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Komnosuyuonnvie mamepuanvt wupoko UCnob3ylOmcst NPakmu4ecku 60 6cex chepax HAyKu, MeXHUKU,
6e3 HUX COBPEMEHHAsL HCU3Hb He Mblcauma. Mexanuka oepopmupyemozo meepoozo mena cqhopmuposaracs u
OKpenna Kak HAyKa Ha uzydyenuu mamepuanog, ucnoavzyemvix ¢ 19 u 20 és. Komnosuyuonnvie mamepuanvl
nompe608an Ho8blX CNOCOO08 KAK Meopemu4ecko2o, maxk U dKCRepuUMeHmaibho2o uzyyenus. Ocobou npo-
baemotl cmano onpeoeneHue HanpIXNCeHull U 0eopmayull, 6O3HUKAIOWUX 8 MeCMAX KOHMAKMA MAMpPuybl ¢
sonokHamu. borvuyio pors 6 cospemennoll mexuuke uepaom KOMRO3UMbL ¢ RAACMUYECKOU Mampuyet. dmu
Mamepuanvl YCnewHo CAPAGIsIONCsl ¢ MPeuwjuHooopasoeanuem 1 CyWeCmeeHHo 3aMe0sion POCH MPEWuH.
B nacmosuweii cmamve pewena 3a0aua 0 HANPINCEHHOM COCMOSHUU KOMNO3UYUOHHO20 Opyca ¢ ynpyeo-
RAGCMUYECKOU MAMpPuyel U Ynpyeumu G0JIOKHAMU, PACNOLONCEHHbIMU 80016 ocu Opyca. [Ipeononrazaemcsi,
Umo @ 30He KOHMAKmMa Mampuyvl ¢ 6oaokHamu, no mooemu 0. H. Pabomnosa, peanusyemcst nocmosmHoe
KacamebHoe Hanpscenue, Menvuuee, yem npedei mekyuecmu 601okHa. Ooun Koney bpyca 3aKpeniieH, a Ha
6Mopotl — Oelicmeyem NOCMOSHHASL CUNA, NPUTLONCEHHAS. K YEHMPY MANCECMU, COBNAOAIOWEMY C HAUYAIOM
Koopounam. Ilpeononazaemcs, umo Ha c60000HOU epanuye Opyca u 8 Mecmax KOHMaxKma opyca ¢ 80J0KHA-
MU HaAnpsicenusi 00Cmueaom npedena nIacmuyHocmu. 3a0aya pewena ¢ nOMOubI0 3aKOHO8 COXPAHEHUs.
Dmo nossonsiem céecmu HAXOHCOCHUe HANPANCEHHO20 COCMOSHUSL 8 NPOU3BOSILHOU MOYKe CeYeHUsl K 6bIHUC-
JIEHUIO0 UHMESPalos No BHeWH el epanuye Opyca u Spanuyam Mampuybl U 60J10KOH.

Knrouesvie cnosa: komnosummulii 6pyc, HANpSICEHHOE COCMOsSIHUE, 3AKOHbL COXPAHEeHUst Ougdpepernyu-
ANbHBIX YPABHEHULL.
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Technologies and production widely use composite materials now. “Mechanics of deformable solids”
was formed as a science based on the study of materials used in the 19th and 20th centuries. Modern com-
posite materials require new theoretical and experimental studies. Determining the stresses and deforma-
tions that occur at the points of contact of the matrix with the fibers is a special problem. Composites with
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a plastic matrix play an important role in modern technology. These materials successfully cope with
cracking and significantly slow down the growth of cracks. In this article, the problem of the stress state of
a composite beam with an elastic-plastic matrix and elastic fibers located along the axis of the beam is
solved. It is assumed that in the zone of contact of the matrix with the fibers, according to the model of Yu.
N. Rabotnov, a constant tangential stress is realized, less than the yield strength of the fiber. One end of the
beam is fixed, and a constant force applied to the center of gravity coinciding with the origin of coordinates
acts on the second. It is assumed that at the free boundary of the beam and at the points of contact of the
beam with the fibers, the stresses reach the plasticity limit. The problem is solved with the help of conserva-
tion laws. This makes it possible to find the stress state at an arbitrary point of the section as a calculation
of integrals along the outer boundary of the beam and the boundaries of the matrix and fibers.

