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Ilpoexmuposanue cemu MHO2ONPOYECCOPHOU BHIMUCTUMETLHOU CUCMeMbl UTU OaMma-yenmpa npeo-
cmaeasem coboll 8aNCHYIO NPobaeMy, 8 PAMKAX KOMOPOU 0CYUeCmeisiemcs nouck mooeneti epagos, oona-
0aroWUx NPUBTIEKAMENbHLIMU TMONOI0SULECKUMU CBOLCMBAMU U NO3BOJSLIOUUX NPUMEHAMb I¢hekmusHble
An2OPUMMbBL MAPWPYMU3AYUYU. YKA3AHHBIMU CEOUCMBAMU, 8 YACMHOCIU MAKUMU, KAK GbICOKAS CUMMENI-
pusl, uepapxudeckas Cmpykmypd, pPeKypCUSHAsi KOHCMPYKYUA, 6bICOKAS CA3HOCMb U OMKA30YCMoudu-
socms, obnaoarom epagvl Konu. Hanpumep, maxue 6azogvle mononio2uu cemu, Kak «KOJIbYoy, «2Unepryoy
u «mopy, asnaomesa epagamu Kanu.

Onpeoenenue epagha Konu noopazymesaem, umo sepuiuHvl epapa A61A0mMcst S1eMeHmami. HeKomopou
aneebpauueckou epynnol. Bvibop epynnvl u ee nopoocoarowux s1emMenmos no3eonsen nomyuums 2pag,
omeeuarowuil. HeoOX0OUMbIM MPebOoBAHUAM NO OUAMempy, CMEeneHy 8ePUIUH, KOAULeCmsy Y3108 U m. 0.
Pewenuro oanrnotl 3a0auu nocesujeno 6oabUOe KOIUYECHBO HAYUHBIX Cmamell U MOHO2paPuil.

s uccnedosanus epagos Konu, 6 nepsyio ouepedn, Heobxooumo paspabomamse Obicmpble aneOpUmmbl
VMHOJICEHUSL IAEMEHMO8 8 OAHHBIX epynnax. Taxue aneopummovl NOMO2AIOM OCYUeCMEIMb dPPEKMUBHYIO
mapuipymusayuio Ha coomeemcmeyiouux epagpax Kanu.

Lenv Hacmosweti pabomvl — c030amb an20PUMM ObICMPO20 VYMHONCEHUS DNIEMEHINO08 6 KOHEUHbIX
2-2pynnax, m. e. 6 2pynnax nepuooa 2".

B nepsom pazoene cmamvu oano meopemuueckoe obocroganue areopumma. Ilokasano, umo snemen-
Mbl OAHHBIX 2PYRN MO2YM Oblmb NPedcmasiienvl 8 gude OUMOBbIX CMPOK, A UX YMHONCEHUE OCYUWeCmes-
emcs Ha 0CHO8e nouHOMo8 JKezankuna.

Bo emopom pazdene npedcmagnen nceg0oxko0 aneopumma, Ha OCHOBe KOMOPO2O GbIUUCTAIOMCA NOJU-
Hombl JKeeankuna. Ha nepgom smane ancopumma 6bIMUCIAEMC PC-NPeOCmagieHue epynnvl, Ha OCHOBe
KOMopo2o noayyaom noaunomvt Xoana. Ha saxmouumensrom smane noaunomwvt Xoana npeoopazyiomcs
6 nonunomwl JKezankuna.

B mpemvem pazdene npodemoncmpuposan npumep noyuerus noauHomos Keeankuna ona 08ynopooic-
Oenotl epynnvl nepuooda 4.

B 3axnrouenuu paccmampusaromes nepcnekmuebl NPUMeHeHUsl AICOPUMMA HA PEATbHbIX GbIUUCIUMENb-
Holx yempoticmeax. Ommeuaemcsi, ymo npednodiceHHoe npedCmasienue INeMenmos epynnsl 6 gopme ou-
MOBLIX BEKMOPO8 NO360JIAem NPUMEHAMb UX 0adCe HA CaMbIX NPUMUMUBHBIX MUKPOKOHMPOJLIEPAX.

Kioueswvie crosa: 2-epynna, epagh Kaau, norunom )Keeankuna.
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Network design for a multiprocessor computing system or data center is an important problem where
the search for graph models that have attractive topological properties and allow the use of efficient rout-
ing algorithms is carried out. Cayley graphs have the indicated properties, in particular such as high sym-
metry, hierarchical structure, recursive design, high connectivity and fault tolerance.

