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Annomayus. Pewenuto kpaesvix 3a0au 0151 ypasHeHuil RIOCKOU Meopuu YRpy2oCmu HOCEUJeHO 0SPOM-
HOoe KOauuecmeo pabom. boavuuncmeo uccie0osanull 3moe0 HanpasieHusi OCHO8bI8AEMcs HA (opmyie,
Hatioennol I. B. Konocosvim. Emy nepeomy yoanocwv svipazums obujee peuieHue 3a0aqu 0 niocKou ynpy-
2o Ooeghopmayuu yepes HaxodxcoeHue 08YX He3A8UCUMBIX YHKYUL KOMIIEKCHO20 NEPEMEHH020. Dmo no-
360UN0 NPUMEHUMDb OJI peuleHus 3a0ay meopuu Yynpy2ocmu XoOpowo paspabomantyo meopuro anaiumu-
yeckux gyuxyuil. Ilozonee memood pewienus, ochosaunwiil Ha opmyne Kornocosa, bvin pazeum e2o yueru-
xom H. U. Mycxemuweunu. Ho onucanuvitl memoo umeem cyujecmeernvle ocpanudenus. OH npumeHum
MoavbKo 01 mex obracmetil, KOMopvie MONCHO KOHPOPMHO omobpazums Ha Kkpye. [losmomy Heobxooumvl
u Opyeue cnocobvl peuieHus 3a0a4 meopuu ynpy2ocmi, HOCKOIbKY OONbUOe KOIUYECTHBO NPAKMUYecKu
BANCHBIX 3a0ay pewiaemcs Ol obnacmet, Komopbvie He YO08NemBOpsaIOm dmMomy yciosur. Pazeusaembitl
6 pabome Memoo OCHOBAH HA UCNOTb308AHUU 3AKOHO8 COXPAHEHUs, KOMOopble NOCMPOeHbL OJi YPAGHEHUI,
onucwvlearowux niockoe oegopmupyemoe cocmosanue. Coenannvie 8 pabome npeonoioNCeHUs NO3600M
nocmpoums peuieHue nepeoli Kpaesou 3a0ayu 0isi NPOU3BOIbHLIX NIOCKUX 00nacmeti, 02paAHUYeHHbIX K)-
COUHO-2a0KumM Koumypom. [Ipu smom HaxoxicoeHue KOMNOHEHm MeH30PA HANPANCEHU C8OOUMCS K Gbl-
YUCTICHUI) KOHMYPHLIX UHMeSPAanoe no epanuye paccmampueaemotl ooracmu. Kax u 6 ciyyae, paccmom-
pernnom I B. Konocogvim, peuienue 3a0aiu 0CHOBbI8ACMCA HA 08YX MOUHbIX peutenusax ypasHernuu Kowu —
Pumana, umerowux ocobernocmu 6 nPoU3BOIbHOLU MOYKE PACCMAMPUBAEMOU 0OAACMU.

Kniouesvie cnosa: meopus ynpyeocmu, 3aKkoHbl COXpanenus, nepeas Kkpaesas 3aoaua, ypaerenus Kowu
— Pumana, menszop deghopmayuu.
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Abstract. A huge number of works are devoted to solving boundary value problems for the equations
of plane elasticity theory. The largest number of studies in this area are based on the formula found
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by G. V. Kolosov. He was the first to express the general solution to the problem of plane elastic deformation
by finding two independent functions of a complex variable. This made it possible to apply a well-developed
theory of analytic functions to solving problems of elasticity theory. Later, the solution method based on Ko-
losov's formula was developed by his student N. I. Muskhelishvili. But the described method also has significant
limitations. It is applicable only to those areas that can be conformally mapped onto a circle. Therefore, other
methods for solving elasticity theory problems are also needed, since a large number of practically important
problems are solved for areas that do not satisfy this condition. The method developed in the work is based on
the use of conservation laws that are constructed for equations describing a plane deformable state. The as-
sumptions made in the work make it possible to construct a solution to the first boundary value problem for
arbitrary plane areas bounded by a piecewise smooth contour. In this case, finding the components of the
stress tensor is reduced to calculating contour integrals along the boundary of the region under consideration.
As in the case considered by G. V. Kolosov, the solution to the problem is based on two exact solutions of the
Cauchy — Riemann equations, which have singularities at an arbitrary point in the region under consideration.

Keywords: elasticity theory, conservation laws, first boundary value problem, Cauchy — Riemann equation,
Strain tensor.

