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Проектирование сети многопроцессорной вычислительной системы или дата-центра пред-

ставляет собой важную проблему, в рамках которой осуществляется поиск моделей графов, обла-

дающих привлекательными топологическими свойствами и позволяющих применять эффективные 

алгоритмы маршрутизации. Указанными свойствами, в частности такими, как высокая симмет-

рия, иерархическая структура, рекурсивная конструкция, высокая связность и отказоустойчи-

вость, обладают графы Кэли. Например, такие базовые топологии сети, как «кольцо», «гиперкуб» 

и «тор», являются графами Кэли. 

Определение графа Кэли подразумевает, что вершины графа являются элементами некоторой 

алгебраической группы. Выбор группы и ее порождающих элементов позволяет получить граф,  

отвечающий необходимым требованиям по диаметру, степени вершин, количеству узлов и т. д.  

Решению данной задачи посвящено большое количество научных статей и монографий. 

Для исследования графов Кэли, в первую очередь, необходимо разработать быстрые алгоритмы 

умножения элементов в данных группах. Такие алгоритмы помогают осуществлять эффективную 

маршрутизацию на соответствующих графах Кэли. 

Цель настоящей работы – создать алгоритм быстрого умножения элементов в конечных  

2-группах, т. е. в группах периода 2
n
.  

В первом разделе статьи дано теоретическое обоснование алгоритма. Показано, что элемен-

ты данных групп могут быть представлены в виде битовых строк, а их умножение осуществля-

ется на основе полиномов Жегалкина.  

Во втором разделе представлен псевдокод алгоритма, на основе которого вычисляются поли-

номы Жегалкина. На первом этапе алгоритма вычисляется pc-представление группы, на основе 

которого получают полиномы Холла. На заключительном этапе полиномы Холла преобразуются  

в полиномы Жегалкина. 

В третьем разделе продемонстрирован пример получения полиномов Жегалкина для двупорож-

деной группы периода 4.  

В заключении рассматриваются перспективы применения алгоритма на реальных вычислитель-

ных устройствах. Отмечается, что предложенное представление элементов группы в форме би-

товых векторов позволяет применять их даже на самых примитивных микроконтроллерах.   
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Network design for a multiprocessor computing system or data center is an important problem where 

the search for graph models that have attractive topological properties and allow the use of efficient rout-

ing algorithms is carried out. Cayley graphs have the indicated properties, in particular such as high sym-

metry, hierarchical structure, recursive design, high connectivity and fault tolerance.  

The definition of the Cayley graph implies that the vertices of the graph are elements of some algebraic 

group. Selecting a group and its generating elements allows us to obtain a graph that meets the necessary 

requirements for diameter, degree of vertices, number of nodes, etc. A large number of scientific articles 

and monographs are devoted to solving this problem. 

The goal of this work is to create an algorithm for fast multiplication of elements in finite 2-groups 

whose exponent is 2
n
. 

The first section of the article provides a theoretical justification for the algorithm for fast multiplica-

tion in finite 2-groups. It is shown that elements of these groups can be represented in the form of bit 

strings, and their multiplication is carried out based on the Zhegalkin polynomials. 

The second section presents the pseudocode of the algorithm on the basis of which the Zhegalkin poly-

nomials are calculated. 

The third section demonstrates an example of obtaining the Zhegalkin polynomials for a two-generated 

group of exponent 4. 

In conclusion, the prospects for using the algorithm on the real hardware are discussed. 

 

Keywords: 2-group, the Cayley graph, the Zhegalkin polynomial. 

 
 

Introduction 

Designing a network of a multiprocessor computing system (MCS) or a data center is an important 

problem in which graph models are searched for that have attractive topological properties and allow 

the use of effective routing algorithms. Cayley graphs possess these properties, in particular such as 

high symmetry, hierarchical structure, recursive construction, high connectivity and fault tolerance [1]. 

For example, such basic network topologies as "ring", "hypercube" and "torus" are Cayley graphs.  

The definition of a Cayley graph implies that the vertices of the graph are elements of some 

algebraic group. The choice of the group and its generating elements allows us to obtain a graph [2] 

that meets the necessary requirements in diameter, degree of vertices, number of nodes, etc. A large 

number of scientific articles and monographs have been devoted to solving this problem, among which 

we highlight the works [3–15]. 

