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Композиционные материалы широко используются практически во всех сферах науки, техники, 

без них современная жизнь не мыслима. Механика деформируемого твердого тела сформировалась и 

окрепла как наука на изучении материалов, используемых в 19 и 20 вв. Композиционные материалы 

потребовали новых способов как теоретического, так и экспериментального изучения. Особой про-

блемой стало определение напряжений и деформаций, возникающих в местах контакта матрицы с 

волокнами. Большую роль в современной технике играют композиты с пластической матрицей. Эти 

материалы успешно справляются с трещинообразованием и существенно замедляют рост трещин. 

В настоящей статье решена задача о напряженном состоянии композиционного бруса с упруго-

пластической матрицей и упругими волокнами, расположенными вдоль оси бруса. Предполагается, 

что в зоне контакта матрицы с волокнами, по модели Ю. Н. Работнова, реализуется постоянное 

касательное напряжение, меньшее, чем предел текучести волокна. Один конец бруса закреплен, а на 

второй – действует постоянная сила, приложенная к центру тяжести, совпадающему с началом 

координат. Предполагается, что на свободной границе бруса и в местах контакта бруса с волокна-

ми напряжения достигают предела пластичности. Задача решена с помощью законов сохранения. 

Это позволяет свести нахождение напряженного состояния в произвольной точке сечения к вычис-

лению интегралов по внешней границе бруса и границам матрицы и волокон. 

 

Ключевые слова: композитный брус, напряженное состояние, законы сохранения дифференци-

альных уравнений. 
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Technologies and production widely use composite materials now. “Mechanics of deformable solids” 

was formed as a science based on the study of materials used in the 19th and 20th centuries. Modern com-

posite materials require new theoretical and experimental studies. Determining the stresses and deforma-

tions that occur at the points of contact of the matrix with the fibers is a special problem. Composites with 
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a plastic matrix play an important role in modern technology. These materials successfully cope with 

cracking and significantly slow down the growth of cracks. In this article, the problem of the stress state of 

a composite beam with an elastic-plastic matrix and elastic fibers located along the axis of the beam is 

solved. It is assumed that in the zone of contact of the matrix with the fibers, according to the model of Yu. 

N. Rabotnov, a constant tangential stress is realized, less than the yield strength of the fiber. One end of the 

beam is fixed, and a constant force applied to the center of gravity coinciding with the origin of coordinates 

acts on the second. It is assumed that at the free boundary of the beam and at the points of contact of the 

beam with the fibers, the stresses reach the plasticity limit. The problem is solved with the help of conserva-

tion laws. This makes it possible to find the stress state at an arbitrary point of the section as a calculation 

of integrals along the outer boundary of the beam and the boundaries of the matrix and fibers. 

 

Keywords: composite beam, stress state, conservation laws of differential equations. 

 

Introduction 

Currently, much attention is paid to comprehensive research of composite materials. Thus, in [1] mul-

tilayer armor was developed – aluminum oxide ceramics (woven material), reinforced with epoxy resin 

and aluminum alloy. In [2], the vibrations of a composite beam made of a functionally gradient material 

in two directions reinforced with carbon nanotubes were studied.  In [3], the effectiveness of various 

schemes for cladding a plate with composite coatings was determined and compared.  В [4] исследова-

на устойчивость подкрепленного отсека фюзеляжа самолета, выполненного из композиционного 

материала, при чистом изгибе и нагружении внутренним давлением. In [4], the stability of a rein-

forced aircraft fuselage compartment made of a composite material was studied under pure bending and 

internal pressure loading. In [5], studies of the resistance of the formed composite material under high-

speed impact were carried out.  In [6], a mathematical formulation of the problem of forced steady-state 

and natural vibrations of the smart systems under consideration is given, as well as the results of numeri-

cal calculations, from which it follows that graphene composites can be used for additional damping of 

vibrations of smart structures based on piezoelectric elements. In [7], based on the finite element method, 

a computational algorithm was developed to solve a limited class of problems on the bending of compos-

ite plates reinforced with systems of unidirectional high-strength fibers. A model of dynamic deforma-

tion and fracture of composite materials has been developed, which takes into account the nonlinearity of 

impact loading diagrams with hardening depending on the strain rate [8] . 

In [9], Yu. N. Rabotnov proposed a model of a composite material with an elastic-plastic binder 

and elastic fibers.  In this case, a constant shear stress acts between the fibers and the binder during 

loading. Based on this model, this article examines the stress state of a beam made of composite mate-

rials. The problem was solved using conservation laws constructed for a system of differential equa-

tions describing the stressed state of the beam.  The methodology for constructing conservation laws 

can be found in [10; 11]. Conservation laws make it possible to effectively solve boundary value prob-

lems for a number of equations of mechanics of a deformable solid. Examples of solutions for such 

problems can be found in [12–15]. 

