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Omkazel d71eMenmos npu pabome MexHUYECKUX U MHOUX OpYeuX CUcmem UMelom, KaK Npasuno, ciy-
yatinbLil Xapaxkmep. Jmo npusooum K pa3iuiHbiM MOOEISIM NPOYECCa 0CCMAHOBLEHUSL, U3YUAEeMbIM 6 Theo-
puu eeposamuocmelt u mMamemMamuyeckol meopuu HadexcHocmu. B npoyecce soccmanoenenus omxasas-
wie deMeHmbl 60CCIAHABTUBAIOMCA WU 3AMEHAIOMCA HA HOBble, NPU IMOM YACHO NPOUCXOOUM USMeHe-
HUe CmouMocmell U Ka4ecmeda 60CCMAHAGNIUBAEMbIX JNeMEeHmMOos8 ((yHKyull pacnpedeierusi Hapabomox
0o omkasa).

B pabome paccmampusaemcs @ynxyus sampam (cpeoHas cmoumocms 80CCMAHOGIEHUS) 8 npoyecce

60CCMAHOBIEHUA nopﬂdm (kl,k2), 6 Komopom no onpedeﬂeHHomy npaeuly U3MeHAOmcsA cmoumocmu

Kaxic0020 80CCMAHOBNICHUS U (DYHKYUU PAChpedeneHus Hapabomox.

Yuumveieas, umo ¢ynxyuss 60ccmanosnenus (cpedHee yucio omKa308) Xopowo usyyeHa 6 meopuu Ha-
0eJHCHOCMU, NONYYEHO peuleHue UHMeZPAIbHO20 YPAGHeHUs OIS (DYHKYyuu 3ampam uepes QYHKYur 80c-
CMAHOBIEHUsL PACCMAMPUBAEMOT MOOEIU.

s npoyecca soccmarnosienuss nopaoka (kl,k2) noJayueHa (opmMyna 8bIYUCICHUS DYHKYUU 3ampam

uepes QYHKYUIO 80CCMAHOBICHUA NPOCMO20 NPOYecca, 00PA308AHHO20 C8EPMKOUL 8CeX (PyHKYULL pacnpede-
JleHusl nepuooudeckol yacmu. /[ npakmuieckoco npuMeHeHus noayyeHsl sigHble QopMynsl QyHKYUU 3a-
mpam npu npoyecce 80CCMAHOBIEHUS, Y KOMOPO2O NEPUOOULECKAsl Yacmb pAcnpedeneHd no 3KCNOHeHYu-
ANLHOMY 3AKOHY UNU 3AKOHY DPIanea ROpAOKa m ¢ 0OHUM U MeM Jice noxazamenem o.

Honyuennvie ghopmynvl mo2ym 6vimb UCHONLIOBAHL 0151 UBYUEHUS] CBOUCME DYHKYUU 3ampam u peule-
HUS ONMUMUZAYUOHHBIX 3A0aY 8 CINPame2usix nposedeHusi NPoyecca 80CCMAHOBNICHUS 8 MEPMUHAX «YEHAY,
«KA4ecmeo», «Pucky, eciu, Hanpumep, 3a Kaiecmeo NPUHUMAams cpeoree YUucio OmKa3os, 3d Yeny — cpeo-
HIOI0 CIMOUMOCIb 80CCMAHOBIEHUU, 34 PUCK — OUCNEPCUU YUCTA OMKA308 ULU CTMOUMOCIU 80CCMAHO8Ie-
HUL.

Kntouesvie crnosa: mooenu npoyecca 80ccmanogienus, yHKyUs 60CCMano8ienus, QyHKyua sampam,
pacnpeoenenue dpaanea.
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Failures of elements during the operation of technical and many other systems are, as a rule, random in na-
ture. This leads to various models of the recovery process, studied in probability theory and mathematical reli-
ability theory. During the restoration process, failed elements are restored or replaced with new ones, and there
is often a change in the costs and quality of the restored elements (time-to-failure distribution functions).

