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Annomayus. Ilpogsepka zunomesvl 0 HE3ABUCUMOCIU CTYYAUHBIX BETUYUH ABTAENCA OOHUM U3 OCHOBHBIX
9MAN08 CUCIEMHO20 AHAU3A cmamucmuieckux oauuvix. Ha eé pesynomamax ocywecmensemca cunmes
aphexmusHbIx aneopummos npunsmus peuwienuil. TpaouyuoHHas MemoouKa nposepKy SUNnome3svl 0 He3d-
BUCUMOCIU CYHAUHBIX BENUYUH OCHOBAHA HA UCNOAb308aHUuU Kpumepusa llupcona u codepocum mpyono
Gopmanuzyemviil sman pasdouerus 0OIACMU 3HAYEHUL CYYAUHBIX eIUYUH HA MHOOMEPHblE UHMEPBAIbL.
Ipeonoscena memoouxa npoeepKu 2UNOmesbl 0 He3ABUCUMOCIU CIYYAUHBIX 6EIUYUH, KOMOPAs UCTIONb3Y-
em Henapamempuyeckull aneopumm pacnosHaeanus 00pazos, coOOmMeemcmaeyuull KpUmepuro MakCumaib-
HO20 npagoonodobus. Eé npumernenue nossoaiem oboimu npobremy 0eKkoMnosuyuu 00Iacmu 3HAYeHull
CVUATHBIX GeNUYUH Ha uHmepsansl. Moes nooxoda cocmoum 8 popMuposanu no UCXOOHbLLM CIAMUCTIU-
yecKkuM OaHHbIM 00yuarowel 8blOOPKU O peuleHus 08yXaibmepHamueHoll 3a0a4l pacno3Hasanus oopa-
306. Kaowcowiii knacc onpedensemcsi 6 npeonoiodiceHuu He3a8UCUMOCU TUO0 3a6UCUMOCIU CTYYAUHbIX
BEUUUH, UMO NPOAGIAECMCS 8 PA3IUYUU UX 3AKOHO8 pAChpedeneHUs 6 Kiaccax. B smux yciosusx noseis-
emcs B03MONHCHOCHIb 3AMEHbl UCXOOHOU 2UNome3sbl HA 34044y NPO8epKU 00CMOBEPHOCIU OMAUYUSA BEPO-
Amuocmel owubox pacnosnasarust 06pazoe ¢ knaccax. C ucnoav3oganuem annapama meopuu epagos
npeonazaemas MemoOuKa pazeuma npu (opmMuposanuu Habopos He3aABUCUMBIX CYYaHbIX eeaudun. [lony-
ueHHble pe3ynbmamuvl 0000Wenbl npu Npogepke 2UNOmessbl 0 He3ABUCUMOCTU CAYVHAUHBIX BeUYUH O
OObUUX 00BEMOE CINAMUCIMUYECKUX OAHHBIX HA OCHOBE CIICAMUs UCXOOHOU uHdopmayuu. Imo nosgoJs-
em Ha NopsiOKuU NOGbICUMb BbIYUCIUMENbHYIO dekmusHocms pewaemoli 3a0aqu. B cmamve 060cH06bi-
8aemcs MemoOUKa NPoBepKU 2UNome3ssl 0 He3ABUCUMOCTNU CILYUAUHBIX 6eIUYUH, OCHOBAHHASA HA UCHONIB30-
BAHUU HENAPAMEMPUYECKO20 AN2OPUMMA PACHOZHABAHUL 00PA306 6 YCL08UAX OOIbUUX 00BEM08 cramu-
cmuyeckux Oauuvix. IIpusodamcs pezynvmamvl CPAGHEHUs MEMOOUKU C OOUWEeNnPUSHAHHbIM Kpumepuem
coenacus [lupcona npu ucciedosanuyu HeOOHOSHAUHBIX 3A8UCUMOCEN MEHCOY CAVUAUHBIMU BEAULUHAMU
PAsIUUHOU crodcHocmu. DpexmusHocmsv npedaazaemol MemoouKu noOmeepIHcOaAemcst pesyibmamami
npuMeHerust npu 0bpabomke uHpopmayuy OUCMAHYUOHHO20 30HOUPOBAHUS AHMPONOSEHHbIX MEPPUMOPULL
6 okpecmuocmu 2opoda Kpacnosipcka.

Knioueswvie cnosa: npoeepka cunomesvl 0 He3asucumocmu CﬂyqaﬁHblx GENIUYUH, }laepH(lﬂ OyeHKa njiom-

HOCIMU 6ePOSAMHOCIU, PeSpPeCcCUOHHAL OYeHKA NIOMHOCMU BePOSIMHOCIU, PACNO3HABAHUE 00pA308, Kpu-
meputi Ilupcona, oucmanyuonnoe 30HOUposanue.
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of random variables and its application in the analysis
of remote sensing data

A. V. Sharueva

Reshetnev Siberian State University of Science and Technology
31, Krasnoyarskii rabochii prospekt, Krasnoyarsk, 660037, Russian Federation
E-mail: anna-denisyuk@yandex.ru