As it was said, one of the widely used MCS topologies is the k-dimensional hypercube. This graph 

is given by the k-generated Burnside group of exponent 2. This group has a simple structure and is 

equal to the direct product of k instances of a cyclic 2-group. A generalization of the hypercube is an 

n-dimensional torus, which is generated by the direct multiplication of n instances of cyclic subgroups 

whose orders may not coincide. In articles [16–19], Cayley graphs of Burnside groups of exponents 3, 

4, 5 and 7 are studied.  

To study Cayley graphs generated by groups of higher exponents, first of all, it is necessary to 

develop fast algorithms for multiplying elements in these groups. Such algorithms help to implement 

efficient routing on the corresponding Cayley graphs. 
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The purpose of this work is to create an algorithm for fast multiplication of elements in finite  

2-groups, i.e. in groups of exponent 
2n

.   

The first section of the article provides a theoretical justification for the algorithm of fast 

multiplication in finite 2-groups. It is shown that the elements of these groups can be represented as bit 

strings, and their multiplication is carried out on the basis of Zhegalkin polynomials. 

The second section presents the pseudocode of the algorithm on the basis of which the Zhegalkin 

polynomials are calculated.  

In the third section, an example of obtaining Zhegalkin polynomials for a two-generated group of 

exponent 4 is demonstrated. 

In conclusion, the prospects of using the algorithm on real computing devices are considered.  
 

1. Proof of the main result 

The theorem. Let G be an arbitrary finite group 2-a group whose order is equal to 2n . 

Then the following statements will be true: 

1. 1 2( ,..., .)n
nx G x x x    Z  

2. 2( ,, , : )i ix y z G x y z xz f y      Z , where ( , )if x y are some Zhegalkin polynomials. 

 

Proof. Any finite 2-group G has a pc-presentation (power commutator presentation [3; 4]):  

1
2

{ , , ,1 , [ , ] ,1 },n i ii k j jkG a a a v i n a a v j k n        ∣  

where the word jkv at is 1 j k n   expressed in terms of as 1, ,k na a  follows: 

1
21 , .k nx x

jk n ikv a a x
  Z  

In this case 

1
21 , .nx x

inx G x a a x     Z  

Each element of the group x is uniquely defined in terms of degrees 1, , nx x , so we can write the 

elements of the group as follows: 

1 2( ,..., .)n
nx G x x x    Z  

Thus, we can naturally represent the elements of the group in the form of  

Boolean (bit) vectors of dimension n. 

Let 1( ,..., )nx x x and 1( ,..., )ny y y be two arbitrary elements of the group G , consider their 

multiplication 1( ,.. )., nzx y z z   . 

The calculation of degrees is iz traditionally carried out on the basis of the collective Hall process 

[3; 4]. However, there is a more efficient way to multiply elements based on Hall polynomials [20]. 

In this case 

1 1 1 1 2( , , , , , ), , , .i i i i i i i i iz x y p x x y y x y z      Z  

Note that the multiplication and addition operations in the field are 2Z  identical to the Boolean 

operations "and", as well as the exclusive "or", respectively. By performing the specified substitution 

of operations in Hall polynomials, we obtain Zhegalkin polynomials [21]. Thus, 

2( ,, , : )i ix y z G x y z xz f y      Z , 

where ( , )if x y  are some Zhegalkin polynomials. 

 

2. Algorithm for calculating Zhegalkin polynomials 

In this section, we consider an algorithm for calculating Zhegalkin polynomials for a finite  

2-group G. The input algorithm knows such parameters of the group as the number of generating 
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elements, the order of G and its exponent. Also, the nilpotence level of the group may appear as an 

input data. 

The pseudocode of the algorithm is shown below.   

 

Input: G – finite group 2-group G 

Output: Zhegalkin polynomials for group G 

1. pq( )pc G  – we calculate the pc-presentation of the group using the p-quotient algorithm [3, 4]. 

Note that this algorithm has already been implemented in computer algebra systems such as GAP and 

Magma. 

2. Hall( )H pc  – based on the pc-presentation, we calculate the Hall polynomials using the 

algorithm from [22]. 

3. Zhegalkin( )F H  – we obtain Zhegalkin polynomials from Hall polynomials by replacing the 

multiplication and summing operations in the field with 2Z  identical Boolean operations "and",  

as well as the exclusive "or", respectively. 

