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Metoa cymm Xaapa 4MCJIEHHOT0 pelIeHUs CUCTEMBbI
KnHeMaTHyeckux ypasHenui Ilyaccona,
onpeaeJ s IOIHUX IBOJIOLHUIO MOJ0KEHH KOCMUYECKOro anmnapara
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1CPI6PIpCKPIﬁ TOCYJIapCTBEHHBI YHUBEPCUTET HAYKHU U TEXHOJIOTHH UMeHHU akajemuka M. @. PemetHeBa
Poccwuiickas ®enepanust, 660037, r. KpacHosipck, mpoctr. uM. ra3. «Kpacuosipckuii Pabouniin, 31
’AO «H(pOpMALHOHHEIE CITyTHHKOBBIC CHCTEMBI» NMEHH akagemuka M. @. Pemrernésa» (AO «PELLIETHEB»)
Poccuiickas ®enepanwst, 662972, r. XKeneznoropck Kpacnosipckoro kpas, yi. Jleauna, 52
*E-mail: kkirillow@yandex.ru

B npedcmasnennoii pabome npednodcen Memoo UUCIEHHO20 DPeeHUss CUCHEMbl KUHEMAMUYeCcKux
ypasuenutl Ilyaccona, onpeoesiiouux 3600yur0 NOA0ICeHUs: Kocmudecko2o annapama (KA), no komopoti
onpedensrom mampuyy nepexooa om ceasanHou ¢ KA cucmemuvl koopounam 8 6blOpaHmbilti MOMEHM 8pe-
MeHu t; Kk cesasannoll ¢ KA cucmeme xoopounam @ mexkywuti MOMeHm 8pemeHu tr. Yxazaunas mampuya
nepexooa Ucnob3yemcsi 8 Xo0e peuleHus 3a0a4su onpeoeienuss mpexochou opuenmayuu KA no nokazanu-
AM MASHUMOMEMPA ¢ UCHONb308AHUEM UHGOpMayuu o e2o yenogvlx ckopocmsx. Ilpednoscennvlii memoo
OCHOBAH HA 3aMeHe NPOU3BOOHBIX UCKOMBIX (DYHKYUll 6 Kunemamuyeckux ypasnenusax [lyaccona na uac-
muuHble CyMMbl psoo8 no macumaduposannol cucmeme Xaapa. Dmu cymmul npedcmasisiiom cobou
0000UeHHble MHO20UIeHbl N0 MACWMAaOdUpO8anHoU cucmeme Xaapa u, cie008amenbHo, AGNAIOMCA CMy-
nenyamviMu  (KyCOYHO-NOCMOSHHLIMU) QYHKYyusmu. Bovlgedenvl oyeHKku NoepeuHocmu npeoiodceHH020
Memoda, noxazvléarowue, Ymo 8 ciyyae KoIP@PuUyUeHmos ypasHeruil, npeocmasiaowux coboll GyHxkyuu,
yoognemegopsiowue ycaoguro Jlunuuya, adconomuas noZpeuHoCb 8bIYUCIEHUSL KAXHCO020 U3 INEMEHINO08
Mampuysl nepexooa om 0OHOU cucmemvl KOOpOUHam K opyeou ecms geauyuna O(N- 1) npu N — oo, 2de N —
yucno pazbuenutl ompeska [t;, t,] npu nocmpoenuu cemxu Y3108, 3a0eUCmMBO8aAHHbIX 8 OAHHOM Memode.
Hoxazano, umo mpyooemkocms ROCMPOEHHO20 AN2OPUMMA NPUOTUICEHHO20 PEeUleHUsT CUCEMbL KUHEMA-
muyeckux ypaguenutl Ilyaccona ne3nauumenvrHo npesviuiaen mpyooemMKoCmy Peuerus YKa3aHHoU cucme-
Mbl Memodom Diiepa, KOmopblii umeem nepsviii NOpA0oK mounocmu. lIpusedenvl pe3ynbmamsl YUCIEHHBIX
IKCHEPUMEHN08, ROKA3ZbLEAIOUWjUE, YMO 6 ONPEOeNeHHbIX CYHASIX Memod cyMm Xaapa 0aem nospeunocm,
SHAUUMENbHO MEHbULYI0, ueM Memoo Junepa, U Npakmudecku UOEeHMUYHYIO NOSPEUHOCHAM Memo008
Diinepa — Kowwu u Pynee — Kymmul 2-20 nopaoka, mpy0oemMKocms KOMOpblX NPUMEPHO 8 084 pa3d Npesoc-
Xo0um mpyooemkocms memooa cymm Xaapa.