Abstract. Testing the hypothesis of independence of random variables is one of the main stages of sys-
tem analysis of statistical data. Based on its results, the synthesis of effective decision-making algorithms is
carried out. The traditional method of testing the hypothesis of independence of random variables is based
on the use of the Pearson criterion, which contains a difficult to formalize stage of dividing the range of the
values of random variables into multidimensional intervals. A method for testing the hypothesis of inde-
pendence of random variables is proposed, which uses a nonparametric pattern recognition algorithm cor-
responding to the maximum likelihood criterion. Its application makes it possible to circumvent the prob-
lem of decomposing the range of the values of random variables into intervals. The idea of the approach is
to form a training sample based on the initial statistical data to solve a two-alternative pattern recognition
problem. Each class is defined under the assumption of independence or dependence of random variables,
which is manifested in the difference in their distribution laws in the classes. Under these conditions, it be-
comes possible to replace the initial hypothesis with the task of checking the reliability of the difference in
the probabilities of pattern recognition errors in classes. Using the apparatus of graph theory, the pro-
posed method is developed in the formation of sets of independent random variables. The obtained results
are generalized when testing the hypothesis of independence of random variables for large volumes of sta-
tistical data based on compression of the original information. This allows increasing the computational
efficiency of the problem being solved. The article substantiates the method for testing the hypothesis
of independence of random variables, based on the use of a nonparametric pattern recognition algorithm
in conditions of large volumes of statistical data. The results of comparing the technique with the generally
recognized Pearson consensus criterion in the study of ambiguous dependences between random variables
of varying complexity are presented. The effectiveness of the proposed method is confirmed by the results
of its application in processing remote sensing information from anthropogenic territories in the vicinity of
the city of Krasnoyarsk.

Keywords: testing the hypothesis of independence of random variables, kernel probability density esti-
mation, regression probability density estimation, pattern recognition, Pearson criterion, remote sensing.

Introduction

The universal and generally accepted criterion for testing hypotheses about the distributions of ran-
dom variables, including their independence, is the Pearson criterion [1]. When using it, it is necessary
to solve the problem of partitioning the area of values of random variables into multivariate intervals
and to establish the law of distribution of the criterion that determines the dependences between the
probabilistic characteristics of random variables. In [2—4] a new approach is proposed that allows sim-
plifying the test of the hypothesis of independence of random variables using a nonparametric algo-
rithm of nuclear-type pattern recognition corresponding to the maximum likelihood criterion. The idea
of the approach is to solve a two-alternative problem of pattern recognition. The classes being consid-
ered are defined by assumptions about dependence and independence of random variables. On this
basis, a training sample is formed from the initial statistical data on observations of random variables
and the problem of pattern recognition is solved. The ratio between the estimates of recognition error
probabilities of the introduced classes confirms or refutes the hypothesis being considered.
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The purpose of this paper is to generalise and develop a nonparametric method of testing the hy-
pothesis of independence of random variables for conditions of the large volume of statistical data and
its application in the analysis of information on remote sensing of anthropogenic territories.

Methodology for testing the hypothesis of independence of random variables

Let there be a sample V = (xi ,i= I,_n) of the n volume, composed of independent observations of

a two-dimensional random variable x =(x,, x, ). Let us suppose that the ¥ sample is drawn from the

general population characterised by the densities of the probabilities p(x;) p(x,) or p(x;,x,). On
the basis of statistical data of Vit is necessary to test the hypothesis

Hy: p(x,%)=p(x)p(x,)
of independence of random variables x;, x,.
To test the H; hypothesis let us solve the two-alternative problem of pattern recognition. By

classes Q;, Q, areas of definition for probability densities p(x;) p(x,), p(x,,x,)are meant. Under

these conditions, the Bayesian decision rule corresponding to the maximum likelihood criterion has
the following form

xeglaifp(xlvx2)<p(xl)p(x2)a

m(x : )
{erz,lfp(xl,x2)>p(xl)p(xz).
In contrast to the traditional formulation of the pattern recognition problem, while synthesizing
a decisive rule m(x) there is no a priori training sample containing information about the belonging

of the V' sample elements to one or another class. This information must be discovered in the process
of implementation of the H, hypothesis testing methodology, which is based on the following actions.

From the V' sample recover probability densities p(xl,x2), p(xl) p(x2), using their non-

parametric Rosenblatt — Parzen type estimates [5; 6],

1 X — X' X, — X
— , — F 1 1 F 2 2 ,
p(xl xZ) nclcle:;‘ [ ) J ( c, J

e e e

n-¢ ¢ =1 j=1

In the statistics p(x;, x,), p(x)P(x,) nuclear functions F(u,) satisfy the conditions of positiv-

ity, symmetry and normalization.
The values of blurring coefficientsc,, v = 1, 2 of the nuclear functions decrease as the n volume

of the V' sample of statistical data increases. Then the nonparametric decision rule for classification of
random variables x = (x;, x, ) is written as follows

i(x ‘{xe Q,ifp(x, %) <p(x) p(x),
xeQ,, if]_?(xl , xz) > ﬁ(xl);_?(xz).
The optimal blurring coefficients of the nuclear functions of the n_a(x) decision rule are chosen on

the basis of the analysis of approximation properties of nonparametric estimates of probability densi-
ties ]3(x1 , xz) , l_7(x1) , ﬁ(x2 ) from the minimum condition, their corresponding estimates of standard

deviations from the p(x;,x,), p(x), p(x,). For example, for p(x,) such a criterion is [7-11]
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[o0]

J 7 ) =22 p(x/).
e =

Let us define the estimates of probabilities of pattern recognition errors p; (E(l)) , Pa (5(2)) using
the 11_1(x) dsision rule on the basis of raw statistical data of J at optimal blurring coeffi-
cientsc (1)=(5;(1),2,(1)), 2(2)=((2).2,(2)) of the nuclear functions of statistics p(x,) p(x,),
f?()C1 , xz) respectively.