The work examines the cost function (average cost of restoration) in the process of restoration of order
(ky,ky), in which, according to a certain rule, the costs of each restoration and the distribution functions
of operating time change.

Considering, that the recovery function (average number of failures) is well studied in reliability theory,
a solution to the integral equation for the cost function is obtained through the recovery function of the
model under consideration.

For the order restoration process (kl,k2 ), a formula is obtained for calculating the cost function

through the restoration function of a simple process formed by the convolution of all distribution functions
of the periodic part. For practical application, explicit formulas are obtained for the cost function during
the restoration process, in which the periodic part is distributed according to an exponential law or
an Erlang law of order m with the same exponent o.

The resulting formulas can be used to study the properties of the cost function and solve optimization
problems in strategies for carrying out the restoration process in terms of price, quality, risk, if, for exam-
ple, the average number of failures is taken as quality, the average cost of restorations as price, the disper-
sion of the number of failures as the risk, or cost of restoration.

Keywords: recovery process models, recovery function, cost function, Erlang distribution.

Introduction

In the mathematical theory of reliability, when studying recovery processes, the numerical
characteristics associated with the random number of failures and the random cost of recovery are first
considered, for example, the average and dispersion of the number of failures and the cost of recovery,
through which various criteria for the optimality of recovery strategies are determined.

The paper discusses models of the recovery process (X l.,cl.), i=0,1,..., taking into account the

cost of restoration. Where X, random operation time with distribution functions F; (t) elements

from I — 1 to i-th failure, ¢; cost of i — x recovery, ¢, — element cost, set at the initial time =0,
F, (t) =0 foracaset<0,F,(f)=1 foracaset>0[1-4].

Let N (t) — be the number of failures (recoveries), C (t) be the cost of recovery for the time from
Otot

P(N(t)=n)= F(”.) ()= F" (),

jal (t) - n - multiple convolution of distribution functions F, (t) ,i=12,...,n,
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FU (6)=(F"%F, )(1) jF’” (t—x)dF,(x) F"(t)=F(2).
For [1,2]: H (¢)— recovery function (average number of failures)
H()=E(N()=3F (1)
S(t)=E(C(t))— cost function (average cost of restorations)

()) E( )—co+ZcF

During operation, the quality ( £; (t)) of the restored elements and the cost (¢, ) of restoration may

differ. This leads to different models of the recovery process [1, 3, 5-9].
The work considers the restoration process taking into account the cost of restoration of the order

(kl,kz), in which the distribution functions and cost of restoration satisfy the condition:

F (t) =F (t)ucl. =c;, if the indices 7, j > k, when divided by k, give the same excess [1, 3, 8, 9].

i J

In the process under consideration, after the first restorations k, —1, a periodic process of the order
k, begins.

Note, that in the case k, =1 we have a periodic process of order restoration k,, and if k, =1 proc-
ess of restoring order £, .

If F(t) coincide (Fy(t) = Fi(?),i>1), or coincide starting from number i =2 (F; (t) =F, (t), i>2),
we have simple (ordinary) and general (delayed) recovery processes, well studied in reliability theory.

Note that for the model under consideration, the recovery function H (t) has been well studied.

Numerical methods for finding it have been developed, and for many distribution laws characteristic
of reliability theory, there are its explicit representations [1, 6].

To find the cost function § (t) there are integral equations [1, 2, 10].
The purpose of the work is to obtain a solution to the integral equation for the cost function S(t) in
the form of an integral representation through the restoration function A (t) Such a representation

will be convenient for its study and calculation in various theoretical and applied problems of reliabil-
ity theory.