Kniouesvie cnosa: mpexocHas opueHmayud KocmMudeckoeo annapamd, cucmema KoopduHam,

CA3AHHASL C KOCMUYECKUM AnNapamom, cucmema Kunemamuyeckux ypasuenuti Ilyaccona, cucmema @ynx-
yuti Xaapa.
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The paper proposes the method for the numerical solution of Poisson kinematic equations system de-
termining the evolution of the spacecraft position. The system of Poisson kinematic equations is used to
designate the transition matrix from the coordinate system associated with the spacecraft at the selected
time t; to the coordinate system associated with the spacecraft at the current time t,. This matrix is used in
the process of solving problems of determining a three-axis orvientation of the spacecraft from the readings
of the magnetometer using information about its angular velocities. The proposed method is based on re-
placing the derivatives of the desired functions in the Poisson kinematic equations by partial sums of series
in the scaled Haar system. The partial sums of these series are generalized polynomials in the scaled Haar
system. Hence, these sums are step (piecewise constant) functions. The estimates of the proposed method
error are derived, which reveal that in the case of the coefficients of the equations which are functions
matching the Lipschitz condition, the absolute error in calculating each of the elements of the transition
matrix from one coordinate system to another is the value O(N ) at N — oo, where N is the number of par-
titions of the segment [t,, t,] when constructing a grid of nodes involved in this method. It is proved that the
complexity of constructing an algorithm for approximating the system of Poisson kinematic properties in-
significantly exceeds the complexity of solving this system by Euler method, which has the first order of
accuracy. The research presents the results of numerical experiments, showing that in certain cases the
Haar sums method gives an error that is much smaller than the Euler method, and is almost identical to the
errors of the Euler — Cauchy and Runge — Kutta methods of the 2nd order, the complexity of which is ap-
proximately two times greater than the complexity of the Haar sums method.

Keywords: spacecraft three-axis orientation, the coordinate system associated with the spacecraft, sys-
tem of Poisson kinematic equations, system of Haar functions.

Introduction

[1] proposes a method to determining the triaxial orientation of a spacecraft (SC) based on magne-
tometer readings using information about its angular velocities. Solving this problem considers two
measurements of the vector of the Earth's magnetic field strength (EMF) and the angular velocity of
the spacecraft, made at a selected point in time ¢, as well as at the time point ¢,, corresponding to the
maximum value of the acute angle between these measurements of the EMF intensity vector. Further,
taking into account the measured values of the spacecraft angular velocity at the specified times ¢ and

t,, the system of Poisson kinematic equations is integrated [1-6]
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d,| (1) = 05(0)d,, (1) — 0, (1)d5, (1),
dyy (1) = o, (t)ds, (1) — 03 (D)), (0),
dy' (1) = 0, (D)d) (1) = 0, ()dy (1),
dy (1) = @3 (t)dy, (1) — @, (1)d5, (0),
dyy (1) = 0, (1)dy, (1) — 05(1)d, (1), (1)
dyy (1) = 0, (1)), (1) — o (), (1),
dy3 (1) = 03 ()d3 (1) = 0, ()3 (1),
dyy (1) = 0y ()d33 (1) — 5 (1)dy5(2),
dy3 (1) = 0, (1)d)5 () — 0, (D)5 (1),

designating the rotation matrix D,, of the coordinate system associated with the spacecraft relative to the
inertial coordinate system from time ¢, to time #,. System (1) via ®,(¢), ®,(¢), ®,(¢) denotes the pro-
jections of the absolute angular velocity of the spacecraft onto the coordinate axes of abscissa, ordinate
and applicate, respectively (due to information from the angular velocity meter), d;; (t) — matrix ele-
ments D,,, d, j' (t) — their derivatives, i, j = 1, 2, 3. Initial matrix value D,, (at the time point ¢, ) is tak-

en to be equal to the identity matrix E.

Methods to solve the system of Poisson kinematic equations (1) were considered, for example, in
[7-11]. The current work proposes a method for numerically solving system (1), based on replacing
the derivatives of the sought functions in these equations with generalized polynomials in the scaled
Haar system. Error estimates are derived for the proposed method

d, (12) = de)| < 2,00 Gj=1,2,3)
where

=;(n) ~ T[z"*lgz(ﬂl)*1 (2 —1) 40 —@(@j,zf"ﬂ

in case n >, j=1,2,3. Here dl.(;)(tz) — approximate values if #=¢, of matrix elements D,,,ob-
tained as a result of solving the system of equations (1) using this method (i, =1, 2, 3), N=2" —
number of segment partitions [tl,tz] when constructing a grid of nodes involved in the proposed me-
thod, ;(t) — continuous on a segment [4,f,] of the function (j=1,2,3), T=t,—-1,
Q=max{Q,Q,,Q;}, where

J

Q; = max o, (j=1,2,3),
1ef11,17]

where o( f,0) — function continuity modulus f, that is

o(f,8)= sup | ()= 1 (")

|t'-"|<3

b

and value Qg is defined by equality
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If the function ®,(¢) satisfies the Lipschitz condition with constants L; >0, then
S, (n)~ NT[ZQ(T 1) (2 1) 1 —Lj}

if No>ow, j=1,2,3, L=L, +L, + L, it follows that in this case the absolute error in calculating each

element of the transition matrix D,, while transiting from one coordinate system to another there is

the value O(N ') at N — .

System of equations (1) with initial conditions resulting from equality D, =E, is divided into
three Cauchy problems. It has been proven that the numerical solution of each of these three Cauchy
problems requires Ay (N)~17N (with N — o) arithmetic operations, which slightly exceeds the

complexity of solving each of these Cauchy problems using the Euler method.

The results of numerical experiments are presented, showing that in certain cases the Haar sums
method gives an error that is significantly smaller than the Euler method, and almost identical to the
errors of the Euler-Cauchy and Runge-Kutta methods of the 2nd order, the complexity of which is ap-
proximately twice that of the Haar sums method.

