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At present, developed tools and libraries have been designed for imperative and functional programming languages
that provide parallelism through processes or threads. There are other alternative approaches to the organization of
parallel computing, one of which is implemented in Pythagor — the language of functional-streaming parallel pro-
gramming, and involves parallelism at the level of operations.

The tools of the Pythagor programming language are actively developing, and the repository of predefined functions
is expanding. Many mathematical functions have been designed to provide a developer with no less functionality than
the math library math.h of the C programming language. A large part of the mathematical functions have been imple-
mented using the Maclaurin’s series. It is both used as an approach of faster and less accurate calculations, in which
a predetermined number of elements of the series is calculated without cycles and recursions with the substitution
of pre-calculated coefficients in the function code, and as an approach of less rapid and more accurate calculations, in
which the elements of the series are calculated dynamically until the desired accuracy is achieved.

The development of a library of mathematical functions of a programming language is an applied algorithmic task
already implemented in one way or another for a number of existing programming languages. But in many languages,
the implementation of algorithms for mathematical functions is hidden from the user, while modern tools of the
Pythagor language support an open repository of functions. Additional interest is the possibility of parallelism at the
level of operations in the calculation of mathematical formulas in the Pythagor language.

Keywords: parallelism at the operation levels, functional-stream programming, algorithms of mathematical functions.

PEAJIMBALIUA BUBJIMOTEKU MATEMATHYECKHUX ®YHKIUI
C MAPAJUIEJIUN3MOM HA YPOBHE OINEPAIIUMU HA A3BIKE [IM®ATOP

10. B. Y,Z[aHOBa*, . A. Ky3pmun

Cubupckuii henepanbHbIil yHUBEPCUTET
Poccuiickas ®enepamms, 660041, r. KpacHospck, npocn. CBob6oaHEIH, 79
E-mail: judalova@sfu-kras.ru

K nacmosuwyemy epemenu napanieivhoe npoepammuposanie obecneuusaemcs 601ouum 06beMom pa3gumoix UHCH-
PYMEHmMOo8 u 6ubnuomex, 6azUPyIOWUXcs Ha UMNEPAMMUSHOM NPOSPAMMUPOSAHUY C NPUMEHEHUEM NAPALIeTbHbIX NPo-
yeccos unyu NOMoKo8 (Humetl), Makdice pa3eueardmMcss cCpeocmea Pacnapaiieiu6éanus u Oasi QYHKYUOHATbHBIX S3bIKOG
npoepamMmuposarus. Buecme ¢ nepeuucieHHbIMU UHCIPYMEHMAMU CYWeCmEYIon U albmepHAmueHble NO0X00bl K Op-
2aHU3AYUU NAPATICTBHBIX BbIYUCTCHUL, 0OUR U3 KOMOPBIX PeAu3yemcs A36IKOM QYHKYUOHATbHO-ROMOKO8020 NAPA.-
nenvio2o npocpammuposanust ITugazop, noodoepiucusaiousum napaiierusm Ha yposne onepayuil.

U meopemuueckue KoHyenyuy, u UHCMPYMEHMALbHbIE CPEOCMEA 0O03HAUCHHO20 SA3bIKA NPOSPAMMUPOBAHUS K-
MUBHO PA3BUSAIOMCS, PACUUPSCMC PeNno3Umopuil paspabomannvix gyuxyuil. Paspabomano muodicecmeo mamema-
muueckux Qynxkyuil, 6e3 6CMpoeHHOU Peanu3ayul KOmopbix 3ampyoHeH0 KOM@DOPMHOE RPOSPAMMUPOSAHUE MHOSUX
3a0au, cnocobHoe npedocmasums paspabdomuuKy He MeHbUYIO QYHKYUOHATBHOCIb, YeM Mamemamuyeckas oubuo-
mexa math.h sazvika C. Bonvwas wacmes mamemamuueckux QyHKyuil peaiu308ana ¢ nomowwio psooe Maknopena. He-
nOL3Yemcs Kak nooxoo, npedocmasiaouutl 6oiee Obicmpole 1 MeHee MOYHbLE GLIYUCTEHUS, NPU KOMOPOM O€3 YUKIL08
U perypcull bIHUCTSICMCs NPEOONPeOeleHHOEe KOIUYeCmE0 dINEMEHMO8 psida ¢ NOOCMAHOBKOU 6 KOO (DYHKYUU 3apanee
BBIMUCTIEHHBIX KOIDPUYUEHMO8, MAK U NOOX00, NpedoCmasaiouuil Mernee dbicmpble U 60iee MOYHble GbIMUCTEHUS,
npu KOMopom 31eMeHmbl psoa bINUCTIIOMCA OUHAMUYECKU 00 O0CMUICEHUS HYICHOU mounocmu. J[ns vacmu QyHKyuil
pao Maknopena umeem oujymumo pasHwiil ypoGeHb MOYHOCHU 6 PAMKAX C80ell 0OAacmu OnpedesieHus, mozoa 6 oKpe-
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CMHOCMAX MOYeK, OMPUYAMETbHO GIUSIOWUX HA MOYHOCMb PAOA, UCKOMAsL (DYHKYUSL YIMOUHAEMCS C NOMOWbIO Q0RO
HUMENbHbIX MAMEMAmMu4eckux Qopmyan, Hanpumep, opmyi npueeoeHus.

