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Hccnedosanuio u peuienuio HenuHetnvix OUG@DEepeHyuaiviblx YPAGHeHUI 6 COBPEMEHHOU MAmeMamu-
yeckotl tumepamype yoensemcst 60avuoe snumanue. Hecmomps na smo, memooos ucciedosanus u peuie-
HUSL MAKUX YpasHeHuil He max MHo20. Jmo moueuHvle U KOHMAKmHble npeodpazoe8anus yYpaeHeHull, pas-
JUYHbIe MemoObl PA30eieHUsl NePEMEHHBIX, Memo0 OupepeHyuanvuvlx cesazell, NOUCKU PA3TUYHBIX CUM-
Mempuil U ux UCNONb308aHUe Ol NOCMPOEHUs PEUEeHUl, 4 MAKxce 3aKOHbL coxpanenus. B pabome pac-
cMompeno Henunelinoe Jugpepenyuanvhoe ypaghenue, onuchlearuee niacmuiyeckoe meyenue npuma-
MUYecKo20 cmepcHsl. [lis amo2o ypasHenus: HauOeHa 2pynna moyeynvblx cummempui. Boluuciena onmu-
MAnbHAsL cucmema 0OHOMEPHLIX noodaneedp. IIpusedenvl 3aKOHbI COXPAHEHUs, COOMBEMCMEYIowue Heme-
POBCKUM CUMMEMPUSIM, A MAKAHCE NOKA3AHO, YO 3AKOHO8 COXPAHEHUS He HemepO8CKUX OeCKOHeUHO MHO-
20. T[locmpoenbl HeCKOIbKO HOBbIX UHBAPUAHMHBIX PEWEHUL PAH2A 00U, M. €. 3A6UCAUUX OM OOHOU He3d-
sucumotli nepemenHou. Iloxazano, Kax u3 08X MOYHbIX peuieHull, nepexoods K JUHEHOM) YPAGHEHUIO,
MOMHCHO NOCMPOUMb KAACCHL HOBbLX peutenuti. Taxum oopazom, 6 0aHHOU pabome UCNONb3VIONCS NPAKMU-
YecKu 8ce Memoobl COBPEMEHHO20 UCCAEO0BAHUS HENUHEUHbIX OUDOepeHYUATbHBIX YPAGHEHULL.

Kniouesvie cnosa: nenuneiinoe oughgepenyuanvhoe ypasrenue uoearbHoU NAACHUYHOCIU, MOYEYHbie
CUMMEMPUU, MOYHbLE PEUleHUs.
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Much attention is given to the study and solution of nonlinear differential equations in the modern ma-
thematical literature. Despite this, there are not many methods for researching and solving such equations.
These are point and contact transformations of equations, various methods of separating variables, the
method of differential connections, the search for various symmetries and their use to construct solutions,
as well as conservation laws. The paper considers a nonlinear differential equation describing the plastic
flow of a prismatic rod. A group of point symmetries is found for this equation. The optimal system of one-

182



Part 1. Informatics, computer technology and management

dimensional subalgebras is calculated. Conservation laws corresponding to Noetherian symmetries are
given, and it is also shown that there are infinitely many non-Noetherian conservation laws. Several new
invariant solutions of rank one, i. e. depending on one independent variable, are constructed. It is shown
how classes of new solutions can be constructed from two exact solutions, passing to a linear equation.
Thus, in this short article, almost all methods of modern research of nonlinear differential equations are
involved.

Keywords: nonlinear differential equation of ideal plasticity, point symmetries, exact solutions.

Introduction

Solving and studying differential equations is still one of the most important problems of modern
mathematics. In linear differential and integro-differential equations, questions of solvability of mixed
nonlocal boundary value and inverse problems containing real parameters and differential operators of
mathematical physics are studied [1; 2].

Exact solutions for nonlinear differential equations are known only in exceptional cases. To search
for them, methods of generalized separation of variables, methods of group analysis, the method of
differential connections and some others are used. A large list of solved equations and a review of me-
thods for solving them are given in the fundamental work [3]. Recently, conservation laws have begun
to be used to solve boundary value problems for nonlinear differential equations [4—7]. Previously,
they most often played a supporting role. Methods of using group analysis to various equations that
arise in physics and mechanics can be seen in works [8—15] .