1. The problem statement. Basic definitions
To determine the orientation of a spacecraft, it is necessary to take into account its angular motion

in the inertial coordinate system. To do this, in the time interval from hito 12 (tl and ©2 correspond to
two positions of the spacecraft in orbit) the system of Poisson equations (1) is approximately solved,

which determines the evolution of the spacecraft position from = moment to moment b+ 1t is obvious

that the system of equations (1), taking into account the initial value of the matrix Dy (D 1o =E ) re-

duces to the following three Cauchy problems for the systems of equations:
dy;' () = 03 ()d; (1) — o, (1)ds; (1),
dy; (1) = 0y ()dy; () — 03 ()dy; (1), 2
5 (1) = 0, (1)d,; (1) — 0, (t)d,; (1);

1 mpu i=j,
”(1) Y {0 npu i # j, : )

Jj=1,2,3. We assume that o,(¢), ®,(¢), ®;(¢) are continuous at the segment [tl,t2] of the function.

We could construct an algorithm to solve the Cauchy problem (2)—(3) and derive error estimates
using methods similar to those given in [12] in the case of solving the Cauchy problem for a first-order
linear differential equation.

We present the definition of a system of Haar functions and the relating concept of binary intervals,
introduced in [13].

A binary interval 1,; is the interval with ends at points (j—1)/2"", jm!
m=12,..,j=1.2,.., 2’"71). We consider the binary intervals to be closed on the left and open on the
right. If the right end of a binary interval coincides with 1, then we will consider this interval to be
closed on the right as well. Here are the labeling:
=]

+ —_—
m+1,2j-1° Zm,j =1

Ly ; m+1,2

It is obvious, that
- +
by ; Ulm,j =Ly ;-
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The system of Haar functions is constructed in groups: group number m contains 2" of functions
Am,j(X), wherem=12,....j=12, .., 2""!. The Haar function Am,; () 1s defined as:

2m D2 ith x el

m,j?

A, (X) = 2 D2 withxel”

m,j>

0 with x ¢/

m,j>

m=12,..., j=12,.. L2m Together with double numeration, simple numeration is also used:

Xm,j (%) = x4 (%),

where k=2""'+, k=2,3, ... The system of Haar functions also function x (x) =1,

that is outside the groups.

2. Constructing an algorithm for numerical solution of Cauchy problems (2)-(3)
We introduce the notation 7 =t, —f,. We are searching for an approximate solution

(@ @0,a8P @).d8) 1))
to each of the three Cauchy problems (2)—(3), representing the derivatives

dif’ (o). dp" (). di'(@)

in the form of generalized polynomials in the scaled Haar system {x k ((t -1)/T )} of orders not higher
than 2":

2" 1
d'() = C% (t=1)/T), CI*P eR,
k=0

k=0,1,...,2"-1,i=1,2,3,j=1, 2, 3. Such generalized polynomials are step functions:
diP'(O)=d" if 4 +27"Tk<t<t;+27"T (k+1), 4)

k=0,1,...,2"-1,i=1,2,3,j=1,2,3.

We can restore the functions d 8”(1‘) on their derivatives:

k-1
di(t)=8;+27" T% di + (z —t - 2‘”Tk)d,.(jf“”‘) with £, +27" Tk <1<, +27"T(k+1),  (5)

k=0,1,...,2"-1,i=1,2,3,7=1,2,3. We consider in (5) at k=0
k-1 )
Dai =o0.

=0

Functions (5) are piecewise-linear with nodes at points of the set
(ot =t +27" Tk =0,1,...,2" 1}, (6)

We assume that the angular velocity meter determines the values of the projections of the absolute
angular velocities o, (t), ®,(f), ,(t), precisely at the points of set (6). We require that functions (5)
satisfy systems of equations (2) on this set. Then we obtain:
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i (1) = 03 (10 ) 455 (110 ) = 02 (100 ) 57 (110)
35 (1) = 01 (14 ) 4537 () = 05 (1 )i} (1)
d3(;,) '(tn,k ) =0, (tn,k )dl(jn) (tn,k ) — o (tn,k )déj) (tn,k )7

k=0,1,...,2"-1,j=1, 2, 3. Taking into account functions (5) and (4), defining them for brevity as,

0, (t,) =0 (j=1.2.3),

we could get:

k-1
d{!" = "] 5, +27 TZd(”’)j—m(z”’k) 53j+2_”TZd3(7’l)j,

=0 =0
k-1 k-1

A = o™ 85+ 27Ty d) |-l 8+ 27Ty di |, (7)
=0 1=0

k=1
d§ih = o) 81j+2"TZdl(;””j—m}”’k) 8y +2° TZd(””j,
1=0

k=0,1,...,2"-1,j=1,2,3.
Therefore, we obtain the following algorithm for the numerical solution of Cauchy problems (2)—(3).
1. Foreach j =1, 2, 3, we perform the calculations.