3a0aua onucanus dubrUOMeEKU MamMeMamMu4ecKux QYHKYUll A3bIKa s16815emcsi RPUKIAOHOU al20pUmMUYeckol 3a0a-
yetl, yoice Peanu306aHHOl mem Ulu UHbIM 00pazom 05 paoa Cyuwjecmeyouux s3u6lKko8 npoepammuposanus. Ilpu smom
60 MHO2UX A3BIKAX PEAnu3ayus ar2opummos MameMamuieckux GYHKYUll CKpblma on noib306amelis, HOCIeOHEMy npe-
00CMasNAemcst MOAbKO B03MONCHOCb NPOSPAMMHO20 6bI3084 MAKOU (DYHKYUU, M020a KAK COBPEMEHHble UHCMPY-
menmanvible cpeocmea sazvika Iughazop noodepacusarom omkpeimolii penosumopuii Qynxyuil. Ipumenumensvro
K A3bIKY npoepammuposanus Tlupazop unmepec npedcmasnaiom 0cOGEHHOCMU U 603MONCHOCIU PACTAPALICIUBAHUSL
Ha yposHe onepayutl npu 8bIYUCTCHUU MAMEMAMUYECKUX (OPMYIL, NPEOCMABICHHbLE 8 CAMbE.

Kniouesvie crosa: napajiiejiusm Ha ypoeHe onepat;uﬁ, (f)yHKquHClﬂbHO-nOWlOKOBO@ npozcpammuposanue, aicopummbol

Mamemamuyeckux QyHKyuil.

Introduction. The Pythagor language of functional-
stream parallel programming [1-6] maintaining overlap-
ping at the level of operations and assuming the organiza-
tion of architecture-independent parallel calculations
represents alternative approach to parallel calculations.
Now the language and its tools are actively developing
[7-14]. The article is devoted to realization of mathemati-
cal functions library for the Pythagor language and illus-
trates features of stream parallel calculations with over-
lapping at the level of operations.

Considerable part of mathematical functions is calcu-
lated by means of Makloren's series [15]. Both a faster
and less accurate calculations, at which the predetermined
number of elements of a series with pre-calculated coeffi-
cients, and a less fast and more accurate calculations, at
which elements of series are calculated dynamically be-
fore achievement of the desired accuracy, are used.

Approximate calculation of mathematical functions
and their program realization in a number of the known
programming languages are the tasks that have been
solved by now. As for the Pythagor language and its
original calculation pattern the task has been solved for
the first time. Besides, realization of mathematical func-
tions in many known languages is hidden from the devel-
oper: he can cause function performance, but cannot
know by means of what method and algorithm the calcu-
lation of result is done. Thus, the basic principles of
mathematical library design described in the article can be
useful to those readers who need to solve a similar prob-
lem for their own calculation system.

Fast approximate calculation of Makloren's series
on the example of a sine, a cosine and exponent. Mak-
loren's series for the sine is written as:

sin(x) = x —x*/31 +x°/50 =X/ + ..,
where |x| < 1. (1

In calculation of a sine for a random angle = x radian,
it is required to give an argument to an interval [, x]. In
case the argument belongs to [-m, -n/2) U (w/2, =], it
moves to the interval [-n/2, ©/2], whereupon remembered
is the indicator of the subsequent multiplication of the
result by —1. For the argument x from [-n/2, n/2] calcu-
lated is x* = 2x/m, approximate formula (1) is written as
follows:

sin(x) = sin(nx’/2) = (n/2)x’ — (0/2)’x>*/3! +
+ (@2 x5 = (w/2)'x I + L,
where |x|<n/2, |x’|<1 2)

For fast calculation of an acceptable result the first six
summands in a series are taken and their numerical coef-
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ficients are pre-calculated external to the program
code: 1) k1 = 1/2 = 1.570796326794, 2) k2 = —(n/2)*/3! =
= —0.645964097505, 3) k3 = (1/2)°/5! = 0.079692626245,
4) k4 = <(n/2)'/7! = —0.0046817541, 5) k5 = (1/2)°/9! =
=0.00016044118, 6) k6 =—(1/2)"'/11! =-0.0000035988432.