Introduction

The solution to boundary value problems for equations of elasticity theory in a plane stationary
case is described in a huge number of articles and monographs. The classic work in this direction is a
book written by G. V. Kolosov’s student [1]. Despite the long history of solving such problems, the
interest in their solution has not waned. This is due to the fact that the classical formulae by G. V. Ko-
losov allow solving equations of elasticity theory not for all boundary value problems arising in sci-
ence and technology. The main limitation is caused by the smoothness of the boundary and some fea-
tures of complex variable functions. The other methods involved in decomposing the desired functions
into series for different types of special functions also have natural limitations, which are related to the
similarity of the series being used as well as the complexity of the results obtained.

Let us describe some results of the recent studies on the theory of elasticity. The paper [2] presents a
brief historical review of the studies devoted to the bending theory of elastic plates. In [3] the author con-
siders the problem of detecting and identifying elastic inclusions in an isotropic linearly elastic plane.
The article [4] considers a complicated version of the well-known Lame problem posed in 1852 describ-
ing the solution to the static equilibrium of a parallelepiped with free lateral surfaces exposed to the ac-
tion of opposite end forces, and also for the case of impact effects of end forces. In paper [5] the con-
struction of fundamental solutions for harmonic oscillations equations in elastic anisotropic elastic media
theory is carried out; the fundamental solution to oscillations equations for isotropic medium in closed
form is constructed. The work [6] presents a general solution to the problems of the elastic theory for
anisotropic half-planes and bands with arbitrary holes and cracks using complex potentials of the plane
problem of the elastic theory of an anisotropic body. The article [7] is devoted to the study of the func-
tions of tensions, which allow satisfying exactly the equations of equilibrium of the classical theory of
elasticity and to obtain a solution in tensions. In order to obtain dependencies between voltages and volt-
age functions, a mathematical apparatus of general relativity is used. In [8] terms of complex-significant
displacements, the system of equations of the axisymmetric theory of elasticity is written; the fundamen-
tal solution to this system of equations is a general representation of the field of displacements in an axi-
symmetric case, similar to the formulae by Kolosov-Muskhelishvili in a plane problem. The basic equa-
tions of linear moment elasticity theory are presented in [9]. The determining ratios are written for the
case of general anisotropy in the form of linear equations. Some simplified options are considered, in
particular with constricted rotation and plane deformation when only shear stresses are present. The work
[10] is devoted to the analysis of a boundary value problem with an unknown area of contact, describing
the equilibrium of two-dimensional elastic bodies with a thin slightly curved web. The paper [11] ex-
plores the evolution of the wave pattern in a multi-modular elastic half-space with a non-stationary
one-axis piecewise-linear motion of its boundary in the mode “tension — compression — stop”.
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In this work the laws of conservation of differential equations of elasticity are being used. The
laws, which allow reducing the presence of tensor component of the tensions at the point to the con-
tour integral along the boundary of the area being considered, have been presented. In these conditions
the boundary of an area requires only partial smoothness. Note that earlier some conservation laws
were presented in works [12; 13] but they were not used to solve any problems.

Statement of the problem

Let us consider the equations describing plane elastic deformation.

The relations between strain tensor components and displacement vector components in the case of
small deformations have the following form

g <M 0w 0w 0w,

) - ’ X 1
Toax Y oy Yooy ox O
The Hooke’s will be written as follows:
1 1 2(1+v
6, =0, ~v0,),5, = (0, ~v0,).5, =2 @)

Strain compatibility conditions:

2 2
828X N 0 8)/ _ 0 Sxy . (3)
o’y  *x  oxdy

By putting (2) into (3), we obtain

*(c, —vo d*(c, —vo 2
0. Vo) 20, —v0) ) & "
0y 0°x Ox0y
Equilibrium equations:
oo
do, +ﬁ=0, LA
ox Oy ox Oy
From hence we obtain
2% 2 2
y+acx:_26r 5)

o’y *x oxdy
From (4) and (5) we obtain
Ao, +05,)=0.
Here €,,¢ ys€y, are strain tensor components; 6,,0,,T are voltage tensor components; wy, W, are
displacement vector components; E,v are elastic constants.
The system has the following final form:
0c, Ot ot

06
+—:0’ —+_y:0, A(Gx+0y)20' (6)
ox Oy ox 0y

Let us put the first boundary value problem for the system (6):
o+, =X (x,y), w+o,m | =Y(x,y). (7

Here n;,n, are components of an outer normal vector to a piecewise smooth contour limiting the

end area S.
Let us find the solution to the problems (6) and (7) in the form

6, +0, =p—const,p #0. (8)
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Let us introduce new variables:
u=o,/pyv=t/pyoc',=0,/p,f=X/pg=Y/p. O]
Then the problem (6), (7) is written in the following form
F=u,+v,=0,F,=u,-v, =0, (10)

un, +vn, = f,vn, —un, = g —n,, (11)

here and then the index at the bottom means a derivative of this variable.
Thus, it is necessary to solve the boundary value problem (11) for the system of equations (10) with
the use of conservation laws.