Keywords: composite beam, stress state, conservation laws of differential equations.

Introduction

Currently, much attention is paid to comprehensive research of composite materials. Thus, in [1] mul-
tilayer armor was developed — aluminum oxide ceramics (woven material), reinforced with epoxy resin
and aluminum alloy. In [2], the vibrations of a composite beam made of a functionally gradient material
in two directions reinforced with carbon nanotubes were studied. In [3], the effectiveness of various
schemes for cladding a plate with composite coatings was determined and compared. B [4] uccienosa-
Ha YCTOWMYMBOCThH MOAKPEIDIEHHOTO OTceka (DI03eshka caMoJieTa, BHITIOIHEHHOTO U3 KOMITO3UIIMOHHOTO
MaTepHaia, IpH YMCTOM M3TM0e M Harpy)KeHHHM BHYTpEeHHMM aaBjieHueM. In [4], the stability of a rein-
forced aircraft fuselage compartment made of a composite material was studied under pure bending and
internal pressure loading. In [5], studies of the resistance of the formed composite material under high-
speed impact were carried out. In [6], a mathematical formulation of the problem of forced steady-state
and natural vibrations of the smart systems under consideration is given, as well as the results of numeri-
cal calculations, from which it follows that graphene composites can be used for additional damping of
vibrations of smart structures based on piezoelectric elements. In [7], based on the finite element method,
a computational algorithm was developed to solve a limited class of problems on the bending of compos-
ite plates reinforced with systems of unidirectional high-strength fibers. A model of dynamic deforma-
tion and fracture of composite materials has been developed, which takes into account the nonlinearity of
impact loading diagrams with hardening depending on the strain rate 8] .

In [9], Yu. N. Rabotnov proposed a model of a composite material with an elastic-plastic binder
and elastic fibers. In this case, a constant shear stress acts between the fibers and the binder during
loading. Based on this model, this article examines the stress state of a beam made of composite mate-
rials. The problem was solved using conservation laws constructed for a system of differential equa-
tions describing the stressed state of the beam. The methodology for constructing conservation laws
can be found in [10; 11]. Conservation laws make it possible to effectively solve boundary value prob-
lems for a number of equations of mechanics of a deformable solid. Examples of solutions for such
problems can be found in [12-15].

Formulation of the problem
We consider a beam made of elastic-plastic material, reinforced with n elastic fibers. One end of the

beam is fixed at point Z = 0 at the second end of the beam Z =1 aload of weight P ig suspended at the
origin, which coincides with the center of gravity of the section (Fig. 1).

G

The timber matrix has an elastic modulus and a pure shear yield strength ks

The fibers are located along the axis of the beam in a random order parallel to the axis . Each fiber
has a circular cross-section, the center of the fiber is located at the point with coordinates (X 21), fi-
ber radius is R, moxyis elastic modulus ynpyroctu Oi. The yield strength of the fibers exceeds the

yield strength of the matrix. The shear stress between the fiber and the matrix is T < k.
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Fig. 1. A fiber beam with a suspended load

The given process is described by the equilibrium equation and the equations of compatibility of
deformations [13]:
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From the last two equations (1), taking into account the first, we obtain
ot ot,, P
Xz _ V. \4 _ 2K, (2)

oy ox :1(1+v)y

where K g constant, which is the angle of rotation of the volumetric element of the beam relative to

T,.,0

Z; sz’

yz>9z 1is stress tensor components; S is beam cross section; { is moment of inertia

the axis

about the axis »; V is Poisson's ratio.
The boundary conditions on the side surface of the beam, free from stress and in a plastic state,
have the form

Tly +7T,,my =0, ™ +’Eiz =k*=k!-1/3c2,
where "> ™y are COmponents of the normal vector to the lateral surface, which can be written as
T, =Fmk,t,, =tnk. 3)
At the boundary between the fiber and the matrix, the following conditions are met:

_ 2 2 _ 2
Ty =Tl =T, T, + 1), =k°,

where 7>™; are components of the normal vector to the lateral surface of the i-th fiber, which we write

in the form
sz=mirini\/k2—r2,ryz=nir¥mi\/k2—12. 4)
Next, in formulas (3)—(4), the upper sign is selected.

