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Работа посвящена изучению множеств апериодических слов над конечным алфавитом. Множе-

ство апериодических слов можно рассматривать как словарь некоторого конечного формального 

языка. Существование бесконечных слов в двухбуквенном или трехбуквенном алфавитах, которые 

не содержат подслов, являющихся третьими степенями или, соответственно, квадратами других 

слов, впервые получены  более ста лет назад. С. И. Адян в 2010 г. построил пример бесконечной по-

следовательности несократимых слов, каждое из которых является началом следующего и не со-

держит квадратов слов в алфавите из двух букв. С. Е. Аршон установил существование n-значной 

ассиметричной бесповторной последовательности для алфавита не менее чем из трех букв. В мо-

нографии С. И. Адяна доказано, что в алфавите из двух символов существуют бесконечные  

3-апериодические последовательности. В работах других авторов рассматривались обобщения 

апериодичности, когда исключались не только степени некоторых подслов. В монографии  

А. Ю. Ольшанского доказана бесконечность множества 6-апериодических слов в двухбуквенном 

алфавите и получена оценка количества таких слов любой данной длины. Автором ранее случай 

трехбуквенного алфавита рассмотрен только в случае 6-апериодических слов. В данной статье 

доказана бесконечность множества m-апериодических слов в трехбуквенном алфавите при m 4  

и получена оценка множества таких слов. Полученные результаты могут быть полезны при коди-

ровании информации в сеансах космической связи.  
 

Ключевые слова: алфавит, бесповторная последовательность, слово, апериодичность, оценка, 

формальный язык. 
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The work is devoted to the study of sets of aperiodic words over a finite alphabet. The set of aperiodic 

words can be considered as a dictionary of some finite formal language. The existence of infinite words in 

two-letter or three-letter alphabets that do not contain subwords that are third powers or, respectively, 

squares of other words was first discovered more than a hundred years ago. S.I. Adyan in 2010 constructed 

an example of an infinite sequence of irreducible words, each of which is the beginning of the next and 

does not contain word squares in a two-letter alphabet. S.E. Arshon established the existence of an n-digit 
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asymmetric repetition-free sequence for an alphabet of at least three letters. In the monograph by S.I. Ad-

yan proved that in an alphabet of two symbols there exist infinite 3-aperiodic sequences. In the works of 

other authors, generalizations of aperiodicity were considered, when not only the powers of some subwords 

were excluded. In the monograph by A.Yu. Olshansky proved the infinity of the set of 6-aperiodic words in 

a two-letter alphabet and obtained an estimate for the number of such words of any given length. The au-

thor previously considered the case of a three-letter alphabet only in the case of 6-aperiodic words. In this 

article, we prove the infinity of the set of m-aperiodic words in the three-letter alphabet at m 4  and ob-

tain an estimate for the set of such words. The results can be applied when encoding information in space 

communications.  
 

Keywords: alphabet, non-repetitive sequence, word, aperiodicity, estimate, formal language. 

 

Introduction 

The work is devoted to the study of sets of aperiodic words over a finite alphabet. The set of aperi-

odic words can be considered as a dictionary of some finite formal language.  

Data on the existence of an infinite word in a two- or three-letter alphabet, which does not contain 

subwords that are cubes or, respectively, squares, were first obtained by A. Thue in 1906.  [1]. An ex-

ample of an infinite sequence of irreducible words, each of which is the beginning of the next and does 

not contain squares of words in an alphabet of two letters, was constructed by S. I. Adyan (Lemma 1 

from [2]). In an article by S. E. Arshon in 1937. [3] the existence of an n-digit asymmetric repetition-

free sequence for an alphabet of at least three letters has been proven. In the monograph by S. I. Adyan  

[4] it has been proven that in an alphabet of two symbols there exist infinite 3-aperiodic sequences. 

The problem of studying such sequences is considered by S. I. Adyan in connection with his study of 

the Burnside problem [5–7]. A. M. Shur found out which properties of ordinary words are preserved 

during the transition to infinite ones, and which ones are modified, lost or replaced by new ones,  

and studied the set of all cubeless Z-words in a two-letter alphabet  [8–10]. In the monograph  

by A. Yu. Olshansky [11], the infinity of the set of 6-aperiodic words in a two-letter alphabet was 

proved and an estimate was obtained for the number of such words of any given length. 

We have improved A. Yu. Olshansky’s estimate [11] of the number of 6-aperiodic words in the  

2-letter alphabet [12], and also made a report on the topic of aperiodic words [13]. Then research on 

this issue continued. 

In [14], a theorem was proven about the infinity of the set of m-aperiodic words for 4m   in  

a two-letter alphabet and an estimate of the number of such words was obtained. The case of a three-

letter alphabet was considered only in one case: in [15], an estimate was obtained for the number  

of 6-aperiodic words.  

In this article, the set of m-aperiodic words in the three-letter alphabet will be studied: the infinity 

of the set of m-aperiodic words for 4m   in three letters alphabet and an estimate of the number of 

such words was obtained. The results may be useful when encoding information in space communica-

tion sessions.  

Generalizations of aperiodicity, when not only the powers of some subwords are excluded, were 

studied in [16]. 
 

Main result  

We consider that a periodic word with period H is any subword of some word Н
р
, р > 0.  

As an example of a periodic word with period ab,  we consider the word ababa .  

