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Pemenue nepBoi KpaeBou 3a1a4u IJIOCKOW TEOPUM YIIPYTOCTH
C IOMOIIbIO 3AKOHOB COXPAHEHUS

O. B. IMamkosckast , C. B. JIykbstHOB

Cubupckuii rocyAapcTBEeHHBIH YHUBEPCUTET HAYKH M TEXHOJIOTHH MMeHH akanemuka M. @. PemerneBa
Poccuiickas @enepauns, 660037, r. KpacHosipck, npoci. uM. ra3. «KpacHosipckuit pabounii», 31
*E-mail: pashkovskaya@sibsau.ru

Annomayus. Pewenuto kpaesvix 3a0au 051 ypasHeHUtl RIOCKOU Meopuu ynpy2oCmiu HOCEUeHO 0SPOM-
HOoe KOnu4ecmeo pabom. boavuuuncmeo uccie0osanull 3moe0 HanpasieHusi OCHO8bI8AeMcs HA (opmyie,
Hatioennou I. B. Konocosvim. Emy nepgomy yoanoce @vipazumsv obuee peuieHue 3a0aqu 0 njiockou ynpy-
2ol Oeghopmayuu yepes HaxodcoeHue 08YX He3A8UCUMBIX YHKYULL KOMIIEKCHO20 NePeMEenH020. Dmo no-
360UN0 NPUMEHUMb OJi peuleHus 3a0ay meopuu ynpyocmu Xopouwo paspabomanuyo meopuro aHaiumu-
yeckux Gyuxyuil. Ilozonee memoo pewienus, ocnosaunwiil Ha opmyne Konocosa, 6vin pazeum e2o yueru-
xom H. U. Mycxenuweunu. Ho onucanuviti memoo umeem cyujecmeernvle ocpanudenus. OH npumeHum
MoAvbKo 015 mex obnacmetl, KOMopvie MONCHO KOHPOPMHO omobpazums Ha Kkpye. [losmomy Heobxooumvl
u Opyeue cnocobvl peuienus 3a0a4 meopuu ynpy2ocmi, HOCKOIbKY OOIbUOe KOIUYECTHBO NPAKMUYeCcKu
BANCHBIX 3a0ay pewiaemcs Ol obnacmet, Komopbvie He YO08NemBOPsAIOm dMomy ycioguro. Pazeusaemvitl
6 pabome mMemoo 0CHOBAH HA UCNOTb308AHUU 3AKOHO8 COXPAHEHUS, KOMOopble NOCMPOeHbL OJi YPAGHEHU,
onucwvlearowux niockoe oegopmupyemoe cocmosanue. Coenannvie 8 pabome npeonoioNCeHUs NO3600M
nocmpoums peuieHue nepeol Kpaesou 3a0ayu 0jisk NPOU3BOIbHLIX NIOCKUX obnacmetl, 02PAHUYEeHHbIX K-
COUHO-2Na0Kum Koumypom. Ilpu smom HaxoducoeHue KOMNOHEHM MEH30PA HANPANCEHUN CBOOUMCS K Bbl-
YUCTICHUI) KOHMYPHLIX UHMeSPAanoe no epanuye paccmampueaemou ooracmu. Kax u 6 ciyyae, paccmom-
pernnom 1. B. Konocogvim, peuienue 3a0aiu 0CHOBbI8ACMCA HA 08YX MOUHbIX peutenusax ypasHeruu Kowu —
Pumana, umerowux ocobernocmu 6 Rpou3BOIbHOLU MOYKE PACCMAMPUBAEMOU 0OAACTIL.

Kniouesvie cnosa: meopus ynpyeocmu, 3aKk0Hbl COXpaneHus, nepeas Kpaesas 3aoaud, ypaerenus Kowu
— Pumana, mensop deghopmayuu.