1.1. We find the values

(n,0)  (n,0)  (n,0)
Slj ’ S2J ’ S3j

due to the formulae derived from (7) with k£ = 0:

Sl(]n 0) _ 82jm(n,o) _ 53ju)(2n,0)’
(n 0 _ =50/ o0 51jo)gn,0),
0 =800 5, 00
(for k = 0, the sums in (7) are considered equal to zero).
1.2. We consistently find the values of the quantities

(n,1) (n,1) (n,1).
Slj ’ S2j ’ S3j ’

Sl(]n 2), S;;%,Z), sé}l’z);
(11,2 71) (11,2"’71) (112 1)
Sl] , S2j , S3] ,
according to the formulae
Sl(jn k) _sl(nk 1) +d(n k)’ Sg]l k) _ (nk 1) +d(n k), S§n k) _s(nk 1) +d(n k)’ (8)

pre-calculating for each k=1, 2, ...,2" — 1 values

dl(i'z,k) — wgn,k) . (6 +T- S(n Jk— l)) (0(2n,k) . (6 +T- S(n Jk— l))’
d(n k) _ (Din ) (53] 41 Sé;« k= 1)) (D(3n,k) '(61]' " T.Sl(}«,k—l)), )

a0 = (5, + 704D ) o (5, + 75014 D).

where 1= 2""T. Formulae (8), (9) follow from recurrence relations (7).
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2. Using the formulae following from (5), for j =1, 2, 3, we calculate the values

(n,2"-1)

(n) — (n2"-1)  g(n) — (n,2"-1) (n) —

1j

3. We compose a transition matrix from the coordinate system associated with the spacecraft at
time ¢, to the coordinate system associated with the spacecraft at time ¢, :

df?)(tz) dg)(tz) dl(;)(t2)
Dy, = dérf)(fz) dgzz)(tz) dég)(tz) .
dé?)(tz) dég)(tz) ds(g)(tz)

We estimate the number of arithmetic operations required to implement this algorithm.
At the k-th step (k= 1, 2, ..., 2") of the process of calculating the quantities

d"®, dfth, d{r® (je{1,2,3} hold fixed)

there are 17 arithmetic operations performed: 3 arithmetic operations are required to find intermediate
values (8), 13 arithmetic operations are required to find dl(;”k), dé?’k), d3(j'."k) based on formulae (9)

(among three quantities 8,;, 8,;, 85, only one is equal to 1, two rest are equal to 0) and only 1 op-

1>
eration is to move to the next grid node (#,4+1 = 1,4 + 7). After performing the (2"-1)th step of calcula-
tions using formulae (8), (9) we find

dl(;z)(tz)zqu“T'sl(;’zn)’ d;?)(t2)=82j+r-s§;f’2n), dg;)(t2)=63j+r'3§;’2n)v Jje{l,2,3}.

Therefore, if N is the number of partitions of the segment [tl,tz] (N =2"), then the numerical solu-
tion of each of the three Cauchy problems (2)—(3) (for each j = 1, 2, 3) requires Ay (/) arithmetic op-

erations, where the quantity A, (V) satisfies the relation
Ax(N)~17N with N — .

We could compare the complexity of the composed algorithm with the complexity of numerically
solving Cauchy problems (2)—(3) using the Euler method [14; 15], the error of which, just like the me-
thod presented in this research (in the case of functions satisfying the Lipschitz condition o,(?),
®,(t), ®5(t)),1s a value limited in comparison with N ! with N —> oo

It is easy to check that for the numerical solution of each of the three Cauchy problems (2)—(3) (for
each j = 1, 2, 3) by the Euler method, A, (/) arithmetic operations are required, where the quantity

A, (N) satisfies the relation
A5(N)~16N with N — .

Therefore, the complexity of solving problems (2)—(3) using the algorithm composed in this work
slightly surpasses the complexity of solving these problems using the Euler method.

3. Deriving a method of error estimation
If t,+27"Tk<t<t,+27"T(k+1) (k=0,1,...,2" 1), for the difference between the derivatives

of the functions-component of the exact and approximate solutions, we will have:
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d,/ () -d? (1) = co3(t)j[dzj (0 -d8)'@ |de+ (030 m‘"“)jd(")’(r)dw

1

Fa™ [ d) (e - (1) I[%,u>cﬂ“%ﬂ}df(@ﬂﬂ o) [ -

In,k 1 bl

—af"" j d{}) ' (v)di+3,,; (033 (t)-of" k)) SJ(mz(t)—w(Z"’k)).

Ik

Then for #; +27"Tk <t <t, +27"T(k+1) (k=0,1,...,2"— 1) we obtain:

Ink+1 Iy k+1
dlj'(t)—dl(j")'(t)‘<§2 dy] (1) —dy) ' (v)|dt+ j dy") ' (v)|dt+ jagj (1) -d{? ' (v)|dr+ j i (v)|dr |+
il nk Iy
In,k+1 In,k+1

dt+ 82_/(0((03,27” ) + 831»(0((02,27" ),

ds)' (1)

di}) (1)

+(o<co3,2*") ZJ.
1

dr+(o((oy,27”) ;'.
1

where

Q=max{Q,,Q,,Q,}, Q = max ‘03 (z)\ (j=12,3),

T e [1.2]

and o(f,d) is the continuity modulus of function f, that is

o(f.8)= sup |f ()= f(¢").