Conservation laws of the system of equations (10)
Definition. The conservation law for the system of equations (10) will be called the following ex-
pression

where ®;,®, are linear differential operators that are simultaneously nonzero identical,

A=d'u+pv+y',B=a’u+pv+y°, (13)

o!,B',v",a?,B%,y* are some smooth functions that only depend on x, V.

Remark. A more general definition of the conservation law suitable for the arbitrary systems of eq-
uations can be found in [14; 15].
From (12) taking into account (13) we obtain

ociu + oclux +B1xv+Blvx +ylx + ociu + oczuy +Biv+B2vy +yi = (u, +v,)+o,(u, —v,)=0. (14)
From (14) it follows
oci +0ci =0, Bi +Bi =0,0' =c01,Bl =—0)2,OL2 =c02,B2 =c01,y1 +y2 =0.

From hence we obtain
a' =p%a’ =-p.. (15)
Therefore
o, B, =00, +B} =0. (16)

From the given formulae it follows that the system of equations (10) allows infinitely many laws of
conservation. Only those that can solve the problem will be listed below.
Therefore, the conserved current is:

A=d'u+pv+y,B=—Bu+av+y>
From (13) we obtain
[[ 4, +B,)dxdy =[]~ Ady + Bdx =0, (17)
s L

where S is the area bounded by the L curve.
Solution to the problem (10), (11)
In order to find the u,v values within the S area, it is necessary to construct solutions to the

Cauchy — Riemann system (16) having singularities at the arbitrary point (x,,y,) €S .
The first of these solutions has the folloing form:
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1_ X~ Xy 1_ Y=
a = 2 2> = 2
(x=x0)" +(¥y =) (x=x0)" +(y =)

- v =y’ =0. (18)

Remark. If mass forces are included in the equilibrium equation, then y',y* will no longer be equal
to zero.

At the point (x,,y,) €S the functions a',p' have singularities, thus let us circle this point with the
circumference €: (x— )co)2 +(y—=y ) =g
Then we obtain from the formula (17)

[[|-Ady + Bdx +[[| - Ady + Bdx = 0, (19)
L 3

Let us calculate the second integral in the formula (19). We have

ddv s B =T u(x—x,) B v(y =) d
[l-ady + e m(u_%f+u_%f G+

€

_{_ u(y — o) _ V(X = Xp) de.
(x_xo)2 ‘*‘(y_yo)2 (x—x0)2 +()"J’0)2

Let us introduce the new coordinates x —x, =€cos@, y—y, =¢&sin@, we obtain

2n
[_ﬂ—Ady + Bdx = I [—(ucos@+ vsinp)cos@— (usin @+ vcos@)sin@lde =
€ 0

2n
=~ [l udo=-2mu(x,, ). (20)
0

The last equality is obtained by the mean-value theorem ate — 0.
For the final construction of the solution, let us find the values u,v on the L boundary. From the
formula (11) we obtain

uzfnl—ganrn%, V= fn, + gn +nn,. (21)
Let us put (21) into (20); and taking into account (19) we obtain

2mu(xy,yy) =216, (X0, V) / P =

_ m_((fnl —gny +m ) (x—Xy) (U +gnm—n ”2)()/_J’0))dy+

P Gmx) H=a)t mx)t (=)

_[(ﬁh —gny +17)(y o) + (fny +gm —n ”z)(x_xo)]dx
(x—x0)2+(y—y0)2 (x—x0)2+(y—y0)2

The second solution to the system of equations (16) is taken as
1 Y= 1 X~ Xy
o = . B= ) (22)
(x—x0)2+(y—y0)2 (x—x0)2+(y—y0)2

Having made calculations similar to those made with the solution (18), we obtain

2mv(xy, ¥y) = 21T(Xy, v9) / P =
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dy +
E T I S

_(_ (fin — gny + 1 )(x = x,) + (fny +gm —ny ”2)()’_)’0)}1}6'
(x=x0)" + (¥ =) (x=x0)" + (¥ =)

_ [ﬂ_((ﬁh —gn )=o) | (finy +gm —m m)x—x,),
L

Conclusion

This paper proposes a new method for solving the first boundary value problem for the equations of
plane elasticity theory in a stationary case. This method makes it possible to find the value of the com-
ponent of a strain tensor at each point of the area being studied. In this case, the stress calculations are
limited only to the calculation of contour integrals along the boundaries of the area.
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