Formulation of the problem
In [1], a solution is given that describes the purely plastic stress state of a prismatic rod

1 2 2, | 1
u=—A4 —x"=2z")——=Bxy——Cx+ Dyz,
2 (v ) S B3 %

1 2 2 2, | 1 (1)
v=—B(—-y +x" =2z")——Axy——y+ Dxz,
2 -y ) A4

w=wy(x,y)+ Axz + Byz + Cz,

where 4, B, C, D are constants, y(x,y) is function determined from a system of equations.

oy _Bax+By+Of, oy V3(4x+By+C)f,
D , —L=Dy+ :
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The condition for the compatibility of these relations gives a second-order elliptic equation

0| (Ax+By+O)f, |, 0 (Ax+By+C)f, 120, 3)

ol gzt ) ol -2 [

,»T,, are identically equal to zero, and

o, =t \B3k\1- 2 f2 v, =k, .1, =Kk, (4)
where £ is plastic constant.

The purpose of the work is to study some properties of equation (3) and construct its solution, pro-
vided that

In this case, the components of the stress tensor 6,,6

A=B=0.

In this case, we obtain the following nonlinear differential equation
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The index below means differentiation by the corresponding argument; all functions are assumed to
be smooth.

Some properties of the equation (5) where K =0.

1. Equation (5) can be derived from the variational principle, and it is the minimum of the func-

tional
Z(w)= ”«/Wf + w; dxdy = ﬂ Ldxdy.

2. The group of point symmetries of equation (5) is generated by the following operators:
X,=0,, X,=0,, X3=0,, Xy=x0,+y0,+f0,, Xs=y0,—-x0,. (6)

_+$. (5)

To construct various invariant solutions, it is necessary to construct an optimal system of subalge-
bras. For the Lie algebra generated by operators (6), it has the form

X\ +oX;, oX;+Xs, Xs+aX,, X5,X,, @)

where a is arbitrary constant. Different values of this constant correspond to dissimilar subalgebras.
VYpasaenue (5) npuBeneM K BULY

A=fD o +2f S S + (A= f ], =0. (8)

3. Definition. Let us call the conservation law for equation (8) an expression of the form
A +B, = A= ) o+ 21 Sy fo + (= 1), 1=0, (9)

where A is linear differential operator that is not identically equal to zero.

For equations derived from the variational principle, each operator admitted by the equation corre-
sponds, according to Noether’s theorem [3], to a certain conservation law. Let us use this theorem for
equation (5). We get five conservation laws.

The conservation law corresponds to the operator X,

D |L-f. oL +D, | — oL =0
R afx y y afy
The conservation law corresponds to the operator X,
D, | - oL +D, | L- oL =0.
y afx y y afy
The conservation law corresponds to the operator X3

/i fy
D, | —=%—— |4+D | —=2—|=
N e W

The conservation law corresponds to the operator X4

0.

D, [LH(f—Xfx —yfy)STL]+Dy(Ly+<f—xfx —yfy)STL}O

The conservation law corresponds to the operator X

D, (Ly +0Of - xfy)STLJ +D, (—Lx +(Of, - xfy)aaTL} =0.
. y
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Note that equation (8) has other conservation laws that are different from the previous laws. Let's

point out some. Let A(fx,fy ), B(fx,fy) , then from (9) we have

04 OB OB

f f)cx f fxy+§f;cy+?fyy:A[(l_fj)f;cx+2fxfyfxy+(l_f;c2)fyy]=0'
X X y
From here we easily obtain two equations for determining the conserved current
OB 04
1 —=0-f)— 1 —=2
(f)f(f)f afy(f)f fyaf

It follows that equation (8) admits an infinite series of conservation laws. This follows, in particu-

lar, from the linearity of the reduced system with respect to a conserved current.