tt<8

Similarly, to #, +27"Tk <t <, +27"T(k+1) (k=0,1,...,2" - 1) we are having:

t tn k+1 t Iy k+1
dy] () -dY?) '(t)‘ <0 j dy, (1)~ d{P"(v)|dt + j d () »(1)|d+ j ' (v)|du |+
i nk Iy
In,k+1 I, k+1
vo(0,27) [ a7 @|dero(0,27) [ |7 @)du+ 8y 00,27 )+ 8 ,0(0;,27"),
1 1
t tn k+1 In,k+1
dy/ (t)—di? '(z)‘ <Q j —d?'(v)|dt + j d"(v)|d+ j dy (- di? (V)| du+ j dy")'(v)|du |+
t n,k nk
Iy k+1 In,k+1
so(0p.27) [ |d@ '(t)‘d‘c+m(ml,2_”) [ g '(‘c)‘d‘c+61joa((o2,2_”)+62j(o(0)1,2_”),
| |
k=0,1,...,2" 1.
For , +27"Tk <t <t; +27"T(k+1) (k=0,1,...,2" - 1) the inequalities are valid
‘d}l“ '(r)‘ <™ (i=1,2,3), (10)
where
k) =2~ QZ(‘d(" N ‘d(" D ) a"P = Q4 2” QZ(‘d(" D 4 ) " =
—Q+2 QZ(‘d(" Y ‘d(" Y ) (11)
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k=1,2,...,2" — 1. Here we still assume that the sums in (11) equal to zero with k= 0.

If £ = 0, the truth of inequalities (10) follows from the equalities,
490 =0, a4V ——a®, d o, (12
coming from (7). Applying inequalities (10) to estimate the quantities,

‘di(ln’k_l)‘ (l = 15 23 3)5
we obtain
agn,k) _ algn,k—l) " 2—nQ(A(k71) _‘di(ln,k—l) )S al(_n,k—l) " 2-nQ(F(H) _al(_n,k—l))’ (13)

i=1, 2,3, where

3 3
A(k—l) :Z‘di(ln,k—l) ’ F(k—l) _ Zagn,k—l)’
i=1 i=1

k=1,2,...,2"— 1. We derive the inequalities by induction from (13)
k k
al™h < %[(1 +27a) 14 (3a§”*°> —r© )(1 -270) }

i=1,2,3,k=1,2,...,2" — 1. The equalities (12) succeed
a0 =0, o =0, o0 =0,

whence, taking into account (11), we obtain the inequalities for
hW+2"Thk<t<t;+27"T(k+1) (k=0,1,...,2" 1)

dm ’(r)‘ < %{(1 + 2‘”“Q)k -(1- 2‘"9)]‘},

‘d,.(l") '(t)‘ < %[2(1 +2ma) 4 (1- 2—"9)"} (i=2,3). (14)

(14) succeed the inequalities

lnfﬂ dy” '(r)‘dr < 2’?9 {(1 + 2—”“Q)k (1 —2‘”Q)k},
In,k

Ink+1 0y i i
[ la” '(r)‘drﬁ 3 [2(1+2”“Q) +(1-270) }
tnk

(i=2, 3), based on them, we get:

In,k+1 k k

: QT (k+1

| dl(l”)'(r)‘drﬁ ( - ) (1+ Qlj —(1——Qj :
3-2" 2"

|

o k+1

QT (k+1 k k
| dl.(ln)'(T)dTS—( +1) z(1+ Qlj +(1—§j
; 3.2" 2" 2"

(i=2,3),thus, for , + 27" Tk <t <¢, +27”T(k+1) (k=0,1,...,2" — 1) will realise

458



Pazden 1. Unpopmamuka, 8bluUCIUMENbHASL MEeXHUKA U YNPasieHuUe

t
oy 0-a '<r>\SQ[I i (0- a5
q

t
dt+ Hdn'(T) - d3(’11) (1)
4

—n+l ~2
d’r} + 2 Q X
3

{2(1 + 2‘”+1Q)k + (1 - 2‘”Q)k } +2n#(k+l)[2(1 + 2‘"“Q)k + (1 . 2—"9)"} x

x(0(03,27")+ 0(0,27)). (15)

d‘C:l-‘r
k k k k
+ o 4(1+ Qj —(1—3j +QT(k+1) 2(1+ Qj +(1—3j w(m1,27”)+
3.271 on 1 on 3.211 on 1 on
N QT(k+1) (1+ Q jk_(l_gjk +1 (D((D 2771) (16)
3.2m! 2n 2" P
ds, () — d) '(z)‘ < Q[ [
1
k k k k
+ Q’ 4(1+ 9 j _(1_2j +QT(k+1) 2(1+ 9 j +(1—2j w(m1,27")+
3'2;1 2n 1 2}1 32n 2}1 1 2}1
R (1+ «Q jk—(l—gjk +1o(0,,27) (17)
3. 2”71 2"*1 on W10y, >

h+2"Tk<t<ty+27"T(k+1), k=0, 1,...,2" - 1. Summing inequalities (15)—(17) term by term, we