Solution of the first boundary value problem of plane elasticity theory
using conservation laws

O.V. Pashkovskaya*, S. V. Lukyanov

Reshetnev Siberian State University of Science and Technology
31, Krasnoyarskii rabochii prospekt, Krasnoyarsk, 660037, Russian Federation
* E-mail: pashkovskaya@sibsau.ru

Abstract. A huge number of works are devoted to solving boundary value problems for the equations
of plane elasticity theory. The largest number of studies in this area are based on the formula found
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by G. V. Kolosov. He was the first to express the general solution to the problem of plane elastic deformation
by finding two independent functions of a complex variable. This made it possible to apply a well-developed
theory of analytic functions to solving problems of elasticity theory. Later, the solution method based on Kolo-
sov's formula was developed by his student N. 1. Muskhelishvili. But the described method also has significant
limitations. It is applicable only to those areas that can be conformally mapped onto a circle. Therefore, other
methods for solving elasticity theory problems are also needed, since a large number of practically important
problems are solved for areas that do not satisfy this condition. The method developed in the work is based on
the use of conservation laws that are constructed for equations describing a plane deformable state. The as-
sumptions made in the work make it possible to construct a solution to the first boundary value problem for
arbitrary plane areas bounded by a piecewise smooth contour. In this case, finding the components of the
stress tensor is reduced to calculating contour integrals along the boundary of the region under consideration.
As in the case considered by G. V. Kolosov, the solution to the problem is based on two exact solutions of the
Cauchy — Riemann equations, which have singularities at an arbitrary point in the region under consideration.

Keywords: elasticity theory, conservation laws, first boundary value problem, Cauchy — Riemann equation,
strain tensor.

Beenenue

Pemenue kpaeBbIX 3a1a4 Ui ypaBHEHUH TEOPUH YIPYTOCTH B IJIOCKOM CTALIMOHAPHOM CIIy4ae M3-
JIOKEHO B OTPOMHOM KOJIMUECTBE cTaTedl U MoHorpaduil. Kinaccuyeckoii paboToil B 3TOM HamnpaBiIeHUH
CITyXXHT KHHTa, HanmcanHast yuyenukoM . B. Komnocoga [1]. HecmoTpst Ha 60mbIyt0 HCTOPHUIO pEeILICHUS
TaKUX 337124, MHTEpEC K X PEHICHHUIO He 0cnadeBaeT. ITO CBSI3aHO € TEM, YTO KJIaCCHUECKHe (hOPMYIIbI
I'. B. KonocoBa no3BosisItOT pemars ypaBHEHUSI TEOPUN YIIPYTOCTH HE JJI BCEX KPAeBBIX 3a]ad, BO3HH-
KalOIIMX B HayKe U TexHuke. OCHOBHOE OTpaHWYeHHE 00YCIIOBIEHO TIaIKOCTBIO TPaHUIIBI B HEKOTOPBI-
MH OCOOCHHOCTSIMH ITPUMEHEHHsI (DYHKLUH KOMIIEKCHOTO TIepeMeHHOro0. J[pyrue cnocoObl, cBS3aHHbIE
C Pa3NIOKECHUEM MCKOMBIX (DYHKIHIA B PSIIBI IO PA3IUYHBIM BHJAM CICIUAIBHBIX (DYHKIUH, TOXKE HUMe-
0T €CTECTBEHHBIC OTPaHIUYEHHS, KOTOPBIE COMPSKEHBI CO CXOAUMOCTBIO HCIIONB3YEMBIX PSZIOB, a TAKKE
TPOMO3AKOCTHIO ITOJTYYEHHBIX PE3YIBTATOB.