In the course of the function operation, argument de-
grees are calculated; multiplication by coefficients and
summation of a required formula are performed. Such
algorithm is comparable to a similar consecutive impera-
tive algorithm except the fact that the Pythagor language
calculation pattern assumes potential parallel performance
of all those operations relating to one or different func-
tions with the available input data. Realization of the des-
ignated algorithm by means of the Pythagor language
forms the following sequences of operators potentially
available for parallel calculation (fig. 1).

Fig. 1 shows that a great number of operators of one
branch, for example, calculation of argument degrees x2,
x3, X5, etc. can be performed only consistently since they
need the results of smaller degrees, whereas operators
of one layer, for example, «(x2, x5):*>>x7»,
«(0.079692626245 x5):*>>p3», «(pl,p2):+>>S1» can be
potentially available for parallel performance.

When illustrating the graph in fig. 1 selection of auxil-
iary identifiers was generally used — x2, ... x11, pl, ...
p6, S1, ... S5. The program code of function can be
realized in the same style, or by means of combining
formulas in one expression. For example, calculation
of the required sum in the code is written as
«((((pL,p2):+,p3):+,p4):+,p5):+,p6):+ >> returny,
whereby the operators calculation pattern remains the
same (fig. 1). But, for example, selection in the code of
identifier x2 is desirable, its existence prevents perform-
ing operation 'x*x’ several times when calculating argu-
ment degrees.

Comparison of results of a sine fast approximate cal-
culation in the Pythagor language and calculations of a
sine by means of a sin function call from math.h library in
language C is presented in tab. 1.

Other trigonometrical functions can be calculated
similarly via their Makloren's series or by means of sub-
stitution of sine values in reduction formulas, for exam-
ple, of cos (x) =1 — 2sin® (x/2).

When realizing the mathematical functions library for
the Pythagor language, reduction formulas were used.
Therefore tables of comparison of cosine and a tangent
calculations in the Pythagor and C languages accurately
correlate with tab. 1, i. e. for example, cos(1.2) will be
closer to a similar call of a cosine from math.h than
cos(1.6).



HquopMamuKa, eblduciumenlbHas mexunuKka u ynpaejienue

Convert argument X to x' belonging to [-1, 1]

‘{x’,x’):* >»x2 |

[(1.570796326794,x):* >> p1|

(x2,x'):* >>x3

‘(xE,xS):* >> %5 ‘

[(-0.645964097505,x3):* >> p2|

(x2,x5):% »»x7

(0.079692626245 x5):* >> p3 |

‘{pl,pE}:+ >»51 ‘

‘(xz,}:?}:* > x9|

(-0.0046817541,x7):* >>p4 |

[(51,p3):¢>>52 |

[(x2,x9):* >>x11]  (0.00016044118,%9):* >>p5 |

|(52,p4):+ >> 53 |

|(-o.0000035988432,x11}:*>>p6|

‘(SB,pS}:+ >> 54 |

the desired result -

(54,p6):+ >>55 |

Fig. 1. Simplified information and control graph of the function sin

Puc. 1. YrpouieHHslii nHGOpMaLIMOHHO-YIpaBisioluii rpad GpyHkuuu sin

Table 1
Sine calculation in the Pythagor language and C language (library math.h)

Argument x math.h Pythagor Argument x math.h Pythagor
0.2 0.198668 0.198669 52 —0.883455 —0.883455
0.4 0.389417 0.389418 54 —0.772766 —0.772764
0.6 0.564641 0.564642 5.6 —0.631268 —0.631266
0.8 0.717355 0.717356 5.8 —0.464604 —0.464602
1.0 0.841470 0.841471 6.0 —0.279418 —0.279416
1.2 0.932039 0.932039 10.0 —0.544021 —0.544021
1.4 0.985450 0.985452 50.0 —0.262375 —0.262375
1.6 0.999574 0.999578 100.0 —0.506366 —0.506370

