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m-anepuoAuYecKHe CJ10Ba HaJl TPeXOYKBEHHBIM AJI(PaABUTOM

B. U. Cenarmion

HucTuTyT BeraucauTensHoro moaenmupoanus CO PAH
Poccutiickas @eneparnus, 660036, KpacHospck, AkaneMroponiok, 50/44
E-mail: senl112home@mail.ru

Paboma noceawena uzyuenuro MHOMCeCms anepuooUecKux ciog Hao KoHeyHvim angasumom. Muodce-
CMBO anepuoOUYecKUx Cl08 MOICHO PACCMAMPUBAMsb KAK CI08APL HEKOMOPO20 KOHEUHO20 (POPMAIbHO2O
sazvika. Cyujecmeoganue 6eCKOHEeUHbIX CI08 8 08YXOYKEEHHOM UMU MPexOyKEeHHOM Alghasumax, Komopoule
He codepoicam nooCa08, AGNAIOWUXC MPEMbUMU CIENeHIMU UL, COOMBEMCMEEHHO, KGAOPAMamu Opy2ux
c108, 8nepevie noayuervl donee cma nem Hazao. C. U. Aosan ¢ 2010 2. nocmpoun npumep 6ecKoHeyHol no-
C1e008aAMeNbHOCU HECOKPAMUMBIX CNO8, KANHCO0€e U3 KOMOPUIX AGNAEMC HAYAIOM Cledyiouje2o U He COo-
Oepoicum Keadpamos cno8 8 angasume uz 08yx oyks. C. E. Apuwion ycmanogun cyujecmgoganue n-3ua4Hou
accumempuyHol 6ecno8mopHol NOCIe008ameIbHOCIU 0l alpasuma He MeHee yem u3 mpex Oyke. B mo-
noepaguu C. U. Aosma Odoxazamo, umo 6 anghasume u3z 08yX CUMBON08 CYWeCMBYIOm OecKOHeuHble
3-anepuoduueckue nociedosamenvHocmu. B pabomax Opyaux asmopos paccmampueanucb 000OujeHus
anepuoouyHOCmU, K0204 UCKIIOYANUCH He MOJbKO CMeneHUu HeKOmopuix noocios. B mownoecpaguu
A. FO. Onvuwianckozo 00Kas3ana OeCKOHeUHOCHb MHONMCeCmed 6-anepuoouyecKux clog & 08yX0YKEeHHOM
anghasume u NOIYYEHA OYEHKA KOIUYECMBA MAKUX C1o8 a0t 0anHoU OnuHbl. AGmopom pawnee ciyuail
MpexOYKEeHHO20 anhasuma paccmMomper moabko 8 ciyuae 6-anepuoouyeckux cios. B danmou cmamve

0oKkazana 6ecKOHeuHOCMb MHONCECMEA M-aNnepuooudeckux clioé 6 mpexoykeennom aipasume npu m =4
U NONYYEHA OYEeHKA MHONICeCmea makux c108. [lonyuennvie pe3yibmamsl Mocym Oblmb NOAE3HbL NPU KOOU-
POBAHUU UHPOPMAYUU 8 CEAHCAX KOCMUUECKOU C8A3U.

Kurouesvle cnosa: anghasum, becnoemopras nociedo8amenbHOCHb, Cl080, anepuoOUtHOCMb, OYEHKA,
opmanvhbvll A3bIK.
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The work is devoted to the study of sets of aperiodic words over a finite alphabet. The set of aperiodic
words can be considered as a dictionary of some finite formal language. The existence of infinite words in
two-letter or three-letter alphabets that do not contain subwords that are third powers or, respectively,
squares of other words was first discovered more than a hundred years ago. S.I. Adyan in 2010 constructed
an example of an infinite sequence of irreducible words, each of which is the beginning of the next and
does not contain word squares in a two-letter alphabet. S.E. Arshon established the existence of an n-digit
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asymmetric repetition-free sequence for an alphabet of at least three letters. In the monograph by S.1. Ad-
yan proved that in an alphabet of two symbols there exist infinite 3-aperiodic sequences. In the works of
other authors, generalizations of aperiodicity were considered, when not only the powers of some subwords
were excluded. In the monograph by A.Yu. Olshansky proved the infinity of the set of 6-aperiodic words in
a two-letter alphabet and obtained an estimate for the number of such words of any given length. The au-
thor previously considered the case of a three-letter alphabet only in the case of 6-aperiodic words. In this
article, we prove the infinity of the set of m-aperiodic words in the three-letter alphabet at m 24 and ob-
tain an estimate for the set of such words. The results can be applied when encoding information in space
communications.