OmnuieM HEKOTOpBIE Pe3YyIbTaThl UCCIENOBAHNI TEOPUH YIPYTOCTH, NTOJyYEHHBIE B ITOCIEIHEE Bpe-
Ms. B pabote [2] npencraBneH KpaTKHi MCTOPUYECKUN 0030p HCCICAOBAHHUM, MOCBSILCHHBIX TEOPHU
m3ruba ynpyrux riactuH. B [3] paccMmaTtpuBaercs 3amavya oOHapyXeHUS U HICHTU(DUKAIMH YIIPYTOTO
BKJIIOYEHUS B N30TPOITHOM, TMHEHHO YIPYroH INIOCKOCTH. B craThe [4] paccmarpuBaeTcs yCI0KHEHHBIN
BapHaHT W3BECTHOM 3amaum Jlame, moctaBieHHOW B 1852 r., omMchIBaIONICH pEIIEHUE CTATUYECKOTO
paBHOBeCHs Mapajvieienunena co cBOOOTHBIMA OOKOBBIMU MOBEPXHOCTSIMHU, TOABEPKCHHBIMH JICHCT-
BHIO MPOTHUBOMOJIOKHBIX TOPIEBBIX YCHIINM, a TAKKE JUISI CIydasl yJapHbIX BO3JCHCTBUI TOPUEBBIX CHUIL
B [5] ocymiectisieTcst mocTpoeHue GyHIaAMEHTAIbHBIX PEIICHUH I ypaBHEHUH rapMOHUYECKUX KO-
nebaHuii B TEOPUU YIPYTOCTH aHWU3OTPOITHBIX YIIPYTUX CPEJl, TIOCTPOCHO (DyHIaMEHTAIbHOE PEelIeHHe
YpaBHEHUH KOJICOaHWN 11T M30TPOITHOM Cpeabl B 3aMKHYTOM BHje. B [6] mpuBeneHo obiiee pemicHue
3a7a4 TEOPHUH YIIPYTOCTH LTSI AaHU3OTPOIHBIX MOMYIIOCKOCTH U TIOJIOCH! C MMPOU3BOJIBHBIMHA OTBEPCTHS-
MU ¥ TPEUIMHAMH, UCTIONB3YIOIIee KOMIUIEKCHBIE TOTEHIINAIBI TUTOCKOW 331a4H TEOPHHU YIIPYTOCTH aHH-
3oTponHoro Tena. CraThs [7] MOCBAIIEHA UCCICIOBAHUIO (DYHKIIUK HATPSHKEHHUH, TO3BOJISIONINX TOX-
JIECTBEHHO yJIOBJIETBOPUTH YPaBHEHUSIM PAaBHOBECHS KJIACCHYECKOW TEOPHH YIPYTOCTH M TOIYYHUTh pe-
NIeHNe B HanpsDKEHUsX. J[J1sl MOTydeHnsT 3aBUCUMOCTEH MEXy HANPSDKCHUSAMH W (QYHKIMSMH Harpsi-
JKEHUH HCIIONB3YeTCSl MaTeMAaTHICCKUI ammapar oOIIeld TeoOprur OTHOCHTEThHOCTH. B [8] B TepmuHax
KOMIUIEKCHO3HAYHBIX TEPEMEICHUH BBITIICHIBACTCS CHCTEMa ypPaBHEHUIH OCECHMMETPUYHOW TEOPHUHU
VIPYTOCTH, QYHIAMEHTAILHOE PEelICHUEe KOTOPOH SBISETCS OOIINM MPEICTABICHUEM IOJIS TIepeMelle-
HUI B OCECHUMMETPHYHOM CiIydae, aHaJornuHo gopmyiam KomocoBa — MycCXENMUIIBIIN B IJIOCKOM 3a-
nade. B [9] mpuBoasTCS OCHOBHBIC YpaBHEHUS TUHEHHONH MOMEHTHOM TeOpHH yNpyrocTu. Ompenersto-
IFie COOTHOIIECHHUS 3aMCaHbl IS CITydasi IPOMN3BOJIFHON aHW30TPOITMH B BUJIE JIMHEHHBIX YpaBHEHHA.
PaccmarpuBaioTcsi HEKOTOpBIE YIPOIIEHHBIE BapHAHTHI, B YACTHOCTH CO CTECHEHHBIM BpAICHHEM, U
Iockas aedopMarivs Mpy HAJIMYMK TOJIBKO CABMIOBBIX HampspkeHuil. Padora [10] mocesineHa aHanuzy
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KpaeBoil 3a7jaull ¢ HEM3BECTHOW OOJIACThI0 KOHTAKTa, ONFICHIBAIOIIEH paBHOBECHE ABYMEPHBIX YIIPYTHUX
TEJ ¢ TOHKOW clabo MCKpuBIEHHON TepeMbrukoi. B [11] mccnemyercs SBOMONNS BOTHOBOW KapTHHBI
B Pa3HOMOJYJIFHOM YIIPYTOM ITOTYIIPOCTPAHCTBE MPH HECTAIMOHAPHOM OJJHOOCHOM KYCOYHO-THHEHHOM
JIBIDKEHHH €0 IPAHMIIBI B PEXKMME «PACTSDKEHHE — CHKATHE — OCTAHOBY.