Under approximate calculation of given functions by
means of Makloren's series a considerable decrease in
accuracy in the neighborhood of separate points, lying in
the series range of definition can be observed, as a rule, it
is 1 and-1. The arcsine belongs to such functions. For an
arcsine the range of definition of function and series coin-
cide, it is [-1, 1] therefore argument transformation, simi-
lar to the one performed to the sine, is not required. Under
approximate calculation of an arcsine the following for-
mula based on its Makloren’s series with the coefficients
calculated out of the program code is used:

arcsin(x) ~ x + 0.166666666666x" + 0.075x° +
+0.044642857142x + 0.030381944444x° +
+0.022372159090x"" + 0.017352764423x" +
+0.01396484375x" +0.011551800896x"7 +
+0.009666219208x" + 0.008390335809x°" +
+0.007312525873x* + 0.000011679728x>,

where |x| < 1 3)
While for a sine acceptable accuracy it is enough to
take first six summands, for an arcsine it is desirable to

calculate not less than twelve. In addition, supposing x
is located in the neighborhood of points 1 or —1, the accu-
racy of an approximate formula considerably decreases.
In realization of an arcsine for the Pythagor language
at x belonging to [-1, —0.93) U (0.93, 1], the auxiliary
formula arcsin (x) = 1/2 — arcsin is used ((1 —x)"?).

Comparison of the arcsine fast approximate calcula-
tion in the Pythagor language and calculations of the arc-
sine by means of the sin function call from math.h library
in language C is presented in tab. 2.

When calculating the exponent the following formula
with preliminary calculated coefficients based on Mak-
loren's series is used:

¢ =~ 1+x+0.55 +0.166666666666 x° +
+0.041666666666 x* + 0.008333333333x° +
+0.001388888888x° + 0.00019841269841x”,

where [x|<0.7 4)

Makloren's series of exponent is defined on [-1, 1],
but as at fast approximate calculation the final small
number of elements is used, for acceptable accuracy the
domain [-0.7, 0.7] is chosen. The domain of exponent
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definition includes all numerical axis, therefore for ran-
dom argument x the exponent property is used ¢*'° = e%e".
The argument x is divided into the integral and fractional
parts, e in fractional degree is calculated with the help
of formula (4), e in the integral degree is calculated
by multiplication of constants e or 1/e, at the same
time additional values, calculated external the program
code, are applied to speed up calculations, for example,
¢’ = 7.380056098930649, ¢® = 2980.957987041726,
¢ =6.235149080811582¢ + 027, used in multiplication.

Comparison of results of fast approximate calculation
of exponent in the Pythagor language and exponent calcu-
lations by means of an exp function call from math.h li-
brary in language C is presented in tab. 3.

The accurate recursive calculation of Makloren's
series on the example of a logarithm. Makloren's series
for the natural logarithm is written as:

In(x+ 1)~ x—x2+x/3-x"4+...,
where -1 <x < 1. (5)

Formula (5) includes higher coefficients than Mak-
loren's series of the above considered functions, therefore
fast calculation of the natural logarithm is not realized as
it would demand enumeration of a significant number of
summands (up to several hundreds or thousands). Instead,
recursive calculation of formula (5) before achievement
of the desired accuracy of 10-8 is used, in imperative lan-
guage it could be realized by means of a cycle, in the Py-
thagor language cyclic algorithms are realized by means
of recursive functions.

The definition domain of the natural logarithm is
a set of positive numbers, therefore for any argument x
the property of the natural logarithm is used In(b*10%) =
In(b) + a*In(10) = In(b) + a*2.302585092994046, where b
can be chosen so as to suit the calculation of In(b) with
the help of formula (5).

Recursive function expects the argument type of
(number 1, number 2, number 3) where number is b,
number 2 in the first recursion call coincides with b,
number 3 is a series denominator, in the first recursion
call equals one. One iteration of the recursion calculates
four summands of Makloren's series. The simplified in-
formation and control graph of the natural logarithm func-
tion is written as (fig. 2).

The expressions in braces, for example {(S, (b, (b4,b):*,
(z,4):+):recursion):+} in fig. 2, belong to the delayed cal-
culations and will be carried out only if the condition
of stop is true: - i.e. when the fourth command s4 in the
current iteration taken according to module are more than
10®. Commands (b, (b4,b):*,(z,4):+) form the argument
(numberl, number2, number3) for the iteration following
the same recursive function. Presented here recursive
calculation of formula (5) can be realized via Pythagor
language tools or other recursion ways, however, when
realizing the library of mathematical functions the sug-
gested method was chosen.