Similarly, the inequalities are derived

t t
IHORRNOE Qlﬂdsf(r) —dfp @[ [|d /(- ()
1 1

t
(@)= diy" e+ [|d ()= '(r)\dr] +
1

obtain:

dn'(t)_dl(?) '(t)“"

oy (0)=d$y (1) +

dy) (1) _d3(’11) '(t)‘ <

dy @) —d () +|dy 1) - ds) ()] +|ds) (1) - a5 ' (x)

szgtjl( )dr+A(n,k),

where

2‘””9T(k+1)[2(

An,k)=2""2Q? (1 +27! Q)k + 1+ z*"“Q)k + (1 - 2*"9)]‘ Jw(ml,zn ) +

+{NQT—(1"L1)(4(1+2"“Q)‘“ —(I—Z"Q)kj+l}[m(m2,2")+ 00,2 )}

3

The following statement was proven in [12].
Lemma 1. If non-negative function f{x), xo <x <X has only a finite number of discontinuity
points of the first kind {xi, xp,..., xy} < (x0, X), where f{x;) < max{fix;,—0), fix,+0)}, k=1,2,...,N,

and with some constants o, B > 0, it meets the condition
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f(x)<a+B[ f(r)dt
X0
at least at all points of continuity (and then in general at all points of the segment [x0, X]), then with
X0 < x £ X, inequality is realised

f(x)< aePl70),
Applying this lemma, we get the following inequality:

d'(t) - d(")'(t)‘ dy)' (6)—d (1) < A(n, b)),

dy) (0= d$" 1) +

Therefore, to #, + 27" Tk <t <t,+27"T(k+1) (k=0,1,...,2" - 1)

‘dﬂ' (6)—d® '(t)‘ < A(n, k)2 (18)
i=1,2,3. Equality is correct
tnk tnk
dy (g )=ty ) =80 + | df (x)dr—8, -2 del"” [ dy (z)di-2 Zd}{”),
n f =0

where ¢, — set points (6), k=0, 1,...,2"—1,i= 1, 2, 3. Thus, we obtain:

2” 1tn,1+1
di(12)=di"(t,) Id,l (T)dr -2 TZ a0 =3 [ dy @du-2" Tzd<"l>:
1 10 4,

2" -1 2" -1
= ZinT z dilr (Tl )_di(ln)' (tn,l )) 27 ”T z |:( ) dl(ln), (Tl )) + (di(ln), (Tl ) - di(lﬂ)' (t”:l )):| =
=0

2"

=2 Ty (d (1) -4 (%)) (19)
=0

where t, are interval points (£, 4,:1), /=0, 1,...,2"—1,i=1, 2, 3. Here we use the mean value theo-

rem for a definite integral, followed by that there are 1, points in the interval (,, ¢, 1), which means:
for continuous functions ;' (t), the equalities are realised

In,l+1

_[ dy (Wdr=d;/ (v, )(tn,l+l —lny ) =2"dy' (1;),

tn,l

where[=0,1,...,2"—1,i=1, 2, 3, as well as at each interval,

(tustgar) = (6 427 TL1 + 27T (141))
the Haar polynomials dl.(l”)' (t) obtain a constant value, it results in

" (v)=dg" (tn,l ),

[=0,1,...,2"—-1,i=1, 2, 3. Using the triangle inequality and inequalities (16), derived from (17), we
get:
271

[d ()= diP(6)| <277y |d,

=0

dl(ln), (Tl )‘ <

460



Pazden 1. Unpopmamuka, 8bluUCIUMENbHASL MEeXHUKA U YNPasieHuUe

2" 21
<2T z A DEXT) <2 TS g, 1y "IN, (20)
=0 =0

i=1,2, 3. The equalities take place

2

-1

qu—( )q 1) , (l+1)q —(NqN+1 (N+1)qN+l)(q—1)_2,

/

Il
(=}

their correctness is easily verified by induction. Using these equalities, we calculate the sums:

i 2207 ain)
Gl(n):zzle Qr(i+1) (1+2 n+1Q) 2 n+IQT _ +1(1+2 + Q) 1 |
=0 2 n Qr (1+2*H+IQ)_1
5 (n) _2”2—1162_n+1QT(1+1)(l+1)(1+2n+1Q)l_
2 - =
=0

29T eT””QT(l + 2—n+IQ)2n o 20T (2}1 + 1)(1 + 2—n+1Q)2n +1
—n+l 2
(62 Qr (1+2n+IQ)_1)

_ ezfnJrl Qr

b

2"-1 —n+
63(7’1) _ Z e2 IQT(HI) (l +1)(1_2ﬂ19)1 —

=0

27n+l Qr

20T An 27T (1 neny\2 T 20T (n Can )
. 2" (1 2 Q) e (2 +1)(1-2 Q) +1'

(ef"”m (1 - 2*”9) - 1)2

Inequality (20) results in:

27n+1 QT

[d (1) - di (1, )| <27 {2’”29201(;1) v [20,(n)+ 03 (m] (.27 ) +

{2—113ng (40, (n)—o5(n))+ 1}@0(@2,2—" )+ 00,27 )}} 1)

i=1, 2, 3. It should be noted
. —n — -1 . -n . —-n
lim 2%, (m) =207 (T +1) (em(“‘) —1), lim27"0,(n) =0, lim2""0;()=0.  (22)