Keywords: alphabet, non-repetitive sequence, word, aperiodicity, estimate, formal language.

Introduction

The work is devoted to the study of sets of aperiodic words over a finite alphabet. The set of aperi-
odic words can be considered as a dictionary of some finite formal language.

Data on the existence of an infinite word in a two- or three-letter alphabet, which does not contain
subwords that are cubes or, respectively, squares, were first obtained by A. Thue in 1906. [1]. An ex-
ample of an infinite sequence of irreducible words, each of which is the beginning of the next and does
not contain squares of words in an alphabet of two letters, was constructed by S. I. Adyan (Lemma 1
from [2]). In an article by S. E. Arshon in 1937. [3] the existence of an n-digit asymmetric repetition-
free sequence for an alphabet of at least three letters has been proven. In the monograph by S. I. Adyan
[4] it has been proven that in an alphabet of two symbols there exist infinite 3-aperiodic sequences.
The problem of studying such sequences is considered by S. I. Adyan in connection with his study of
the Burnside problem [5-7]. A. M. Shur found out which properties of ordinary words are preserved
during the transition to infinite ones, and which ones are modified, lost or replaced by new ones,
and studied the set of all cubeless Z-words in a two-letter alphabet [8—10]. In the monograph
by A. Yu. Olshansky [11], the infinity of the set of 6-aperiodic words in a two-letter alphabet was
proved and an estimate was obtained for the number of such words of any given length.

We have improved A. Yu. Olshansky’s estimate [11] of the number of 6-aperiodic words in the
2-letter alphabet [12], and also made a report on the topic of aperiodic words [13]. Then research on
this issue continued.

In [14], a theorem was proven about the infinity of the set of m-aperiodic words for m >4 in
a two-letter alphabet and an estimate of the number of such words was obtained. The case of a three-
letter alphabet was considered only in one case: in [15], an estimate was obtained for the number
of 6-aperiodic words.

In this article, the set of m-aperiodic words in the three-letter alphabet will be studied: the infinity
of the set of m-aperiodic words for m >4 in three letters alphabet and an estimate of the number of
such words was obtained. The results may be useful when encoding information in space communica-
tion sessions.

Generalizations of aperiodicity, when not only the powers of some subwords are excluded, were
studied in [16].

Main result

We consider that a periodic word with period H is any subword of some word H’, p > 0.

As an example of a periodic word with period ab, we consider the word ababa .

A [-aperiodic word is a word X in which there are no nontrivial subwords of the form Y.

S.I. Adyan [4] proved that in an alphabet of two letters there are infinitely many arbitrarily long 3-
aperiodic words.

S. E. Arshon established the existence of words of any length free from squares in a three-letter al-
phabet [3].
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A. Yu. Olshansky in [11] considered a set of 6-aperiodic words. He proved that such words of any

length exist and obtained an estimate for the function S (1) — number of 6-aperiodic words of length 7.

There were more of them than ( % )n . In [12], we improved A. Yu. Olshansky’s estimate of the num-

ber of 6-aperiodic words over a 2-letter alphabet.
In [15], we proved a theorem about the infinity of the set of m-aperiodical words under a period
limitation m >4 in a two-letter alphabet and obtained a lower estimate for the number of such words.
It is of interest to us to estimate the number of m-aperiodic words in an alphabet of three letters.
When proving the theorem, we will use the method used by A. Yu. Olshansky [11].