The values p, (E(l),E(,Z)) are calculated in the ‘rolling examination’ mode on the V' sample

assuming that its elements belong to the €3, class.
— (=(1\ = 1< NI
A (2(1).2(2)) =2 301(6(7),5(7). 1=1.2.
J=

where 8(j)=¢ are designations of the type of x' = (xl’ , xé) eQ,;

_ t,if x’ eQ
6(1)={ ’

0,if x/ ¢Q,

— «solvingy the algorithm of n_q(x) about the belonging of the x/ situation to on of the classes Q,,
t=1,2.

While calculating p, (E(l),E(Z)) in accordance with the ‘rolling examination’ methodology the

situation x/ = (x{ , x{ ) from the V' sample, which is fed into the algorithm of n_a(x) for control, is

excluded from the process of producing statistics p(x;, x, ), p(x) P(x,).
The indicator function is defined by the expression
(5()30)= " 220
1,if 8(j)=38(J).
Let us denote by p, the value of the estimation of the probability of pattern recognition error as-
suming that the ' sample elements belong to the classQ,, t =1, 2. Let us compare the values El , 32 .
Then the H,, hypothesis is valid if p, < p,. Otherwise, at p, < p, the random variables x, and

x, are independent.

When then volume of the V' smple is limited, the problem of confidence estimation of probabili-
ties of pattern recognition errors arises. For its solution, the traditional methodology of confidence es-
timation of probabilities or Kolmogorov — Smirnov criterion is used.

For example, when using the Kolmogorov — Smirnov criterion, the deviation 512 :|El —52| is

e[+

Here B is a probability (risk) of rejecting the hypothesis H, : p, = p, . If the ratio D;, < Dy is satis-

compared to the threshold value [12]

fied, then the H, hypothesis is valid and the risk of rejecting it does not exceed the value ofp.
At Dy, > Dy the H,, hypothesis rejected.
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Formation of sets of independent random variables

There is a sample of observations V' = (x’v ,V =1,_k, i =1,_n) of the n volume composed of statisti-
cally independent observations of the components of the multivariate random vari-

able x = (xv ,V= I,_k) . The type of the p(x) probability density function is unknown a priori. It is nec-

essary according to the statistics of V', using the hypothesis testing criterion proposed above [13—16]

H,;: p(xv,xj)fp(xv)p(xj)

For the componentsx,, v=1,k, x

i J= 1,k, v> j, to form the sets of the independent random vari-

ables x(t)=(x,,vel,), t=1,m. The m number of sets of components of the random variable x is

unknown, and /, is a set of component numbers that make up the setx(t).

The proposed methodology is based on performing the following steps:
1. In accordance with the above recommendations, to test the H, ; hypotheses for each pair of the

components (xv ,X j) of the multivariate random variable x = (xv , V= I,_k) The number of such pairs

corresponds to the value k (k —1)/2.

2. Based on the results of step 1, construct an information graph G(X , A) , where X is a set of its

vertices corresponding to the components of the random variable x, and 4 is a set of edges. Between
the two vertices x

Vv

x; there is an edge if the H, ; hypothesis is satisfied, i.e. the components x, , x;
are independent.

3. Analyse the information graph G(X ,A) and determine its complete subgraphs G(X t,At),

t =1, m. Each vertice of the subgraph G(X /s A,) has an edge if the components of the random vari-

able x are independent. Detect complete subgraphs using algorithms for cutting the original graph,
which are based on analysing its adjacency matrix. The components x,, v e/, correwsponding to the

vertices of the complete subgraph G(X ,»4,) form a set of independent random variables.

Modification of the method of testing the hypothesis of independence of random variables in
conditions of large volumes of statistical data

With large n volumes of the statistical data V' = (x{ , xé ,i=1, n) regression estimates of probabil-
ity densities p(x,,x,),7(x%), DP(x,)are used in the proposed methodology. These estimates are
based on the compression of the original information, e.g., V] :(xf ,izl,_n) into the data array
V, = (ﬁlj 20, =1,_N) by decomposing the area of values x, into N intervals. Here z’ are centres of

sampling intervals of values x; , and f)lj = I_’lj / A is probability density estimation in the j " interval; A
is a sampling interval length; ]31/' is frequency of occurrence of the x| values from the ¥; sample in the
interval numbered j . Then the regression estimate of the probability density function p(xl) according

to 171 has the form [17; 18]

_ 1& . —z/
p(xl):EZ;EJQ(X1 z J
=

01

The proposed approach allows reducing by orders of magnitude the n volume of initial statistical
information when estimating probability densities. The peculiarity of the statistics of the ﬁ(xl) type
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allows simplifying considerably the choice of coefficients of ¢ blurring of nuclear functions in the

P(x;) statistics from the condition of minimum criterion

%g(ﬁf -7()).