B nanHo#i paboTe HCMONB3YIOTCS 3aKOHBI coXpaHeHHH nuddepeHIMaabHBIX YPaBHECHHH YIIPYIro-
ctu. llpuBeneHsl Takne 3aKOHBI, KOTOPHIE MO3BOJSIOT CBECTH HAXOXIEHHE KOMIIOHEHT TeH30pa Ha-
MPSDKEHUH B TOYKE K KOHTYPHOMY MHTETpaNy IO TpaHMIle paccMaTpuBaeMoi obmactu. Ilpu atom ot
TPaHUIBI 00TACTH TPeOyeTCs TOJNBKO KyCOYHAs TIaJKOCTh. 3aMETUM, UTO PAaHHEE HEKOTOPHIC 3aKOHBI
COXpaHeHUs ObLTH NpUBECHBI B padoTtax [12; 13], HO oHM He OBUIM HCITOJIL30BAHBI IS PEIICHUN Ka-
KHX-JTHOO 3a71ad.

IlocTanoBka 3amaun
PaccMoTpuM ypaBHEHUS, OMTUCHIBAIOIIUE ILIOCKYIO YIIPYTYIO JIe(hOpMAITHIO.
CooTHoIIeHus, CBSI3BIBAIOIINE KOMIIOHEHTHI TeH30pa e opMaliiii 1 KOMIOHEHTHI BEKTOpa Tepe-
MEIICHUH B ClTydae MaJbix edopMaruii, UMEIOT BUJT
c _dw . Ow, c _8w1+8w2 0
x > Cy - s Xy - .
ox dy dy  ox

3akon ['yka 3anmmrercs Tak:

2(1+v)T

Z 2

X

1 1
€ :E(Gx —V0o,). ¢, :E(Gy —VG,), €, =

YcnoBust COBMECTHOCTH Jeh OpMATIHIA:

0%, .\ d’e, _ %€, | )
9%y  9*x  Oxdy

IToacrasnss (2) B (3), monyyaem

0’(6,-vo,) 0*(c,-Vo 2
( . » oL . RIS &)
o7y 0°x 0xdy
YpaBHEHUS paBHOBECHUS:
Jc,
9o, +%=0, %+—’=O.
ox dy ox dy
Otcrona nosnyyaem
82(5, 2 2
y 070, _ 01 5)

Y :
0°y Jd°x 0xdy
N3 (4) u (5) momygaem
Ao, +0o y) =0.
3nech €,,€,,€, — KOMIIOHEHTHI TeH30pa Aepopmaunii; G,,6,,T — KOMIOHEHTBI TEH30pa Hamps-

JKEHHUH; W, W, — KOMIIOHEHTBI BEKTOpa NepeMeIleHni; £,V — yrnpyrue NOCTOSHHBIE.