The definition of the Cayley graph implies that the vertices of the graph are elements of some algebraic
group. Selecting a group and its generating elements allows us to obtain a graph that meets the necessary
requirements for diameter, degree of vertices, number of nodes, etc. A large number of scientific articles
and monographs are devoted to solving this problem.

The goal of this work is to create an algorithm for fast multiplication of elements in finite 2-groups
whose exponent is 2".

The first section of the article provides a theoretical justification for the algorithm for fast multiplica-
tion in finite 2-groups. It is shown that elements of these groups can be represented in the form of bit
strings, and their multiplication is carried out based on the Zhegalkin polynomials.

The second section presents the pseudocode of the algorithm on the basis of which the Zhegalkin poly-
nomials are calculated.

The third section demonstrates an example of obtaining the Zhegalkin polynomials for a two-generated
group of exponent 4.

In conclusion, the prospects for using the algorithm on the real hardware are discussed.

Keywords: 2-group, the Cayley graph, the Zhegalkin polynomial.

Introduction

Designing a network of a multiprocessor computing system (MCS) or a data center is an important
problem in which graph models are searched for that have attractive topological properties and allow
the use of effective routing algorithms. Cayley graphs possess these properties, in particular such as
high symmetry, hierarchical structure, recursive construction, high connectivity and fault tolerance [1].
For example, such basic network topologies as "ring", "hypercube" and "torus" are Cayley graphs.

The definition of a Cayley graph implies that the vertices of the graph are elements of some
algebraic group. The choice of the group and its generating elements allows us to obtain a graph [2]
that meets the necessary requirements in diameter, degree of vertices, number of nodes, etc. A large
number of scientific articles and monographs have been devoted to solving this problem, among which
we highlight the works [3-15].

As it was said, one of the widely used MCS topologies is the k-dimensional hypercube. This graph
is given by the k-generated Burnside group of exponent 2. This group has a simple structure and is
equal to the direct product of & instances of a cyclic 2-group. A generalization of the hypercube is an
n-dimensional torus, which is generated by the direct multiplication of # instances of cyclic subgroups
whose orders may not coincide. In articles [16—19], Cayley graphs of Burnside groups of exponents 3,
4, 5 and 7 are studied.

To study Cayley graphs generated by groups of higher exponents, first of all, it is necessary to
develop fast algorithms for multiplying elements in these groups. Such algorithms help to implement
efficient routing on the corresponding Cayley graphs.
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The purpose of this work is to create an algorithm for fast multiplication of elements in finite
2-groups, i.e. in groups of exponent *".

The first section of the article provides a theoretical justification for the algorithm of fast
multiplication in finite 2-groups. It is shown that the elements of these groups can be represented as bit
strings, and their multiplication is carried out on the basis of Zhegalkin polynomials.

The second section presents the pseudocode of the algorithm on the basis of which the Zhegalkin
polynomials are calculated.

In the third section, an example of obtaining Zhegalkin polynomials for a two-generated group of
exponent 4 is demonstrated.

In conclusion, the prospects of using the algorithm on real computing devices are considered.

1. Proof of the main result

The theorem. Let G be an arbitrary finite group 2-a group whose order is equal to 2".
Then the following statements will be true:

l. Vxe G= x=(x,..., x,) € Z).
2. Vx,y,z€G:x-y=z=z; = f,(x,y) € L, , where f,(x,y)are some Zhegalkin polynomials.

Proof. Any finite 2-group G has a pc-presentation (power commutator presentation [3; 4]):

2
G={a,...,a,la; =v;

o

ISiSn,[ak,aj]=vjk,lﬁj<k3n},
where the word v, atis 1< j <k <nexpressed in terms of as a;,,,...,a, follows:

— 4 %k+1 Xn
v =aiita), x; €Ly,

In this case

VxeG=>x=a"...a,", x; €L,.

Each element of the group x is uniquely defined in terms of degrees x,,...,x, , SO we can write the

oM s

elements of the group as follows:
VxeG = x=(x,..,x,) €ZL.

Thus, we can naturally represent the elements of the group in the form of
Boolean (bit) vectors of dimension 7.
Let x=(x,...,x,)and y=(y,..., ,) be two arbitrary elements of the group G, consider their

multiplication x-y =z=(z,...,z,).
The calculation of degrees is z,traditionally carried out on the basis of the collective Hall process

[3; 4]. However, there is a more efficient way to multiply elements based on Hall polynomials [20].
In this case

Z; =X+ Y+ Di(X s s Xy Vs Vin))s X5 Vi 2 € Ly

Note that the multiplication and addition operations in the field are Z, identical to the Boolean

operations "and", as well as the exclusive "or", respectively. By performing the specified substitution
of operations in Hall polynomials, we obtain Zhegalkin polynomials [21]. Thus,

Vx,y,2€G:x-y=z=z = f;(x,y)€Z,,

where f,(x,y) are some Zhegalkin polynomials.