By analogy the estimation of the probability densities p(x,), p(x,,x,) is carried out. Regression

estimates of probability densities are used in testing the hypothesis of independence of random vari-
ables according to the proposed methodology.

Analysing the results of the computational experiment

The effectiveness of the proposed method of testing the hypothesis of independence of two-
dimensional random variables and Pearson's criterion in the conditions of ambiguous dependences at
different volumes of statistical data has been compared [19-21]. The sensors of random variables x, ,

x, were formed on the basis of the uniform distribution law x; , which was used in the calculation of
the values of x,in the form of nonlinear transformations x, . At the same time the values of x, were
superimposed with disturbances with the normal distribution law, which has zero mathematical expec-
tation and standard deviation . An example of the values of random variables x; and x, is shown in
Fig. 1.

a b

Puc. 1. 3nadeHns ciydaiHbIX BEIUUMH X, X, U3 BBIOOPKM MCXOIHBIX CTATHCTHUECKUX JAHHBIX V' mpu n =500

u o =0,5 (TeMHbIe TOYKH), a IpU G = 2 (Cepble TOUKN) IIPU UCTIOIb30BAHUHU 3aBUCUMOCTEH PA3IMYHON CIIOKHOCTH

Fig. 1. Valuesx;, x, of random variables from a sample of initial statistical data } at » =500 and ¢ = 0.5

(dark dots), and at o = 2 (grey dots) when using dependencies of varying complexity

When testing the independence hypothesis of a two-dimensional random component based on the
Pearson criterion, the results of the optimal selection of the number of sampling intervals are used
[22-24]
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* 3 2 y2
N =(ZA1A2||p(x1,x2)" nj .

The Value” p(x,x )"2 = I I p”(x,x,)dx dx, , and A, is the length of the interval between val-
v = 1.2. The works [25-27] are devoted to the traditional formulas of dis-
cretization of the range of values of random quantities.

By the results of computational experiment the offered methodology and Pearson's criterion
at the analysis of ambiguous dependences between random variables in conditions of relatively small
volumes of statistical data and mean square deviations ¢ of interferences are comparable and unmis-
takably determine dependence of random variables. This conclusion does not hold for the dependence
between random variables (Fig. 1, a), when the Pearson criterion does not establish dependence under

ues of the random value x

Vv

the conditions » = 100 and o € [0.5; 2]. As o increases, the efficiency of the criteria being compared
decreases. This fact is explained by the peculiarities of ambiguous dependences and large values of G,
when the area of definition of random variables hides the desired dependence. With the increase
in the n volume of initial data the efficiency of the compared criteria for testing the hypothesis
of independence of random variables increases. This conclusion is expected, since asymptotic proper-
ties of nonparametric estimates of probability densities and frequencies of occurrence of random
variables in their two-dimensional intervals rise as n increases. The advantage of the proposed
methodology for testing the hypothesis of independence of random variables is observed at small
values of o, limited and large n. At large n and o, the advantage of Pearson's criterion is often revealed
if the procedure of optimal discretisation of the area of values of a two-dimensional random variable
is used [22].

Application of the proposed methodology in analysing remote sensing data

The developed methodology was tested when analysing the remote sensing data [2; 28]. The object
of the study is anthropogenic territories (quarry, suburban development) in the vicinity of the city of
Krasnoyarsk. The initial information was formed on the fragments of Sentinel-2 satellite imagery on

26.08.2021 (Fig. 2). The spectral channels x;, j=1,9 were used. These channels are characterised by
wavelengths (nanometres): x; — (458-523), x, — (543-578), x; — (650-680), x, — (698-713),
x5 —(733-748), x, — (773-793), x, —(785-899), x4 — (1565-1655), x, — (2100-2280).

The proposed methodology allows forming pairs of independent and dependent random variables
by changing the ratio between their parameters. The application of the methodology allowed us to de-
tect 31 and 29 pairs of spectral features with strong linear dependence for the objects ‘quarry’ and

‘suburban development’, respectively. The obtained results are presented in Fig. 3.
Additionally, non-linear dependences between spectral features were found for the object ‘quarry’

(x1. %), (%, x5)s (%, %7), (3%, %x5), (%, %)
and the object ‘suburban development’
(6235 )s (52 % )s (353 )1 (2 )1 (31 % ) (34 356 ) (3 257)
The obtained results are reliable for all pairs of spectral features, since the condition |5, —5,| > Dy

is met at Dy = 0.029 and the risk = 0.025 reject the H, hypothesis of equality of valuesp,, p,.
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a b

Puc. 2. ®parmMeHThl CIIyTHUKOBOM cheMKHU Sentinel-2. AHTPOIOTE€HHBIE TEPPUTOPUL:
a — xapbep; b — npuropoHas 3acTpoiika