 

Formulation of the problem  

We consider a beam made of elastic-plastic material, reinforced with n elastic fibers. One end of the 

beam is fixed at point 0z  , at the second end of the beam z l  a load of weight  Р is suspended at the 

origin, which coincides with the center of gravity of the section (Fig. 1).   

The timber matrix has an elastic modulus G  and a pure shear yield strength .sk
  

The fibers are located along the axis of the beam in a random order parallel to the axis  
z . Each fiber 

has a circular cross-section, the center of the fiber is located at the point with coordinates  ( , )i ix y , fi-

ber radius is R , модуль elastic modulus упругости iG . The yield strength of the fibers exceeds the 

yield strength of the matrix. The shear stress between the fiber and the matrix is  .sk   
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Рис. 1. Брус с волокнами с подвешенным грузом 
 

Fig. 1. A fiber beam with a suspended load 

   

The given process is described by the equilibrium equation and the equations of compatibility of 

deformations  [13]:  

             

2 2

2 2
, ,

(1 )

yzxz xz xzPx P

x y I Ix y

    
     

    

2 2

2 2
0.

yz yz

x y

   
 

 
 

             
2( )

, .z

S

P l z x
I x ds

I


      

(1) 

From the last two equations (1), taking into account the first, we obtain  

             2 ,
(1 )

yzxz P
y K

y x I

 
  

     (2) 

where K  is constant, which is the angle of rotation of the volumetric element of the beam relative to 

the axis z ; , ,xz yz z    is stress tensor components; S
 is

 beam cross section; I  is moment of inertia 

about the axis y ;   is Poisson's ratio.  

The boundary conditions on the side surface of the beam, free from stress and in a plastic state, 

have the form  

2 2 2 2 2
0 0 0, 1 / 3 ,xz yz xz yz s zn m k k            

where 0 0,n m
are 

components of the normal vector to the lateral surface, which can be written as  

                 , .xz yzmk nk    m  (3) 

At the boundary between the fiber and the matrix, the following conditions are met:  

2 2 2
, ,xz i yz i xz yzm n k          

where ,i in m are components of the normal vector to the lateral surface of the i-th fiber, which we write 

in the form  

                     
2 2 2 2, .xz i i yz i im n k n m k          m  (4) 

Next, in formulas (3)–(4), the upper sign is selected.  
 

Conservation laws for equations (1)–(2)  

For the convenience of further calculations, we introduce the following notation:  

, .xz yzu v   
 

Then problem (1)–(4) will be written as follows:  
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                      1 / 0,x yF u v Px I     

                    2 2 0,
(1 )

y x

P
F u v y K


    

 
 

(5)
 

on the side surface:  

, ,u mk v nk  
 

at the fiber-matrix interface: 
 

2 2 2 2, .i i i iu m n k v n m k           

We call the conservation law for the system of equations (5) an expression of the form  

Definition 

                  1 1 2 2( , , , ) ( , , , ) ,x yA x y u v B x y u v F F     (6) 

where 1 2,  are some linear operators that are not identically equal to zero at the same time.  

More details on the technique of calculating conservation laws and their use can be found in [3–5] . 

Let it be 

                        
1 1 1,A u v     2 2 2 ,B u v      (7) 

where , ,i i i   are functions only from , .x y  

Substituting (7) into (6) we get  

1 2 0,x y    1 2 0,x y   1
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This implies  
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(8) 

for the system of equations we consider (8) two solutions that have singularities 0 0,x y  at an arbi-

trary point of the section: 
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where 0 0,x y are constants.
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Calculation of the stress state at a point  00 , yx  

Let 0 0( , )x y  be a arbitrary point belonging to the connector, and let the conserved current at this 

point have a singularity of the form (9) or (10). Then from (6) it follows  

                  0
1

( ) 0,

i

n

x y

iS Г Г

A B dxdy Аdy Bdx Ady Bdx Ady Bdx
 

              (11) 

where   is circle  
2 2 2

0 0( ) ( )x x y y      (Fig. 2). 
 

 

 

 

 

 

 

 

 

 

 

Рис. 2. Вычисление напряженного состояния в точке 0 0,x y  

Fig. 2. Calculation of the stress state at a point 0 0,x y  

 

We consider solution (9), assuming 0 0сos , sinx x y y        , then from (11) taking into ac-

count  (9), where 0 , we get  
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We consider another solution to equations (8) of the form (9). Repeating the previous arguments 

almost verbatim with solution (12), we obtain   
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Conclusion 

The resulting formulas make it possible to calculate the stress state at any point of the binder mate-

rial.  The points where 
2 2 2
xz yz k    ,

 
will be in a plastic state, other points of the medium, as well as 

fibers, will remain elastic. The proposed solution method allows us to construct an elastic-plastic 

boundary in a bendable composite beam and thereby evaluate its load-bearing capacity. The variety of 

composites [14 – 16] and their enormous practical importance allow us to hope that the methodology 

proposed by the authors will make it possible to evaluate the strength of structures made from compos-

ites.  
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