Theorem. In the three-letter alphabet there are arbitrarily long m-aperiodical words for m=>4
and number f(n) there are more such words of length n than ( % )n .

Proof. We consider the three-letter alphabet {a, b, c}. In this alphabet we will study m-aperiodic words
for m >4 . We will investigate the function f(n) number of m-aperiodic words of length n.

First we prove the inequality f(n+1)>(5/2)f(n) using the method of mathematical induction.

We note that there are exactly three m-aperiodic words a, b, ¢ of length one and nine m-aperiodic
words aa, ab, ac, ba, bb, bc, ca, cb, cc of length 2 in the three-letter alphabet for m >4 . Thus, in this
case we have f(1)=3, f(2)=9.

Then for n =1 the inequality holds f(2) > % - f(1) and the resulting estimate is as a base of induc-
tion

Now we need to take the induction step. We assume that the inequality f(n) > (5/2) f(n—1) is true
for all values not exceeding 7, and establish its validity in the case f(n+1)>(5/2)f(n).

Any m-aperiodic word of length n+1 can be obtained by assigning the letters a, b or ¢ to the right
of the m-aperiodic word of lengt n. This produces 3 f'(n) words of X length n+1.

Some of these words contain degrees A™. We try to discard such words containing subwords of
period m.

When assigning a new letter to the right, you can only get a word like X = YA™ ,containing a word
of period m, since otherwise the beginning of length n of the word X of length n + 1 contains a periodic

subword of period m: 4™ .

For words A4 of length 1 (there are only three such words), there are at most 3 f(n—m +1) words of
X =YA" type, where the word Y m is aperiodic and |Y | =n—m+1, A4is one of the words a, b, c.

As shown above, there are only nine words 4 of length 2. Then the number of words of the form
X =YA" length n+1 is no more than 9f(n—2m+1), where the word Y is m-aperiodic and has

alength n—-2m+1.
We further reason in the same way and obtain an estimate for the number of words of length n + 1
(a strict inequality, since it is easy to indicate words that, when obtaining an estimate for the number of

words of the form X =YA" , already with a length of 1 word A, we discarded in excess to obtain an
estimate):

f+1)>3f(n)=3f(n-m+1)=3*f(n-2m+1)=3° f(n=3m+1)—...

Since the estimate is valid by inductive assumption f(n)> ( % )k - f(n—k), applying it, we see:
—m+ —2m+ —3m+
f(n+1)>3f(n)—(3(%) T3 () s (3%) 1f(n)+...j.
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We transform the resulting inequality:

F(n+1)> f(G - (3( %)_mﬂ +3 %)_Ml +3( %)_Ml + ) .

Obviously, 73 < 52 , therefore the geometric progression in brackets is decreasing with the de-

nominator 3( % )_m with the limitation m >4 .

For the expression S in parentheses on the right side, we apply the formula for the sum of a de-
creasing geometric progression

To prove the theorem, we need an estimate of the expression in brackets on the right side of the in-
equality S > % .

We substitute the expression obtained above for S into the inequality and perform elementary trans-
formations:
-m —m+l —m+l
i N A N
1-3(%)

>0.

We will simplify the resulting inequality:

3-9(%) "~
1-3(3)

Since the inequality 1—3( %) ! >0 holds for m >4, it remains to check the validity of the ine-

3-9(%) " -3 >o0.

The validity of this inequality is established by direct calculation at m =4, and m >4 at it is even

>0.

quality :

-m -3
. 5 5 ; 1 -
more true, since ( A) <( A) for such m. Consequently, it has been proven that the inequal

ity f(n+1) > % f(n) holds for any natural values of the number n, subject to m >4 .

The theorem is proven.

Conclusion

The question of estimating the number of aperiodic words under various conditions continues to be
studied. The set of m-aperiodic words for m >4 in a three-letter alphabet is considered and an esti-
mate is obtained for the function of the number of such words of any given length.
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