Fig. 2. Fragments of Sentinel-2 satellite imagery. Anthropogenic territories:
a — quarry; b — suburban development

a b

Puc. 3. I/IJ’IJ’IIOCTpaLII/ISI CWIbHOHN JTMHEHHOM 3aBUCHMOCTH MCXKAY apaMU CICKTPaJbHbIX IPU3HAKOB (xi , xj) 5

XapaKTePU3YIOIUXCsl OLEHKaMU K03 GHLIUEHTOB Koppenauuu 6oibue 0,9:
a — xapbep; b — npuropoHas 3acTpoiika

Fig. 3. Illustration of a strong linear relationship between pairs of spectral features (x[ , X j)

characterized by correlation coefficient estimates greater than 0.9:
a — quarry; b — suburban development

The problem of detecting anthropogenic areas from spectral data is considered. The error of their
recognition in the space of spectral features x= (xj . J =1,_9) based on the training sample
14 =(xi ,o(i),i =1,_n) is equal to 0.012, wheren =n, +n,, n, =3377 (‘quarry’,o(i) = 1), n, = 5049

(‘Suburban Development’ c(i ) = 2). When excluding from the training sample, for example, the spec-

tral features (x,, xs), (xs5,%¢), (x4, Xs,%) the estimates of pattern recognition errors correspond to

the values 0.011; 0.01; 0.008. The obtained reduction in pattern recognition errors is not reliable com-
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pared to the error estimate in feature space x;, j=1,9. Nevertheless, the obtained result justifies the

possibility of reducing spectral features in the synthesis of decision-making algorithms and simplify-
ing their optimisation.

Conclusion

The methodology of testing the hypothesis of independence of pairs of random variables, based on
the use of nonparametric algorithm of pattern recognition, allows bypassing the problem of discretisa-
tion of the area of the values of random variables into multidimensional intervals. This problem is in-
herent in the generally recognised Pearson criterion. The conditions of competence of the proposed
method and Pearson's criterion in the analysis of unambiguous and ambiguous dependences between
random variables are determined. Using the apparatus of graph theory, the proposed method is devel-
oped in the formation of sets of independent random variables. The obtained results are generalised in
testing the hypothesis of independence of random variables for large volumes of statistical data on the
basis of compression of initial information, which allows increasing by orders of magnitude the com-
putational efficiency of the problems being solved. The effectiveness of the proposed methodology is
confirmed when analysing remote sensing data of anthropogenic territories and assessing their states.
In the presence of a set of spectral features characterised by a strong linear dependence between its
pairs, it is possible to reduce the number of spectral features in the recognition of anthropogenic terri-
tories with a decrease in the estimate of the probability of error in their recognition.

bubnauorpadpuueckue ccblIKu

1. Axanemuk [lyrau€s Bnagumup CemEHOBHY: K cTONETHIO cO JHS poxaenus / nox pea. M. H. Cunu-
ueiHa. M. : Topyc Ilpecc, 2011. 376 c.

2. lllapyesa A. B., Jlanko A. B., Jlanko B. A. HenapameTrpudeckue MeTOAbI MPOBEPKH TMIIOTE3
0 pachpeleNeHUsIX CIyYalHBIX BEIWYUH TMPU aHalu3e MAHHBIX JUCTAHIIMOHHOTO 30HAMPOBAHUSL.
Hosocubupck : CO PAH, 2024. 189 c.

3. Jlanko A. B., Jlanko B. A. IIpoBepka runore3bl 0 HE3aBUCUMOCTH JBYMEPHBIX CIy4aWHBIX Be-
JIMYWH C UCTIOJB30BAaHMEM HEMapaMEeTPUUEeCKOTrO aliTOPUTMa paclo3HaBaHus 00pa3oB // ABTOMETpUSI.
2021.T. 57, Ne 2. C. 41-48. DOI: 10.15372/AUT20210205.

4. Jlaniko A. B., Jlariko B. A., baxtuna A. B. UccnenoBanne METOIUKY TTPOBEPKH THIIOTE3HI O He-
3aBHCHMOCTH JIByXMEPHBIX CIyYaiHBIX BEIMYHH C WCIOJIB30BaHINEM HETapaMeTPHIECKOTo Kiaccupu-
karopa // ABtomerpus. 2021. T. 57, Ne 6. C. 90-100. DOI: 10.15372/AUT20210610.

5. Parzen E. On estimation of a probability density function and mode // Annals of Mathematical
Statistics. 1962. Vol. 33, No. 3. P. 1065-1076. DOI: 10.1214/aoms/1177704472.

6. EmaneunukoB B. A. HemapameTrpuueckasi olleHKa MHOTOMEPHOW IJIOTHOCTH BEpPOSTHOCTH //
Teopus BepossTHOCTH U ee puMeHeHus. 1969. T. 14, Nel. C. 156-161.

7. Jlanko A. B., Jlanko B. A. AHanu3 METOI0OB ONTUMU3AIMY HETApaMETPUUIECKON OLIEHKHU TIIOT-
HOCTH BEPOSTHOCTH TO KOA(PPUIIUCHTY Pa3MBITOCTH sIIePHBIX (pyHKIUE // I3MepuTenbHas TEXHUKA.
2017. Ne 6. C. 3-8.