Then, inequality (20) results in the evaluation

‘dil (t2)_di(1n)(t2 )‘ <Z(n), (23)
i=1, 2,3, where
2, (n) ~ T[z’”“Q(T +1)”" (em(”l) —1) + m(coz,[”)—k w(m3,27" )}

in case n— oo. If, in this case, the functions ,(¢)and w,(#) satisfy the Lipschitz condition, that is,

there exist such constants L, >0 and L, >0 that for any number 6 > 0, the inequalities are realised

o(®,,8)< L3, o(0,;,8)< L3,
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then for the quantity X,(n), occuring in inequality (23), there is a relation
S, (n) ~ 2’"T[2Q(T +1)” (em(”l) - 1) + L+ L3}
in case n — oo.
Similarly to obtaining inequality (21), we derive the relations

27n+1 QT

|, (1) - dP(t,)| <27 T{z"+2 Q% (n)+ [20,(n)+ oy (m)]o(w;,27" )+

J{,Z’;QT (40, (1) —05(m)) + 1}[95 - u)(o)j,Z’" )J} (24)

i=1,2,3,j=2,3, where Qg is determined by equality
3
QS = Z(D((Dj,27n ).
=
Taking into consideration (22) u (24), we can estimate
‘d,.j ()-d(t )‘ <Z;(m),

i=1,2,3,j=2,3, where
S (n)~ T[2*"”Q(T+ )™ (em(”l) —1) +Q —co(m].,:z*”)}

in case n—» o, j=2,3. If the functions o; (t) satisfy the Lipschitz condition with constants L; >0
(G=1,2,3), then

Z, (0 ~2"T| 20(T+1) (220 -1} L-L, |

incase n —> o0, j=2,3, where L=L, +L, + L.

4. Results of numerical experiments

Example 1. We consider the Cauchy problem (2)—(3) for j = 1 with parameter values ¢, =0, ¢, =1
and coefficients

33 NG

o, () =cosl,5t; o,(t) =%sinl,5t+T; 5(1) =75in1,5t—0,75.

It is easy to verify that there is the exact solution of such a Cauchy problem

d, (t)=cosl,5t; d, (1) :%sinl,St; dy, (1) :gsinl,St;

and d, (tz) ~—0,07074, d,, (tz) ~0,49875, d, (tz) ~0,86386.

Table 1 shows the values of the square root of the mean square-root error of the components of the
solution to the Cauchy problem under consideration at a point #, with the values of parameters and
coefficients used in Example 1, obtained by the methods of Haar, Euler, Euler-Cauchy sums [16] and
Runge-Kutta 2nd order sums [14; 15] for N segment partitions [tl,tz], where N = 215,216,...,224.

In this case, the errors in solving the Cauchy problem (2)—(3) using the Haar and Euler sum meth-
ods are almost identical, but the errors for the 2nd order Euler—Cauchy and Runge—Kutta methods are
significantly smaller than the errors obtained by applying the first two methods.
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Table 1

The square root value out of the mean square-root error of the components for the solution at 7, point

for the parameter values and coefficients used in example 1

N (number of 13 2
segment par- Value \/EZ(dn(fz)—dﬁn)(tz ))
titions [¢,, ,]) =l
Euler—Cauchy Runge-Kutta
Haar sum method Euler method method Method of the
2nd order
20 1.98221-10 2.14845-10 2.90010-107"° 2.90010-107"°
216 9.91096-10°° 1.07423-10° 7.25045-10" 7.25045-10"
2" 4.95546-10°° 5.37117-10° 1.81151-107"" 1.81152-107""
2% 2.47772:10°° 2.68559-10° 4.53666-10" 4.53667-10°"°
2" 1.23886-10°° 1.34279-10°° 1.13229-10° 7 1.13229-10° 7
2% 6.19430-10 6.71397-10" 2.89097-10 2.89107-10
27 3.09715-107 3.35699:107 6.36173-10" 6.36283-10"
2% 1.54857-10° 1.67849-10°" 1.62080-10 " 1.62080-10 "
2% 7.74287-10° 8.39247-10° 5.05499-10 ™ 5.05598-10
2% 3.87144-107° 4.19624-10™° 2.36189-10" 2.36183-10"

Example 2. We consider the Cauchy problem (2)—(3) for j = 1 with parameter values #, =0,

t, =2 and coefficients

o,(0) =eh’, o, () =£(\5/ch9t tgt+l), m3(t)=g(\5/ch9t tgt—l).

2

It is easy to verify that there is the exact solution of such a Cauchy problem
d, (t)=cost, d, (t)=d; ()= %sint,

and d,, (t2) ~—0,41615, d,, (tz) =dy, (tz) ~0,64297.

Table 2 demonstrates the values of the square root of the mean square-root error of the compo-
nents of the solution to the considered Cauchy problem at a point ¢, with the values of parameters and
coefficients used in Example 2, obtained by the methods of Haar, Euler, Euler - Cauchy sums [16] and
Runge — Kutta 2nd order sums [14; 15] for N segment partitions [tl,tz], where N = 215,216,...,224.