Representation of the cost function through the recovery function
Let us write the integral equation for the cost function S (t) [1,2]

S(1)=G(1)+ [S(t-x)do) (x) ()

for a case k, >1,
ke +hy 1 k-1

G(t)=c,(1-0") (1)) + ZCF )= Ye [ FO (1 -x)dot) (),

for a case k, =1

G(t)=cy(1-0") (1)) + Z;:F

o) (1)= (CD1 O, ) (#)-convolution of all distribution functions
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D, (t) =F (t),i =1,2,...,k,. The functions @, (t) define the periodic part of the recovery proc-

Let HF (t) be the restoration function of a simple process, let HF' G(t) be the restoration function

of the general process formed by the first distribution function (t) and the following G (t)
Further [1, 6]

HFG(t)=F (t)+ [HFG(t—x)dG x) @)
0
In equation (1) we make the replacement
k-1
S(t) V( +cO+ZcF ) 3)
We obtain
k-1 k]+k2
V(1) +co+ 2 a,F" (1) =co( -0 (1)) + Zc FO)+ S ¢, FY
n=1 n=k,

ki1

—chF (t—x)do™ ( j( t—x +co+;cF )Jd(b(m(x).

Hence, to find the function (t) , Wwe obtain the integral equation

ky+ky—1

z c, jal )+IV(t—x)d(D(k2)(x). 4)
n=k 0
Let us make a replacement

V@):("‘f;]mg ®

n=k,

Equation (4) will be rewritten as

(1) =0(0)+ [ 71— x) o™ (), ©
kl+k2—lan(,,) (l)
Q(t) = zn:kl Tt : (7)

Z n=k c"

Note, that o) (t) and Q(t) are distribution functions, o) (t) — as a convolution of work dis-

tribution functions, and Q(¢ ) — mixture of distribution functions.
Comparing equations (6) and (2), we find that equation (6) defines the restoration function

HQ(D(kZ) (t) of the general process specified by the first distribution function Q(t), of the second
and subsequent ones o*) (t)
Thus,

Vi(t)= HOO™ (1), (8)
and taking into account (3), (5), (7), (8)

k-1 fy+hy -1
=CO+ZC,1F(")(1‘)+( > cn]HQ(D(kZ)(t)). 9)
n=1

n=k,
Taking into account (2)
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t
HO®"™ (1) = 0(t)+ [HO™ (¢ —x)dQ (), (10)
0
formula (9) will be written in the form

c0+Zc F" klikzll H(Q(t)+j-Hq)(kz)(t_x)dQ(x)],

n=k, 0

or taking account of (10)
ky+ky—1 k1+k2 -1 ¢
=c, + Z ,F(6)+ Y ¢, [HO (t=x)dF" (x)). (1)
n=k 0
We found that calculating the cost function comes down to calculating the finite number of convo-

lutions of distribution functions and finding the restoration function Ho'*) (t) of a simple restoration

process formed by the distribution function o) (t) , or restoration function /. Q(I)(k2) (t)

In the practical implementation of the obtained formulas (9), (10), (11), one can use numerical and
analytical methods for calculating convolutions and restoration functions, discussed in [1, 11]. We also
note that the resulting formulas make it possible to study the properties of the cost function and con-
sider various optimization problems based on strategies for carrying out the restoration process in
terms of price, quality, and risk. If, for example, we take the average number of failures as quality, the
average cost of restorations as price, and the dispersion of the number of failures or the cost of restora-
tions as the risk [1, 12—-15].

This work is a continuation of work [11] and it can be noted that the theorems on the asymptotic
behavior of the cost function obtained in [11] are much easier to obtain using the resulting formula for
representing the cost function (9).

The cost function for a simple restoration process with exponential distribution. We consider a
restoration process in which only the restoration costs ¢, change according to the law ¢, =c¢ ;» if the

indices i, j >k, when divided by k,, give the same excess. This corresponds to the common case

where failures result in full restorations, but the costs of restorations change, for example, only the
price of the element changes.
Let the operating time of the elements be distributed according to the exponential law

F (t) =1-e*,t>0. For this case, we obtain calculation formulas for calculating the cost function.