8. Jlanko A. B., Jlamiko B. A. SImepHbIe OIleHKH TUIOTHOCTH BEPOSTHOCTH M MX puMeHeHne. Kpac-
HOsIpcK : Cubl'Y um. M. @. Pemernéna, 2021. 308 c.

9. Rudemo M. Empirical choice of histogram and kernel density estimators // Scandinavian Journal
of Statistics. 1982. No. 9. P. 65-78.

10. Bowman A. W. A comparative study of some kernel-based non-parametric density estimators
// Journal of Statistical Computation and Simulation. 1982. Vol. 21. P. 313-327.

11. Hall P. Large-sample optimality of least squares cross-validation in density estimation // An-
nals of Statistics. 1983. Vol. 11. P. 1156-1174.

12. llapakmramy A. C., XKeneznos U. I'., Usaumkmii B. A. Croxasle cuctemsl. M. : Beicm. mik.,
1977. 248 c.

56



Part 1. Informatics, computer technology and management

13. Jlanko A. B., Jlaniko B. A., baxtuna A. B. ®opmupoBanue HAOOPOB HE3aBUCUMBIX KOMITOHEHT
MHOTOMEPHOI CilydyallHOM BEJIMYMHBI HA OCHOBE HEMapaMEeTPUUECKOro ajiropuTMa paclio3HaBaHUS
o6pazoB // U3mepurensHas Texanka. 2021. Ne 9. C. 3-9. DOI: 10.32446/0368-1025it.2021-9-3-9.

14. HemapaMeTpudecKuii airopuT™ pacIio3HaBaHUS 0O0pa30B B 3ajade MPOBEPKH THIOTE3BI O He-
3aBUCUMOCTH ciydaifHbeix BenwanH / M. B. 3eHpkoB, A. B. Jlanko, B. A. Jlaniko u ap. // KommbroTep-
Has ontuka. 2021. T. 45, Ne 5. C. 767-772. DOI: 10.18287/2412-6179-CO-871.

15. MeToauka mociea0BaTeIbHOT0 (hOPMUPOBAHUS HAOOPA KOMIIOHEHT MHOTOMEPHOM CITy4aiiHOM
BEJIMYMHBI C HUCIONH30BAHUEM HEMAapaMETPUUECKOr0 aJrOpuTMa pacro3HaBaHusi oopazos / U. B.
3enbpkoB, A. B. Jlanko, B. A. Jlanko u ap. / KomnerotepHas ontuka. 2021. T. 45. Ne 6. C. 926-933.
DOI: 10.18287/2412-6179-CO-902.

16. Jlamko A. B., Jlanko B. A., IllapyeBa A. B. HemapameTpudueckuii anroputM paciio3HaBaHH
00pazoB B 3amade ¢GhopMHpPOBaHUS HAOOPOB HE3aBUCHUMBIX CIydaiHBIX BenwuwH // MHpOpMaThka u
cuctemsl yrpasnerus. 2024. T. 79, Nel. C. 81-90. DOI: 10.22250/18142400 2024 79 1 81.

17. Jlako A. B., Jlanko B. A. Perpeccuonnas oreHka IIOTHOCTH BEPOSTHOCTH U €€ CBOMCTBA //
Cucremsl yrpaBiieHus 1 nHGopManuoHHbeie TexHomorun. 2012, Ne 3-1 (49). C. 152-156.

18. Jlanko A. B., Jlanko B. A. PerpeccuoHHasi olileHKka MHOTOMEPHOH IJIOTHOCTH BEPOSITHOCTH U
eé cpoiictra // ABrometpus. 2014. T. 50, Ne 2. C. 50-56.

19. Jlanko A. B., Jlanko B. A., baxtuna A. B. IIpumeHeHHne HenmapaMeTpHUYeCcKOro alaropuTMma
pacno3HaBaHus 00pa3oB B 3ajjaue MPOBEPKHU THUIIOTE3bl O HE3aBHCUMOCTH NMEPEMEHHBIX HEOHO3HAY-
HBIX (yHkumi // M3mepurensHas texauka. 2022. Ne 1. C. 17-22. DOI: 10.32446/0368-1025it.2022-
01-17-22.

20. Jlamko A. B., Jlanko B. A., baxtuna A. B. CpaBHeHHE METOIUKU MPOBEPKU TUIIOTE3BI O HE3a-
BHUCHUMOCTH JIBYXMEPHBIX CIyYaiHBIX BEIHYUH, OCHOBAHHOW Ha HEMapaMeTPUUYECKOM Kiaccupukaro-
pe // WckyccTBeHHBI WHTENIEKT W mpuHATHEe pemeHuit. 2022. Ne 1. C. 45-56. DOL:
10.14357/20718594220105.

21. Jlanko A. B., Jlanko B. A., baxtuna A. B. CpaBHeHHEe METOIMK TPOBEPKHU TUIIOTE3BI O HE3aBU-
CUMOCTH CITy4allHBIX BEJIHYWH, OCHOBAHHBIX Ha HEMApaMETPUYECCKOM KIACCU(PUKATOPE M KPUTCPUHU
[Mupcona // ABrometpusi. 2023. T. 59, Ne 5. C. 36—-46.