Conservation laws for equations (1)—(2)
For the convenience of further calculations, we introduce the following notation:

T, =UT

=V

Then problem (1)—(4) will be written as follows:
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F=u,—v,+Px/1=0,

)
Py y+2K =0,

F,=u,—v -
2T (+v)

on the side surface:
u=-mk,v=nk,
at the fiber-matrix interface:

u=mt+nNk> -1, v=nt-m~Nk* -1

We call the conservation law for the system of equations (5) an expression of the form
Definition

A, (x, y,u,v)+ B, (x, y,u,v) =0 F) + 0, F, (6)

where ®1,®; are some linear operators that are not identically equal to zero at the same time.
More details on the technique of calculating conservation laws and their use can be found in [3-5] .
Let it be

A=a1u+[31v+y1,B=0L2u+[32v+y2, 7

where @'.B'." are functions only from *>J-
Substituting (7) into (6) we get

2

1 2 1 2
O(.x+(1y:0, Bx+By:09 (xl =0, Bl =—0,, 0" =,, Bzzg)l’

Yy +v5 == Px /1 +P'[2K — Pvy / (I(1+V))].
This implies
a, B, =0, B, +al =0,
1,2 1 (®)
Yy ¥V == Px/ 1 +B[2K - Pvy/(I(1+V))]
for the system of equations we consider (8) two solutions that have singularities Xo-Yo at an arbi-
trary point of the section:

1) o = X=X, 1__ Y=o
(x=x0)* +(y =) (x=x9)* + (¥ =)’
P =0, =g X0 Y (e areg 220 )
1 x—xy, I(1+v) X=X, X=X,

+%ln((x_x0)2 +(r =) = KIn((x—x))* + (¥ = »)°),

2) ol = Y=Y 1 _ )
(x_xo)2+(y_)’o)2 (x—x0)2+(y—y0)2
v =0, y?=2Karctg2 20 _ [yparctg 222 + 220 In((x = x)2 + (¥ = 1)) = (10)
x=x, I1(0+v) X=X, 2

P 2
—2—"11n«x—x0)2 + (=),

where *0-Yo are constants.
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Calculation of the stress state at a point ‘o> Vo

Let (X0:Y0) bea arbitrary point belonging to the connector, and let the conserved current at this
point have a singularity of the form (9) or (10). Then from (6) it follows

ﬂ(Ax + B, )dxdy = [_ﬂAdy—de—Zn:mAdy—de—mAdy—de:0, (11)
S

Iy i=1 I €
where € is circle (x— X, ) +(y —yo)2 =¢’ (Fig. 2).
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Fig. 2. Calculation of the stress state at a point Xo>)o

We consider solution (9), assuming * = Xo = €C0SQ, ¥ — ¥, =&SINQ  then from (11) taking into ac-
count (9), where € >0, we get

X=X Y=Y
2Tc‘cxz (XO’yO) = (mOk . - nOk )dy -
E‘E (x—x0)2+(y—y0)2 (x—x0)2+(y—y0)2
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i=1 [ (x—x0)2+(y—y0)2 (x—x0)2+(y—y0)2
—~((mt+nNkK* —1%) );_yo >
(x=x)"+(¥y =)

+(nt+m K —17) Ny
(x=x0)" +(y-Y)

X% +y2)dx+

Ydy — (12)

We consider another solution to equations (8) of the form (9). Repeating the previous arguments
almost verbatim with solution (12), we obtain

Y= X=Xy
27t3(X9, ) = [|] (mpk +nok )dy —
IEQ (x—x0)2+(y—y0)2 (x—x0)2+(y—y0)2
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29



Siberian Aerospace Journal. Vol. 25, No. 1

Conclusion
The resulting formulas make it possible to calculate the stress state at any point of the binder mate-

rial. The points where Tiz + Tf}z =k , will be in a plastic state, other points of the medium, as well as
fibers, will remain elastic. The proposed solution method allows us to construct an elastic-plastic
boundary in a bendable composite beam and thereby evaluate its load-bearing capacity. The variety of
composites [14 — 16] and their enormous practical importance allow us to hope that the methodology
proposed by the authors will make it possible to evaluate the strength of structures made from compos-
ites.
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