Taking into account, that » — multiple convolution of the distribution functions of independent
random variables is a function of the distribution of their sum, and that the Erlang order distribution »
is the distribution of the sum of random variables n distributed according to the exponential law, we
conclude that for the case under consideration

FU'(1)=F,,(t)=1~ ‘“tnzol“(oj? dF" (x ):dFe’n(x):e_”aEZi):)l!dx,

O (1)=F,, (1), HO™ (1) = HE,, (1).
F (t) — Erlang order distribution 7, and [1,6]

k . 27[
HF,, (t ):ki(m-l_Zl—( —e_m(l_c)) c=eh —cos(iﬂ)+isin(i—ﬁ} (12)
2 2

2 k=1 1—C
e_m[l_cos[zrkj] sin (atsin (iﬂ kj + X kj

_ ky—1 k
HF, (t):i at—u+lz. : :
ek k 2 2
2 k=1 . T
s1n(kj
2
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Now, according to (11)

ky+hy -1 k1+k2 ‘
=c,+ z c b, z c, J. HF,; (t—x)e ™ x""dx (13)
n=k;

Taking into account (12), when calculating S( ), the 1ntegrals included in formula (13) are
calculated explicitly. For example [16]

[P xmdx =5 t+2[ 1)’ (n= 1)"'6',€n_j+l)t”-/j+c.

When substituting

7 , :tﬂxnd_ 1/ 7’11) (l’l ]—I—l)] et n!
(Bn)(0)=] v f+z( y 2z s

in (13), we obtain
ke +hy 1

CO+ Z Cn e,n

at]( a,n-1)(t)-al(-a,n)(t)+

k1 +hy—1

+—Zc

2f1kl

Ema
+) .
2
We select the real part in (14):

7k ks —1
S k) eSO k, -1
1—c* = 2ie® sin| ZX | Y, == ¢t
(k j 1= Z g( j 2

(1(—a n—1)(t)—e_a(l_Ck)tI(—ack,n—1)(t))). (14)

2 ) k= c
2 ki 7rk1
ky—1 ky—1
=t ke b 1-k,
ReZ:,1 ~=Re = 2
—'1-¢ - .. T
k=1 k=l _Djsin—
k,
-1k
C A &
; e ( )I(—ac n 1)( )):
k
o 1—c¢
ky—1 —ack
S ety e
= (] 4 =~ +
k=1 —C —0oC

+
N
gh
I
~
~
—~
N
/‘\I
N
S
=l
Q@xl
~
N—"
N
L
|
~
N——

4 +(_1)n (n—l)z J:
(—a)'c™

an k=1 I—Ck
_mk;
k-1 -—at  k -1 _ _ 27
o 2o %e 2 N (l’l 1)(1’1 ]) o i
= + - t +
20 15 Sinik =1 a’
ky
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s (n_l)'l ky—1 e*gl e—Z’Tk]E:_l)ieimeatcos%eatsin%i _
20" = . 7k
Sin—-
k2
,Lki i
:_Lkrl e e /- +n_1 (n—l)(n—]) e_kizkjtnfli/ n
2053 i k /= @
k2
27k 27k irk(2n—1) .
) (n B 1) 'l foml em[lcoskzje[msmkzkzjl
20" i3 sinﬁ—k
k,
Therefore
(! "
Re z, e I(—ac n—l)(t) =
k=1 1—C
__L]%il 7mtn71 N & 1 nz—l (n_l) (l’l_]) sin k(2]+1) t" =
2a =1 2a k=1 . (ﬂ'kj j=1 a’ k2
Sin
k2
—at| 1-cos 27k —
(n_l)!kz*I e t[ [ : Jj sm[atsin(zsz ﬂk(}in I)J
. 2 2
T

Let us write down the formula for the cost function
ko +hey =1

S(t) =c,+ z c,F,, (t)+
n=1

L5 (n‘f"l)! (atJr1_2k2jl(—a,n—1)(t)—a](—a,n)(t)+

ky—1 —at k-1 n-1 _ g H
+Lze—attn—l +62 z 1 (l’l 1)(” J)Sin(ﬂk(zj+l)jtn_l_j +
a

2a k=1 k=1 . k Jj=1 aj k2
Sin
k,

e_a,[l_ws[i:;k]]sm(atsm ( 2,f ¢ j R I)J

2

20" = sin Tk
k,

We also consider the cost function during the process of restoring order (kl,kz), when the

operating time of the periodic part of the process is distributed according to the Erlang law of order m
with a parameter «.