Comparison of the natural logarithm in the Pythagor
language and natural logarithm by means of a log func-
tion call from math.h library in language C is presented
in tab. 4.

Table 2
Calculation of the arcsine in the Pythagor and C languages (library math.h)
Argument x math.h Pythagor Argument x math.h Pythagor
0.1 0.100167 0.100167 0.91 1.143284 1.140812
0.2 0.201358 0.201358 0.92 1.168081 1.164584
0.3 0.304693 0.304693 0.93 1.194413 1.189442
0.4 0411517 0.411517 0.94 1.222630 1.229622
0.5 0.523599 0.523599 0.95 1.253236 1.258546
0.6 0.643501 0.643501 0.96 1.287002 1.290796
Table 3
Exponent calculation in the Pythagor and C languages (library math.h)
Argument x math.h Pythagor Argument x math.h Pythagor
=25 0.000000 0.000000 0.5 1.648721 1.648721
-13.7 0.000001 0.000001 1.1 3.004166 3.004166
9.6 0.000068 0.000068 6.6 735.095093 735.094910
-7.9 0.000371 0.000371 8.8 6634.245117 6634.240234
-1.5 0.223130 0.223130 16.3 11994985.0 11994990.0
0.8 0.449329 0.449329 25 72004902912 72004902912
Table 4
Calculation of natural logarithm in Pythagor and C languages
Argument x math.h Pythagor Argument x math.h Pythagor
0.07 —2.659260 —2.659260 15 2.708050 2.708050
0.15 —1.897120 —1.897120 40 3.688879 3.688879
0.47 —0.755023 —0.755023 200 5.298317 5.298317
0.88 —0.127833 —0.127833 400 5.991465 5.991465
1.85 0.615186 0.615186 10500 9.259130 9.259131
8 2.079442 2.079442 100000 11.512925 11.512930
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ARG:1>>b| [ARG:2>>X

| |ARG:3>>z

|{b,x}:*>>b2 | |{>{,z}:f>>51

(b,b2):*>>b3 | [(b2,(z,1):4):/>>s2]

l(b,b3):*>>b4 | |(b3,(z,2):4):/>>s3]

|(51, s2):- |

‘{bﬁl,{z,3}:+}:/’>>s4 |

|(s4module,0.00000001):< >> stop|

(53, s4):-

|{(sl, 52):-, (s3, 54}:—):+>>S|

‘({S}, {(S, (b, (b4,b):*,(z,4):+): recursion):+}):[(stop, stop:-):?]:. >> return|

Fig. 2. Simplified information and control graph of the function In

Puc. 2. Yopomenssiii uHGopMannoHHO-yIpasisonmi rpad pyHkmm In

Having realization of natural logarithm calculation it
becomes possible to calculate a logarithm on a random
basis, using log, (b) property = In(b)/In(a), for a decimal
logarithm in a denominator a constant
2.302585092994046 calculated exclusive the code is sub-
stituted. Exponentiation is realized by means of the
formula x¥ =&,

Conclusion. The problem of the Pythagor language
mathematical library development has been completely
realized and is one of the subtasks which are successfully
executed with the RFFI grant “Architecture-independent
Development of Parallel Programs on the basis of the
Functional and Stream Paradigm”.

The list of the realized mathematical functions. Mod-
ule. Sine. Cosine. Tangent. Cotangent. Arcsine. Arcco-
sine. Arctangent. Arc cotangent. Secant. Cosecant. Square
root. Cubic root. Rounding. Rounding down. Rounding
up. Integral and fractional parts of number. Exponent.
Hyperbolic sine, cosine, tangent, cotangent. Natural loga-
rithm. Decimal logarithm. A logarithm on the specified
basis. Exponentiation. The integral part from division and
a remainder of division (arguments of function can be
numbers, both integral, and material). Mantissa and expo-
nent of the two marking. Multiplication of number to the
power of two. Number sign. Inverse hyperbolic: cosine,
sine, tangent, cotangent, secant, cosecant. Rising of the
two to the power. Maximum from couple of numbers.
Minimum from couple of numbers. Hypotenuse.
Difference module.

All realized functions are included in the open reposi-
tory of the Pythagor language, thus, the developer can not
only execute and look through their code, but also borrow
it for creation of own algorithms or alternative realization
of mathematical functions.
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