Table 2

The square root value out of the mean square-root error of the components for the solution at 7, point

for the parameter values and coefficients used in example 2

N (number of 13 2
segment par- Value \/EZ(dn(fz)—dﬁn)(tz ))
titions =1
[, 6]) Euler—Cauchy Runge—Kutta
Haar sum method Euler method method method
of the 2nd order
o 1.77319-10° 5.86421-10° 1.9481810° 4.54692-10°
216 22748410 1.68334-10° 1.28402:10° 6.33870-10 "
2" 3.17159-107" 6.71757-10 9.98299-10~ 1.30330-10~"
2" 6.52261-10 3.35977-10 1.68894-107° 6.26192-10
2" 3.12779-10° 2.52341-10° 1.56949-10° 9.12427-10°°
2% 4.57051-10° 1.76562-10" 1.35320-10° 2.37992-10°°
27! 1.45672:10°° 1.43105-107" 3.89106-107 6.50765-107
27 5.97437-10° 6.01678-10° 2.00878:10 3.41657-107
2% 3.05874-10° 3.76402:10° 1.86299-10 3.07409-10 7
2% 1.51830-10 1.30176:107° 1.13470-107 2.58138107
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In this case, the Haar sum method gives an error that is significantly smaller than the Euler method
and is almost identical to the errors in solving the Cauchy problem (2)—(3) using methods of Euler -
Cauchy and Runge — Kutta of the 2nd order.

Example 3. We consider the Cauchy problem (2)—(3) for j = 1 with parameter values ¢ =0,
t, =2 and coefficients

3 4 4 3
o, () = §/|sect|, o,(t)==8|sect|tgt+—, w,(t)=—3F|sect|tgt——.
() | 2 (1) 5| |g 5 3(0) 5| |g 5
The exact solution of such a Cauchy problem has got the form
3. 4 .
d,,(t) = cost, dzl(t):gsmt, d31(t):§smt,

but d,(1,)=—0,41615, d, (t,)~0,54558, dy,(1,)=0,72744.

Table 3 reveals the values of the square root of the mean square-root error of the components of the
solution to the considered Cauchy problem at a point #, with the values of parameters and coefficients
used in Example 3, obtained by the sums methods of Haar, Euler, Euler - Cauchy [16] and Runge -
Kutta of 2nd order sums [14; 15] for N segment partitions [tl,tz], where N = 215,216,...,224.

Table 3
The square root value out of the mean square-root error of the components for the solution at z, point
for the parameter values and coefficients used in example 3

N (number of 13 ) 2
segment par- Value \/EZ(dil (t)-dy"(t, ))
titions =1
[t 5]) Euler—Cauchy Runge—Kutta method
Haar sum method Euler method method of the
2nd order
2B 4,09952-10° 3,64380-107 8,14584-107 1,60285-10°°
210 1,83821-10° 1,47670-10 1,05944-10 4,83737-10°
2! 8,94108-10° 1,00902-10°° 5,50037-10°° 3,37017-10°
2% 4,46564-10° 6,25570-107* 2.39992-10°° 2,41542-10°°
2" 2,41361-10° 5,37907-107" 1,77466-10°° 1,31424-10°°
2% 1,16140-10°° 2,79979-107° 1,47872-10°° 1,05524-10°°
27 6,26278-10" 1,65719-10° 7,68163-10 1,01374-10°°
2% 3,14122:107 1,80869-107" 5,62648:10 8,27771:107
2% 6,62019-107 1,51395-107" 5,56389-10 2,44021-107
2% 6,36338-10" 4,78043-10° 4,17734-10° 1,36309-10°

Example 3, like Example 2, shows that in certain cases the Haar sum method gives an error that is
significantly smaller than the Euler method and almost identical to the errors of the Euler-Cauchy and
Runge — Kutta methods of the 2nd order.

It should be noted that the complexity of the Euler-Cauchy and Runge — Kutta methods of the 2nd
order is approximately twice the complexity of the Haar sums method: the number of arithmetic op-
erations A5, (N) and Apg(N), required to solve each of the three Cauchy problems (2)—(3) by the

Euler-Cauchy methods and Runge — Kutta of the 2nd order, respectively, it satisfies the relations

Ao (N)~34N with N =, Ap(N)~32N with N — o.
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Conclusion
The current research presents a new method to solve the system of Poisson kinematic equations de-
termining the evolution of the spacecraft position from time moment ¢, to moment #,. Based on the

obtained estimates of the method error, it follows that if the functions representing the projections of
the absolute angular velocity of the spacecraft onto the coordinate axes satisfy the Lipschitz condition,
then the absolute error in calculating each element of the transition matrix from the coordinate system
associated with the spacecraft at an instant of time ¢ to the coordinate system associated with the

spacecraft at the moment of time ¢,, just as in the case of solving the specified system of equations by
the Euler method, there is a value O(N™") for N — . where N is the number of segment partitions

[,.1,] when constructing the grid of nodes used.

Comparing the algorithms to solve the system of equations under consideration using the proposed
method and the Euler method in terms of their computational efficiency has shown that the implemen-
tation of each of them requires O(N) arithmetic operations with N — oo, , while the complexity of the

algorithm constructed in this research is slightly higher than the complexity of the algorithm to solve
the system by the Euler method.

From the results of numerical experiments presented in the research, it follows that in certain cases
the Haar sums method gives an error that is significantly smaller than the Euler method and it is al-
most identical to the errors of the Euler-Cauchy and Runge-Kutta methods of the 2nd order, the com-
plexity of which is approximately twice that of complexity of the Haar sums method.
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