A l-aperiodic word is a word X in which there are no nontrivial subwords of the form  Y
l
.  

S.I. Adyan [4] proved that in an alphabet of two letters there are infinitely many arbitrarily long 3-

aperiodic words.  
S. E. Arshon established the existence of words of any length free from squares in a three-letter al-

phabet [3]. 
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A. Yu. Olshansky in [11] considered a set of 6-aperiodic words. He proved that such words of any 

length exist and obtained an estimate for the function  ( )f n  – number of 6-aperiodic words of length n . 

There were more of them than  3
2

n

. In [12], we improved A. Yu. Olshansky’s estimate of the num-

ber of 6-aperiodic words over a 2-letter alphabet.  

In [15], we proved a theorem about the infinity of the set of m-aperiodical words under a period 

limitation 4m   in a two-letter alphabet and obtained a lower estimate for the number of such words.  

It is of interest to us to estimate the number of m-aperiodic words in an alphabet of three letters. 

When proving the theorem, we will use the method used by A. Yu. Olshansky [11]. 

 

Theorem. In the three-letter alphabet there are arbitrarily long m-aperiodical words for 4m    

and number ( )f n  there are more such words of length n  than  5
2

n

. 

Proof. We consider the three-letter alphabet {a, b, c}. In this alphabet we will study m-aperiodic words 

for 4m  . We will investigate the function ( )f n  number of m-aperiodic words of length n.  

First we prove the inequality  ( 1) (5 / 2) ( )f n f n   using the method of mathematical induction.  

We note that there are exactly three m-aperiodic words a, b, c of length one and nine m-aperiodic 

words aa, ab, ac, ba, bb, bc, ca, cb, cc of length 2 in the three-letter alphabet for 4m  . Thus, in this 

case we have (1) 3f  , (2) 9f  . 

Then for n = 1 the inequality holds 5(2) (1)
2

f f  and the resulting estimate is as a base of induc-

tion  

Now we need to take the induction step. We assume that the inequality ( ) (5 / 2) ( 1)f n f n   is true 

for all values not exceeding n, and establish its validity in the case ( 1) (5 / 2) ( ).f n f n    

Any m-aperiodic word of length 1n   can be obtained by assigning the letters a, b or c to the right 

of the m-aperiodic word of lengt n .  This produces 3 ( )f n  words of X length 1n  .  

Some of these words contain degrees mA . We try to discard such words containing subwords of 

period m. 

When assigning a new letter to the right, you can only get a word like mX YA ,containing a word 

of period m, since otherwise the beginning of length n  of the word X of length 1n  contains a periodic 

subword of period m: mA .  

For words A of length 1 (there are only three such words), there are at most  3 ( 1)f n m   words of 

mX YA  type, where the word Y m is aperiodic and 1Y n m   , A is one of the words a, b, c. 

As shown above, there are only nine words A of length 2. Then the number of words of the form  
mX YA  length 1n   is no more than 9 ( 2 1)f n m  , where the word Y is m-aperiodic and has  

a length 2 1n m  . 

We further reason in the same way and obtain an estimate for the number of words of length n + 1 

(a strict inequality, since it is easy to indicate words that, when obtaining an estimate for the number of 

words of the form mX YA , already with a length of 1 word A, we discarded in excess to obtain an 

estimate):  

2 3( 1) 3 ( ) 3 ( 1) 3 ( 2 1) 3 ( 3 1) ...f n f n f n m f n m f n m             

 

 Since the estimate is valid by inductive assumption  5( ) ( ),
2

k

f n f n k    applying it, we see:  

 

     1 2 1 3 1
2 35 5 5( 1) 3 ( ) 3 ( ) 3 ( ) 3 ( ) ... .

2 2 2

m m m

f n f n f n f n f n
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We transform the resulting inequality:  
 

     1 2 1 3 1
2 35 5 5( 1) ( )(3 3 3 3 ...

2 2 2

m m m

f n f n
            

 
. 

 

Obviously, 53
2

m  , therefore the geometric progression in brackets is decreasing with the de-

nominator   53
2

m
 with the limitation 4m  . 

For the expression S in parentheses on the right side, we apply the formula for the sum of a de-

creasing geometric progression  

 
 

1
53

2
3

51 3
2

m

m
S

 


 


. 

  

To prove the theorem, we need an estimate of the expression in brackets on the right side of the in-

equality 5
2

S  .  

We substitute the expression obtained above for S into the inequality and perform elementary trans-

formations: 

     
 

1 1
5 5 5 53 9 3 3

2 2 2 2
0

51 3
2

m m m

m

    



   



. 

We will simplify the resulting inequality:  

 
 

5 53 9
2 2

0
51 3

2

m

m





 



. 

Since the inequality  51 3 0
2

m
   holds for 4m  , it remains to check the validity of the ine-

quality : 

 5 53 9 0
2 2

m
   . 

The validity of this inequality is established by direct calculation at 4m  , and 4m   at it is even 

more true, since     3
5 5

2 2

m 
  for such m. Consequently, it has been proven that the inequal-

ity 5( 1) ( )
2

f n f n   holds for any natural values of the number n, subject to 4m  . 

The theorem is proven.  

 

Conclusion 

The question of estimating the number of aperiodic words under various conditions continues to be 

studied. The set of m-aperiodic words for 4m   in a three-letter alphabet is considered and an esti-

mate is obtained for the function of the number of such words of any given length.   
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