Let @, (t)ZFQ)m)a (t) We find H®(k2)(t). Let us write down the integral equations for

HF,, (1), HO"™ ()

e,m,
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HF,, (t)=F,,,(t)+ [ HF,, (t-x)dF,, ,(x) (15)
HOY) (1) =0 (1) + [ HO™ (1 - x)do™ (x). (16)

Let there be given
F'(s)= j:e’”dF(x)

o

Laplace-Stieltjes  transform  function  F (x) [1,6]. Considering F:ma (S)I( N )",
s+a
(F*F,) (s)=F (s)F; (s), from (15),(16) we obtain
. a
H'F " 17
ema (8) = na (8) )" (17)
H'0") (5) = (—Z—y™ + H'd®) (5)(—Z—ym. (18)
St+a Ss+a

Comparing (17), (18), we conclude that
HO (1) = HF,,, . (1).

We found that the restoration function of a simple restoration process formed by k, multiple con-
volution of Erlang order m distributions with the parameter « is the restoration function of a simple
restoration process formed by an Erlang order mk, distribution with the same parameter o .

We have
HF, (t)z—(at+”% 1—k( —e‘“t(l“'k))
e,mk, o me H
,%" 2 .| 27
c=e 7’ =cos| — |t+isin| — |,
mk, mk,
—at| 1-cos zik
e [ [mkz ]]Sin[atsin(zsz+7IZkJ
_ mky— m m
HF;,mkz,a(t): 1 m_mkz 1+l . 2 2
me 2 2 =1 sin V/ k
mk,
Now in accordance with (11)
k1+k2 t
CO+ZCF z J.Fk‘ t x emm( )+
n=k 0
ky+k,— t mn—1
11Thy— B (Otx)
+ c |HF o ————dx 19
;:j j et (1= X)e (mn—1)! (19
Integral

(ax)mnfl dx

H —ax
j ot (1) a(mn—l)!

in (19) it is calculated similarly to the previous example with replacing k, by mk, and n by mn.

We also note that if additionally E(t)= Fe’l’B (t) , 1=1,2,..., k, =1, then F(")(t)= Fe,nz,ﬁ (t),

n=1,2,..., k;-1 and in accordance with (19)
kl+k2 t

Co"'zcn enlﬁ z .[F K 115 —-X dFe,mn,a(x)+

n=k,
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ki+ky =1t mn—1
—ar (aX)
HF t— “oa-——d
+ g:‘l cn£ i (1= X)e a(mn—l)! x

Conclusion

The most important performance indicators of technical and many other systems are random vari-
ables [17]. These are, for example, the operating time of the restored elements before failure, the num-
ber of failures and the cost of restoration during the restoration process. In the mathematical theory of
reliability, when studying restoration processes, the numerical characteristics of these quantities are
first considered, for example, the average and dispersion of the number of failures and the cost of res-
toration, through which various criteria for the optimality of restoration strategies are determined.

Considering that the recovery function for the model under consideration is well studied, the work
obtained a solution to the integral equation for the cost function through the recovery function of a
simple process specified by the convolution of all distribution functions of the periodic part. As a prac-
tical example, explicit formulas for the cost function are obtained for the restoration process, in which
the periodic part is distributed according to an exponential law or Erlang law of order m with the
same property «.

Note that the resulting formulas make it possible to study the properties of the cost function and
consider various optimization problems in strategies for carrying out the restoration process in terms
of price, quality, and risk. If, for example, we take the average number of failures as quality, the aver-
age cost of restorations as price, and the variance of the number of failures or the cost of restorations
as risk.

We also note that, along with the obtained formulas for calculating the cost function, limit theo-
rems for the cost of restorations (as a random variable), similar to those for the number of failures [3],
as well as finding the dispersion of the cost of restorations in the models under consideration will also
be important.
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