2. Algorithm for calculating Zhegalkin polynomials
In this section, we consider an algorithm for calculating Zhegalkin polynomials for a finite
2-group G. The input algorithm knows such parameters of the group as the number of generating
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elements, the order of G and its exponent. Also, the nilpotence level of the group may appear as an
input data.
The pseudocode of the algorithm is shown below.

Input: G — finite group 2-group G
Output: Zhegalkin polynomials for group G
1. pc =pq(G) — we calculate the pc-presentation of the group using the p-quotient algorithm [3, 4].

Note that this algorithm has already been implemented in computer algebra systems such as GAP and
Magma.
2. H =Hall(pc) — based on the pc-presentation, we calculate the Hall polynomials using the

algorithm from [22].
3. F =Zhegalkin(H) — we obtain Zhegalkin polynomials from Hall polynomials by replacing the

multiplication and summing operations in the field with Z, identical Boolean operations "and",

as well as the exclusive "or", respectively.

3. An example

As an example, consider the maximum two - generated finite G =(q,,a,) period group 22 =4,
which is usually denoted by B(2,4) or B,(4). The order of this group is equal 2! and for each

element of G there is a unique pc-presentation of the form 4" ... 3%, where x, €Z,, i=12,...,12.
Here a, and a, are the generating elements G, a5 ..., a,, calculated recursively through «, and a,.
We obtain a GAP pc-presentation of this group in the computer algebra system.

For brevity, trivial commutator relations are not given (for example, such as[a,,a,] =1, etc.).

2 _ 2 _ 2 _ 2 _ 2 _ 2 _ 2 _ 2 _ ,
ai =ay, a; =das, ay =dglo@oaydyy, Ay =1, as =1, ag=ay, a; =aya,, a; =1 (8<i<l2),

[as,4]=ag, [as,a,]1= a7, lay,a;]= agagagayoay, , lay,a3]= g, las,a ] = a;a3a9a, ,
las,a3]= apanay s las,az]=agay,,  lag,a]=ag, [ag,ayl=ay, [ag,a5]=ay, [ag,a4]=ay,
lag.as]=ay, [ag,a]=aay, (a7, aqp]=ay, la.a3]=apay, lar,a,]=anay,, lag,a5]=aya,,
lag.a]=ayy, [ag,ay]=ayy , [ag,a1]=apay, , [ag,ay]= a4y, [ayg,a1] = ayy 5 [ayg,a5] = ayay, -

Calculate the Hall polynomials of group G for generating elements g, and a,based on the
algorithm from [22]:

21

D) a-a"...a)3* =a"...a3% , where

z=y +1,

Z3 =2

Z3 = D3

Zyg =Nt Vs

Zs =Vs,

Zg = Ve T V1)2s
Z7=)75

Zg =Yg T2 t s,
Zg =Yo + V2>

Z10 = Y10 T Vi)2s

2 = N3 T3 T Ve Ve T V12 Ys + V1Y2Veo
Zip =Y TN
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a1 Y12 _ 2 212
2) ay-ai'...a;* =a;"...a;)* , where

=0

z =y +1,
=Nty
Z4 = Vs>

Zs =2 T s,
Z6 = Vo>

Z7 =7 T V)
Zg =Yg t )3

Z9 =V T V1V3 T V2 Vs,

Zip = V10 TNV V13 + D03,

IN=Yn TNV TNY3 T V23 T V2 YVa Y V23 T V2 Va N2 Vs T V10a)gs
I =Y TV TV Vs t VY3 T ViaVa T Vi Ys F N2V -

Replace the multiplication and summing operations with the Boolean operations "and", as well as
the exclusive "or", respectively. As a result, we obtain the Zhegalkin polynomials.
Each element of the group is a bit string (z,,z,,...,z,,). Thus, it will B(2,4) take 12 bits to encode

one element in. In general, if the order of the group is equal 2", then it will take n bits to store one
element.

Conclusion

In conclusion, we say that in tasks requiring the calculation of a large number of multiplications of
group elements, the method described in this paper will dramatically reduce the running time of
computer programs. For example, one of these problems is the task of finding the shortest routes on
Cayley graphs, which are often used in the design of topologies for interprocessor connection
networks in supercomputers, as well as data centers.

In addition, it should be noted that the proposed presentation of the group elements in the form of
bit vectors allows them to be used even on the most primitive microcontrollers.
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