4. The Legendre transformation allows us to linearize equation (8) and bring it to the form
(1=1")wy, — 2Enwe, +(1-E2)wy =0.
This transformation is determined by the relations
fo=81,=nx=f,y=f.w+ [ =xE+ .
Exact solutions (5). All these solutions are invariant solutions built on subalgebras (7) :
a) We look for a solution to equation (8) in the form

S =8(x)+h(y). (10)
Substituting (10) into (8), we get
(1-n?)g"+(1-g*)h"=0. (11)
Here the prime means the derivative with respect to the corresponding argument.
From (11) we obtain

h " g"
=— =A —const. 12
1— h|2 1_g|2 ( )
Integrating (12), we obtain
L2 s, LmlE] - g sme,. (13)
2 |1-h' 2 |1-g'
Integrating (13), we obtain
h=—x +%ln(1 +Cexp2Ax)+C;, g=-y —%111(1 +C, exp(-2W)) + C,. (14)
Considering C, =C, =1 solution (10) can be written in a more convenient form
h' = thx, g' = thhy, h=Inchhx, g =—Inchhy,  f =In <.
chhy
b) we write equation (5) with K =0 in polar coordinate system »,0. We have
0 r’f, L0
8_ 2 2f’2 2 ae o =0. (13)
=g = g P=r -7

We are looking for a solution to this equation in the form f =7f(¢), t = r exp(a.0), o — const.
From (15) we obtain an ordinary differential equation of the second order, which could be inte-

grated only in the case when =0 In this case we get

f=In rrt +c?

c¢) we look for a solution to equation (5) in the form
S =0y +o(x).

= Arcshﬁ, c—const; (16)
c
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substituting this relation into (5) we get

1- 0(2 2
= 1+ (Kx+C)
0= VI+( )
d) we look for a solution to equation (5) in the form

f=ab+o(r).
substituting this relation into (5), we obtain

2 2
r’—a” dr
¢ '[ Ty Gl
e¢) we look for a solution to equation (5) in the form
S =re(6).

substituting this relation into (5) we get

f =rsinV1+ K207,

Homotopy of two solutions to equation (5)
We will show how from two solutions (14) and (16) one can obtain a whole series of new exact so-
lutions to equation (5). To do this, we apply the Legendre transformation to these solutions.
The solution to the Legendre equation U corresponds to the solution(we define it as F' ), which is
determined by the formula
Fo=8 F =nx=F,y=F, U+F=xE+yn.

From here we get
x2 2

U=—F+xE_,+yn=—F+xe+yFy=1n(r+\/r2+cz)+\/ — +\/2y =" 17)
X +y X +y

Finally we get

U=1n(r+\/r2 +C2)+\/X2 +y2.
We will do the same with solution (14), denoting it by G, and we denote its image via V. We
have
V=-G+x8+ymM=-G+xG, +yG,=—x—y+
1 I+Cexp2he | Crexp2hx—1  Cexp(=24y) -1 (18)
28 1+ G, (2My) Ciexp2i+1 C,exp(—2Ay)+1

The Legendre equation corresponding to equation (7) is linear, so for it we have
w=aU+(-a)V, (19)
where a is an arbitrary constant is again a solution to the same equation. At the same time @ =0 the so-
lution coincides with the solution V', and with a =1 coincides with the solution U . It follows that for-
mula (19) allows one to continuously transform solution (16) into solution (14) by changing a from zero
to one. The action algorithm is as follows: we write solutions (17) and (18) in variables &, n, we add
them according to formula (19), and then write their linear combination in terms x, y . Thus, we obtain

a series of solutions to equation (7) for each fixed value a .

Conclusion

In the work, a group of point transformations is found that are allowed by equation (5) in the Lie—
Ovsyannikov sense. This group has dimension five. It is generated by three translations in spatial vari-
ables and the desired function, stretching in these same variables, circular rotation in the plane OXY.
New classes of exact solutions of this equation are found, depending on arbitrary functions from the
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class C?. Based on point symmetries, four conservation laws for equation (5) are found. A new infi-

nite series of conservation laws is presented, which was found by direct calculation. The new solutions
obtained complement other invariant solutions given in [1].

All solutions constructed in this work can be used to describe the stress-strain state of a straight
rod subjected to tension along the axis OZ and torsion around this axis by a pair of forces.
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