via polynomial root

a,=[1.7;22], a =[5.27.6],

P¢(s)=ass® +ays” + ;s +[a, ], with the edge 135
root transition By s(s)=[a;]s’ +ays’ +as+a,. In-

dexes of the given edges coefficients differ by 3, which is
a must requirement for intersection. Therefore, the index
of variable parameter of one edge is i =3, of the other is
j =0 . Substituting the obtained values into (11) and (12),

. 2 .
we obtain (p:Tn, |s|=2.3636 . Applying Euler’s for-

mula, we will receive the point of intersection
U'=-1.1818+2.047i. Solving (13), we
a; =0.7415 and a, =3.047.

obtain

Having obtained a set of external vertices, a set of variable parameters forming the edges connecting the external
vertices, and having determined the presence and further coordinates of the specific point of edges intersection, we can
form a system of analytical expressions defining the borders of the pole system location region (fig. 3)

— k — k_ @
fi(al):u(a_39a2’a19a_0)e2 +v(%3a29a19@)61 _3; sal E[ﬂ: a1:|;
- k - k_ 4
falay) =u(as,ay,ay,ay)e,” +v(as,a,a,,a)e _32 ,aze[a_z; az];

- k - k_ 22
filag) =ulas,ay,a1,ay)ey” +v(a3,0,,a1,0)e;” —

TN K DN - =
f4(a3) :u(a3’a_27alaao)ez +v(a352’alaa0)el -

3

a, —
_ —ula. ek 4 v(a ek o2 )
Fl(ay,ay,a,,ay) =1 fs(a) =u(ay,a,,a,,ay)e,” +v(ay,a,,a,,a,)e —3:,(116 A s (14)
2 s a e
- - a —
fo(ay) =ulas,ay,a1,a0)e," +(as,ay,01,00)e* ——==,a, e[a_, az];
3
- . ——— i —
fr(ay) =ulas,a,,a,,ay)e,” +v(as,a,,a,,ay)e —T,aoe[a_; ao];
3
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- k - k_a -
fg(az,):u(apazaﬂaa_o)ez +v(a3sazaﬁaa_0)e1 _3_23a3 G|:a3 ;a3];

as

- k - k_a *
Jolag) =ulaz,a;,a1,a0)e;” +v(a3,a,,a,,a)e —j,aoe[ao ;aOJ.

=3
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Fig. 2 Interval Root Locus for the given system

Puc. 2. KopreBoii ronorpa¢ 3a1aHHON CHCTEMBbI

32

2.8

26
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Fig. 3. Piecewise function F'(ay,a,,4a,,4a,) forming the external boundary

of poles localization region

Puc. 3. Kycouno-3anaunas dyuxums F(ay,a,,a,,d,) , 06pasyiomas BHELHIO0

rpaHMIly 00JIACTH JIOKATH3AIUH MOJTI0COB [1D crucTeMsr

Conclusion. The work justified a need for analytical
approach to the study of systems with interval-given pa-
rameters. The analytical approach allows to obtain a clear
idea of the system behavior, as well as formalize the syn-
thesis procedure. According to the results of the study,
analytical expressions for edges were worked out, a
piecewise function for the boundary of the pole localiza-
tion region of the 3-order transfer function with interval-
given parameters was obtained. Furthermore, a numerical
example was considered, the results of which confirm the
above-mentioned theoretical research.
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