CucreMa OKOHUATEIIBHO UMEET BU:

oG,
9, , 9o, L, %% o Ao, +0,)=0. (6)
ox dy ox dy '

IToctaBuM 1t crcteMsl (6) TIEPBYIO KPaeByIo 3a1a4y:

o+t =X(x,y), wm+onl =Y(xy). )
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31ech ny,n, — KOMIIOHEHTBl BEKTOPa BHEIIHEW HOPMalM K KyCOYHO-ITIAJAKOMY KOHTYpY, OIpaHH-
YUBAIOIIEMY KOHCUHYIO 001acTh S.
Bbynem uckats pemenue 3aaauu (6), (7) B Buge
6,+0, = p —const , p #0. 8)

BBeneM HOBBIE NIEPEMCHHBIC:

u=0,/pyv=t/poc',=0,/p,f=X/pg=Y/p. )

Torpa 3agada (6), (7) 3anuIIeTCs B BUIE

Fi=u,+v,=0,F,=u,-v, =0, (10)
un, +vny = f, v, —un, = g —n,, (11)

3/1eCh U Jlajiee UHAEKC BHU3Y O3Ha4YaeT MPOU3BOAHYIO IO JaHHOM NEpEMEHHOM.
Takum 00pa3oMm, HEOOXOAUMO PeIUTh KpaeByro 3agauy (11) mmst cuctemsr ypasaenuit (10) ¢ mo-
MOIILBIO 3aKOHOB COXPaHEHMS.

3akoHbl coxpaHeHus: cucTeMbl ypasHenuii (10)
Onpedenenue. 3aKOHOM COXpaHEHHUs A7 cucTeMbl ypaBHeHHH (10) Ha30BeM BbIpakeHUE BUAA

rac (1)1,(1)2 — JIAHEWHBIE Z[I/I(l)(l)epeHLII/IaJ'H:HBIe OrepaTopbl, OAHOBPECMCHHO HC PABHBLIC HYJIIO TOXKACCT-
BE€HHO,
A=o'u+Bv+y,B=a’u+B*+7%, (13)

1l ol 022 22
o,B,y .0 ,B°, " — HeKoTopbie rimankue QYHKIHH, 3aBUCSIIHE TOJIBKO OT X, Y.

3ameuanue. bonee oOluee ompenesreHHe 3aKOHA COXPAaHEHMs, MOAXOIAIIEE Ui MPOU3BOJIBHBIX
CHCTEM ypaBHEHH, MOKHO HalTH B [14; 15].
N3 (12) ¢ yuerom (13) nomyuaem

o+, +B v By, Y+ o ouy, By By + Y = 0, +vy) + 0,y —v,)=0. (14)
N3 (14) cnenyer
1 2 1 2 1 1 2 2 2
(xx+(x'y:0al3x+l3y:07a =(’01’B =-,,x :(’OZ’B :wl’Y1+Y =0.

Orcrona mmosrygaeM
o =%, 0> =-B". (15)
[Toatomy
o, —B) =0,a), +p., =0. (16)

U3 npuBenénubix Gopmyn cienyer, yTo cuctema ypaBHeHui (10) momyckaeT OECKOHEYHO MHOTO
3aKOHOB coxpaHeHus. Jlanee OyIayT MpUBEACHBI TOIBKO T€, KOTOPbHIE MO3BOJISIOT PEIIUTh OCTABIICH-
HYIO 33/1a4y.

CrnenoBaTesbHO, COXPAHAIOLIUICS TOK UMEET BUL:

A=d'u+Bv+y,B=-Bu+o'v+y~
N3 (13) nonyyaem

[[ A, +B,)dxdy =§-Ady + Bdx =0, (17)
S L

rzae S — o0nacTh, OrpaHMYeHHAs! KPUBOMA L.
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Pemenue 3agaum (10), (11)
Jlnst HaxOXACHUS 3HAYCHWH U,V BHYTPU 00nacTH S, HEOOXOIUMO TMOCTPOUTH PEIICHUS CUCTEMBI

Ko — Pumana (16), uMmeronue 0cOOEHHOCTU B IPOU3BOIBHOM TOUKE (X, V)€ S .