22. Jlamko A. B., Jlanko B. A. Be10op oNTHMaabHOTO KOJHYECTBA HWHTEPBAJIOB ITHCKPETH3AITIH
o0acTHl 3HAUCHUH ABYXMEPHOH CiTyJaiHo BeuauHb! // 3sMeprrensHast Texauka. 2016. Ne 2. C. 14-17.

23. Jlaniko A. B., Jlanko B. A. Mertox muckperusanuu 00J1aCTH 3HAYCHUH MHOTOMEPHOM CITydJaii-
HO# BenmmuuHsl // 3meputenbras Texauka. 2019, Ne 1. C. 16-20. DOI: 10.32446/0368-1025it.2019-1-
16-20.

24. Jlanko A. B., Jlanko B. A. OnenuBanne mapamMeTpoB (GOpMyIbl ONITUMATBHON JUCKPETU3AITIH
obacTv 3HAYCHUI TBYMEPHOH citydaitHoi BenmdauHb! // M3mepurtenbHas Texuauka. 2018, Ne 5. C. 9-13.

25. Sturges H. A. The choice of a class interval // Journal of the American Statistical Association.
1926. Vol. 21, No. 153. P. 65-66.

26. Heinhold 1., Gaede K. Ingeniur statistic. Miinchen: Springler Verlag, 1964. 352 p.

27. Scott D.W. Multivariate Density Estimation: Theory, Practice, and Visualization. New Jersey:
John Wiley & Sons, 2015. 384 p.

28. Jlamko A. B., Jlatiko B. A., baxtuna A. B. [IlpuMmeHeHre HemapaMeTpUIECKONH METOANKH TIPO-
BEPKH TUTIOTE3bl O HE3aBUCHMOCTH CIIy9allHBIX BEJIMYHMH B YCIOBHAX OOJBIIOTO 00BhEMa CTaTHCTHYIE-
ckux HaHHBIX // M3meputenbrHas texuauka. 2023. Ne 10. C. 17-24. DOI: 10.32446/0368-1025it.2023-
10-17-24.

References

1. Sinitsyna I. N. Akademik Pugachev Viadimir Semenovich: k stoletiyu so dnya rozhdeniya [Aca-
demician Vladimir Semenovich Pugachev: on the centenary of his birth]. Moscow, Torus Press Publ.,
2011, 376 p.

57



Siberian Aerospace Journal. Vol. 26, No. 1

2. Sharueva A. V., Lapko A. V., Lapko V. A. Neparametricheskiye metody proverki gipotez o ra-
spredeleniyakh sluchaynykh velichin pri analize dannykh distantsionnogo zondirovaniya [Nonpara-
metric methods for testing hypotheses about distributions of random variables in the analysis of re-
mote sensing data]. Novosibirsk, SO RAN Publ., 2024, 189 p.

3. Lapko A. V., Lapko V. A. Testing the Hypothesis of the Independence of Two-Dimensional
Random Variables Using a Nonparametric Algorithm for Pattern Recognition. Optoelectronics,
Instrumentation and Data Processing. 2021, Vol. 57, No. 2, P. 149-155.

4. Lapko A. V., Lapko V. A., Bakhtina A. V. Study of the Method for Verification of the Hypothe-
sis on Independence of Two-Dimensional Random Quantities Using a Nonparametric Classifier.
Optoelectronics, Instrumentation and Data Processing. 2022, Vol. 57, No. 6, P. 639-648.

5. Parzen E. On estimation of a probability density function and mode. Annals of Mathematical
Statistics. 1962, Vol. 33, No. 3, P. 1065-1076.

6. Epanechnikov V. A. [Non-parametric estimation of a multivariate probability density]. Theory of
Probability & Its Applications. 1969, Vol. 14, No. 1, P. 156161 (In Russ.).

7. Lapko A. V., Lapko V. A. Analysis of optimization methods for nonparametric estimation of the
probability density with respect to the blur factor of kernel functions. Measurement Techniques. 2017,
Vol. 60, No. 6, P. 515-522.

8. Lapko A. V., Lapko V. A. Yadernye otsenki plotnosti veroyatnosti i ikh primenenie [Kernel
probability density estimates and their applications]. Krasnoyarsk, SibGU im. M.F. Reshetnev Publ.,
2021, 208 p.

9. Rudemo M. Empirical choice of histogram and kernel density estimators. Scandinavian Journal
of Statistics. 1982, No. 9, P. 65-78.

10. Bowman A. W. A comparative study of some kernel-based non-parametric density estimators.
Journal of Statistical Computation and Simulation. 1982, Vol. 21, P. 313-327.

11. Hall P. Large-sample optimality of least squares cross-validation in density estimation. Annals
of Statistics. 1983, Vol. 11, P. 1156-1174.

12. Sharakshane, A. S., Zheleznov 1. G., Ivnitskii V. A. Slozhnye sistemy [Complex systems].
Moscow, Vysshaya Shkola Publ., 1977, 248 p.