 

3. An example 

As an example, consider the maximum two - generated finite 1 2,G a a   period group 22 4 , 

which is usually denoted by (2,4)B or 2 (4)B . The order of this group is equal 122 , and for each 

element of G there is a unique pc-presentation of the form 1 12
1 12
x x

a a , where 2ix Z , 1,2, ,12i   .  

Here 1a and 2a are the generating elements G , 3 12,a a calculated recursively through 1a and 2a . 

We obtain a GAP pc-presentation of this group in the computer algebra system. 

For brevity, trivial commutator relations are not given (for example, such as 4 1[ , ] 1a a  , etc.). 

2
1 4a a , 2

2 5a a , 2
3 8 9 10 11 12a a a a a a , 2

4 1a  , 2
5 1a  , 2

6 11a a , 2
7 11 12a a a , 2 1ia   (8 12)i  , 

3 1 6[ , ]a a a , 3 2 7[ , ]a a a , 4 2 6 8 9 10 12[ , ]a a a a a a a , 4 3 8 11[ , ]a a a a , 5 1 7 8 9 10[ , ]a a a a a a , 

5 3 10 11 12[ , ]a a a a a , 5 4 9 11[ , ]a a a a , 6 1 8[ , ]a a a , 6 2 9[ , ]a a a , 6 3 11[ , ]a a a , 6 4 11[ , ]a a a , 

6 5 11[ , ]a a a , 7 1 9 12[ , ]a a a a , 7 2 10[ , ]a a a , 7 3 11 12[ , ]a a a a , 7 4 11 12[ , ]a a a a , 7 5 11 12[ , ]a a a a , 

8 1 11[ , ]a a a , 8 2 12[ , ]a a a , 9 1 11 12[ , ]a a a a , 9 2 11[ , ]a a a , 10 1 12[ , ]a a a , 10 2 11 12[ , ]a a a a . 

Calculate the Hall polynomials of group G for generating elements 1a and 2a based on the 

algorithm from [22]:   

 

1) 1 12 1 12
1 1 12 1 12

y y z z
a a a a a    , where 

1 1 1,z y   

2 2 ,z y  

3 3 ,z y  

4 1 4 ,z y y   

5 5 ,z y  

6 6 1 2 ,z y y y   

7 7 ,z y  

8 8 1 2 1 3 ,z y y y y y    

9 9 1 2 ,z y y y   

10 10 1 2 ,z y y y   

11 11 1 3 1 2 3 1 2 4 1 2 5 1 2 6 ,z y y y y y y y y y y y y y y y       

12 12 1 2z y y y  ; 
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2) 1 12 1 12
2 1 12 1 12

y y z z
a a a a a    , where 

1 1,z y  

2 2 1,z y   

3 1 3 ,z y y   

4 4 ,z y  

5 2 5 ,z y y   

6 6 ,z y  

7 7 1 2 ,z y y y   

8 8 1 3 ,z y y y   

9 9 1 3 2 4 ,z y y y y y    

10 10 1 2 1 3 2 3 ,z y y y y y y y     

11 11 1 2 1 3 2 3 2 4 1 2 3 1 2 4 1 2 5 1 2 7 ,z y y y y y y y y y y y y y y y y y y y y y          

12 12 1 2 1 3 2 3 1 2 3 1 2 4 1 2 5 1 2 7z y y y y y y y y y y y y y y y y y y y        . 

 

Replace the multiplication and summing operations with the Boolean operations "and", as well as 

the exclusive "or", respectively. As a result, we obtain the Zhegalkin polynomials.   

Each element of the group is a bit string 1 2 12( , , , )z z z .  Thus, it will (2,4)B  take 12 bits to encode 

one element in. In general, if the order of the group is equal 2n
, then it will take n bits to store one 

element. 

 
Conclusion 

In conclusion, we say that in tasks requiring the calculation of a large number of multiplications of 

group elements, the method described in this paper will dramatically reduce the running time of 

computer programs. For example, one of these problems is the task of finding the shortest routes on 

Cayley graphs, which are often used in the design of topologies for interprocessor connection 

networks in supercomputers, as well as data centers. 

In addition, it should be noted that the proposed presentation of the group elements in the form of 

bit vectors allows them to be used even on the most primitive microcontrollers.   
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