ITepBoe U3 TaKUX PENICHHUI HMEET BUJI:
1 X~ X

T 1)+ (=)

1 Y=Y 1 2
, =-— , =y =0. (18)
> P oo )

3ameuanue. Ecin B ypaBHEHHs PaBHOBECHS BKIIOUHTH MACCOBBIE CHIIBL, TO Y ,Y* yike He OymyT
PaBHBI HYJTIO.

B Touke (xy,y,)€ S byHKuUMH ()LI,B1 AMEIOT OCOOECHHOCTH, TIOATOMY OKPYKHM 3TY TOUKY OKPYXK-
HOCTBIO €: (x—xo)2 +(y— yo)2 =g
Tornaa u3 popmyiiel (17) monydaem

§-Ady + Bdx+§—Ady + Bdx =0, (19)
L €

BBEIYHICIIUM BTOPOH uHTETrpai B popmyite (19). Umeem

u(x—x,) v(y = Yo)

—Ady+ Bdx = — - d
Cj) v B CEJS ((x—x0)2+(x—x0)2 (x—x0)2+(x—x0)2) v
J{_ u(zy—yo) - V(;c—xo) szx‘
(x=x0)" +(y=yp)" (x=x)"+(y—)p)

BBCZ[CM HOBBIC KOOPDAUHATBL X — Xy = €cosQ, y-— Yo = €sin @, mmolry4yacm

2n
CJ;—Ady + Bdx = J. [—(ucos @+ vsing)cos®— (usin @+ vcos QP)sin QldQ =
€ 0

2n
=— [ udo=-2mu(x,, ). (20)
0

IMocnenHee paBeHCTBO MOTYyYEHO MO TeOpeMe O cpeiHeM npu € — 0.
JI1s OKOHYATENbHOIO MOCTPOEHMs PELIEHHs HaiilieM 3HadeHHs u,v Ha rpanune L. U3 Gpopmyist
(11) momyuaem
— 2 —
u=fn,—gn, +ny, v= fn,+gn +nn,. (21)

TToncraBum (21) B (20) u ¢ yuetom (19) nonyuum

2mu(xy, yy) =210, (X, ¥9)/ p=

=cf—((f”1 —gmy +n))(x—x)  (fi, +gm —n 1) = Y0)y oy
L

(x=x)" +(y—yp) (x=x)> +(y—¥p)°
_[(fnl—gn2+n5><y—yo>+<ﬁ2+gn1 —nlnzxx—xo)j W

=)+ =y @—x) (- yp)’
Bropoe pemenne cucreMsl ypaBHeHui (16) Bo3bMEM B BHJIE

1 y_yO 1 x_'xo (22)

o = , B = ,
(x=x) +(y = yp) (x=x)" +(y=yp)
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TIpOJIeIaB BBIKJIAIKY aHAIOTHYHEIE BRIKJIAIKaM, MPOICTIaHHBIM ¢ perrenneM (18), momydaem

21v(xy, yy) = 2TT(Xy, Vo) / P =

Zcﬁ_((ﬁh_8”2+”12)(y—y0)+(f”2+8”1_”1”2)(x—x0))dy+
1 (mx)’+(y—y)’ (x=x0)* +(y =)’
[y —gmy ) (x=x0) | (fg +gm —mny)(y = yp)
> S+ 5 5 dx.
(x=x0)" +(y—p) (x=xp)"+(y—p)

3akiaoueHue

B pabote mpemokeH HOBBIM METOJ PEIICHHS TIEPBOM KPaeBOM 3amadul I YPaBHCHUU TUTOCKOM
TEOPUH YIPYTOCTH B CTAIIMOHAPHOM CiIy4ae. DTOT CIIOCOO MO3BOJISIET HAWTH 3HAYEHHWE KOMITOHEHT
TEH30pa HAIPSHKCHUH B KKIOW TOuke HccaemxyeMoit obmacTu. [Ipn 3TOM BBIUHCICHUS HAIPSHKCHUMA
CBOJIATCS TOJBHKO K BRIYHCICHUIO KOHTYPHBIX HHTETPAJIOB 110 TPaHUIaM 00JIacTH.
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