13. Lapko A. V., Lapko V. A., Bakhtina A. V. Formation of Sets of Independent Components of a
Multidimensional Random Variable Based on a Nonparametric Pattern Recognition Algorithm.
Measurement Techniques. 2021, Vol. 64, No. 9, P. 689-696.

14. Zenkov 1. V., Lapko A. V., Lapko V. A., Kiryushina E. V., Vokin V. N. Nonparametric pattern
recognition algorithm for testing a hypothesis of the independence of random variables. Computer
Optics. 2021, Vol. 45, No 5, P. 767-772.

15. Zenkov 1. V., Lapko A. V., Lapko V. A., Kiryushina E. V., Vokin V. N., Bakhtina A. V.
A method of sequentially generating a set of components of a multidimensional random variable using
a nonparametric pattern recognition algorithm. Computer Optics. 2021, Vol. 45, No. 6, P. 926-933.

16. Lapko A. V., Lapko V. A., Sharueva A. V. Neparametricheskii algoritm raspoznavaniya obra-
zov v zadache formirovaniya naborov nezavisimykh sluchainykh velichin [A nonparametric pattern
recognition algorithm in the problem of forming sets of independent random variables]. Informatika i
sistemy upravleniya. 2024, Vol. 79, No. 1, P. 81-90 (In Russ.).

17. Lapko A. V., Lapko V. A. Regressionnaya otsenka plotnosti veroyatnosti i ee svoistva [Re-
gression estimation of probability density and its properties]. Sistemy upravleniya i informatsionnye
tekhnologii. 2012, No. 3-1 (49), P. 152-156 (In Russ.).

18. Lapko A. V., Lapko V. A. Regression estimate of the multidimensional probability density and
its properties. Optoelectronics, Instrumentation and Data Processing. 2014, Vol. 50, No. 2, P. 148—153.

19. Lapko A. V., Lapko V. A., Bakhtina A. V. Application of a nonparametric pattern recognition
algorithm to the problem of testing the hypothesis of the independence of variables of multi-valued
functions. Measurement Techniques. 2022, Vol. 65, No. 1, P. 17-23.

58



Part 1. Informatics, computer technology and management

20. Lapko A. V., Lapko V. A., Bakhtina A. V. Comparison of the Methodology for Hypothesis
Testing of the Independence of Two-Dimensional Random Variables Based on a Nonparametric Clas-
sifier. Scientific and Technical Information Processing. 2023, Vol. 50, No. 6, P. 572-581.

21. Lapko A. V., Lapko V. A., Bakhtina A. V. Comparison of Methods for Testing the Hypothesis
of Independence of Random Variables Based on a Nonparametric Classifier and Pearson's
Chi-Squared Test. Optoelectronics, Instrumentation and Data Processing, 2023, Vol. 59, No. 5,
P. 551-560.

22. Lapko A. V., Lapko V. A. Selection of the Optimal Number of Intervals Sampling the Region
of Values of a Two-Dimensional Random Variable. Measurement Techniques. 2016, Vol. 59, No. 2,
P. 122-126.

23. Lapko A. V., Lapko V. A. Discretization method for the range of values of a multi-dimensional
random variable. Measurement Techniques. 2019, Vol. 62, No. 1, P. 16-22.

24. Lapko A. V., Lapko V. A. Estimation of parameters of the formula for optimal discretization of
the range of values of a two-dimensional random variable. Measurement Techniques. 2018, Vol. 61,
No. 5, P. 427-433.

25. Sturges H. A. The choice of a class interval. Journal of the American Statistical Association,
1926, Vol. 21, P. 65-66.

26. Heinhold L., Gaede K. W. Ingeniur statistic. Miinchen, Springler Verlag, 1964, 352 p.

27. Scott D. W. Multivariate Density Estimation: Theory, Practice, and Visualization. New Jersey,
John Wiley & Sons, 2015, 384 p.

28. Lapko A. V., Lapko V. A., Bakhtina A. V. Application of a nonparametric procedure for test-
ing the hypothesis about the independence of random variables given a large amount of statistical data.
Measurement Techniques, 2024, Vol. 66, P. 744-754.

© Sharueva A. V., 2025

lapyeBa AnHa BiiajiMMupoBHa — 3aBeyrOLIHUil TabopaTopHel MUCTAaHIIMOHHOTO 30HIAMPOBAHUS, ACCUCTCHT;
Cubupckuii rocyaapCTBEHHbBIN YHUBEPCUTET HAYKHU U TEXHOJIOTUI nMeHH akaaemuka M. ®@. Pemernesa. E-mail: anna-
denisyuk@yandex.ru. https://orcid.org/0009-0003-4255-4554.

Sharueva Anna Vladimirovna — head of the remote sensing laboratory, assistant; Reshetnev Siberian State
University of Science and Technology. E-mail: anna-denisyuk@yandex.ru. https://orcid.org/0009-0003-4255-4554.

Cratbst moctymnuia B penakiuio 27.12.2024; npunsra k nyonukanuu 13.01.2025; ony6onukosana 11.04.2025
The article was submitted 27.12.2024; accepted for publication 13.01.2025; published 11.04.2025

Crartbs goctynHa no nuuensnn Creative Commons Attribution 4.0
The article can be used under the Creative Commons Attribution 4.0 License



