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Аннотация. В данной работе строится граница между упругой и пластической областями в рас-

тягиваемой полосе. Полоса ослаблена боковыми разрезами и отверстиями. Разрезы могут иметь 

произвольную форму, их количество не ограничено. Такие задачи являются актуальными до сих пор, 

поскольку их решение позволяет сделать оценку предельного состояния рассматриваемой конструк-

ции. Для решения подобной задачи в настоящее время очень часто используются численные методы, 

к сожалению, часто без особого обоснования. Поэтому все более актуальными становятся анали-

тические методы решения подобных задач. В настоящей работе приведены законы сохранений диф-

ференциальных уравнений. Сохраняющийся ток линеен по первым производным. Задача решается в 

два этапа. На первом этапе решается Дирихле для уравнения Лапласа, на втором – используется 

техника законов сохранения. Это позволяют свести нахождение компонент тензора напряжений в 

каждой точке к контурному интегралу по границам рассматриваемой области и дает возможность 

построить упругопластическую границу. Построенное решение позволяет написать программу для 

численного расчета задачи о растяжении полосы, ослабленной разрезами и отверстиями. При этом 

форма разрезов и отверстий не существенна, достаточна, чтобы границы были кусочно-гладкими.  

 

Ключевые слова: законы сохранения, упругопластическая граница, кусочно-гладкая граница, 

уравнение Лапласа, уравнения равновесия, напряженное состояние, уравнения упругости. 
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Abstract. In this paper, the boundary between elastic and plastic regions in a stretchable strip is con-

structed. The band is weakened by side slits and holes. Such tasks are still relevant, since its solution allows 

us to make an assessment of the limiting state of the structure under consideration. Cuts can have an arbi-

trary shape, their number is not limited. For simplicity, only sections with rectilinear boundaries are consid-

ered in the article. The holes may have an arbitrary shape and be located anywhere in the strip. In operation, 

only circular holes are considered for simplicity. Numerical methods are currently very often used to solve 
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such a problem, unfortunately, often without much justification. Therefore, analytical methods for solving 

such problems are becoming more and more relevant. In this paper, the conservation laws of differential 

equations are used. The conserved current is linear in the first derivatives. The task is solved in two stages. At 

the first stage, Dirichlet is solved for the Laplace equation, and at the second stage, the technique of conser-

vation laws is used. Their use makes it possible to reduce the finding of the components of the stress tensor at 

each point to a contour integral along the boundaries of the region under consideration. And this makes it 

possible to build an elastic-plastic boundary. 
 

Keywords: conservation laws, elastic-plastic boundary, piecewise smooth boundary, Laplace equation, 

equilibrium equation, stressed state, elasticity equations. 

 

Introducrion 

Due to their practical importance, elastoplastic problems have been studied by mechanics for a long 

time. The main problem that arises is the elastic-plastic boundary. On the one hand, the plasticity 

condition imposes an additional connection, and this, according to G. P. Cherepanov [1], simplifies the 

problem. On the other hand, a new unknown element arises - the elastic-plastic boundary, which 

complicates the solution. Currently, solving elastic-plastic problems continues to be the focus of 

researchers. New analytical approaches to their solution appear, numerical methods are improved. Let 

us briefly review such works. In [2], the problem of torsion of an elastic-plastic rod reinforced with 

elastic fibers is solved using conservation laws. In [3], an elastic-plastic box beam is considered, 

which is bent by a transverse force. It is assumed that the deformations in the rod are elastic-plastic 

and its lateral surface is free from stresses. The center of gravity of the cross section does not coincide 

with the point of application of the force. Using conservation laws, еру solution that describes the 

stress state of this structure is worked out. The stress state is calculated at each point of the figure 

under consideration using integrals over the external contours of the cross section. In [4], elastic-

plastic torsion of a multilayer rod is investigated. The rod consists of several layers. The elastic 

properties of the layers are different, but the plasticity coefficient is the same for all layers. In the 

article, conservation laws are constructed that make it possible to calculate the stress tensor 

components using contour integrals over the boundary of the layers. In [5], elastic-plastic torsion of an 

anisotropic three-layer cylindrical rod of non-circular cross section is considered. The inner layer of 

the rod is in an elastic-plastic state, the two outer layers are completely plastic. Plastic anisotropy is 

assumed. The anisotropy parameters of each layer are different. In [6], the depth of initiation of the 

plastic region is determined, which makes it possible to control the degree of work hardening of the 

protective coating of the part, preventing its overstrengthening. In [7], a description of the test system 

and the methodology for conducting experiments for studying complex loading is given. Some issues 

of studying the elastic-plastic deformation of materials on the automated SN-EVM complex are 

presented. In [8], a solution to the problem of determining the elastic-plastic state of a heavy space 

weakened by an elliptical hole is considered. The material of the medium has anisotropy properties. 

The problem was solved using the small parameter method. Torsion of a two-layer box-section rod is 

considered in [9]. In [10], the stress-strain state of the binder of composite materials is calculated by 

numerical methods. Delaminations of steel pipes under complex loading are modeled in [11]. An 

elastic-plastic analysis of a circular pipe turned inside out is carried out in [12]. In [13] the influence of 

the type of plane problem for an elastic-plastic adhesive layer on the value of J-integrals is studied. 

Hot fitting of an elastic-viscoplastic disk with a non-circular inclusion is described in [14]. In [15] the 

phenomena of decreasing plasticity with increasing yield strength of a polycrystal are described. 

In the proposed work, conservation laws of differential equations are used. This allows us to reduce 

the determination of the stress tensor components at each point to a contour integral along the boundary 

of the region under consideration and makes it possible to construct an elastic-plastic boundary. It is as-

sumed that the boundary is piecewise smooth. 
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Statement of the problem 

Let us consider the equations describing plane elastic deformation in the stationary case. They con-

sist of the equilibrium equations 

0, 0.
yx

x y x y

  
   

   
           убрать тчк                                          (1) 

and the Laplace equation, which is a consequence of the compatibility of deformations 

( ) 0.x y                                                                     (2) 

Here , ,x y    – stress tensor components. 

The system (1), (2) should be solved with the following boundary conditions 

1 2 1 2| ( , ), | ( , ),x L y Ln n X x y n n Y x y         

2 2 2
( ) 4 4 .x y k                                                                (3)              

Here 1 2,n n  – components of the outer normal vector to a piecewise smooth 

outer contour and hole contours bounding a finite region .S  The region .S is 

shown in Fig. 1. ,X Y   components of the external force vector. 

Next, we assume that the material is in a plastic state on the lateral sur-

face and the contours of the round holes, so the von Mises relation is in-

cluded in (3). Here k is the plasticity constant, equal to the yield strength un-

der pure shear. 

We assume that the strip is stretched by efforts 

 

| 2 , | 2 ,y y l y y lk k                                        (4) 

and the remaining boundaries of the outer contour and holes are considered 

stress-free. 

It follows: 

– on the boundaries AB, DE from (3) we obtain 2 , 0, 0.y xk       

– on the boundaries FG, IJ – 2 , 0, 0.y xk       поставить зпт 

– on the boundaries CB, GH and the boundaries Гi – 
2 2
1 2 1 22 , 2 , 2 .y xkn kn kn n        

– on the boundaries CD, HI 
2 2
1 2 1 22 , 2 , 2 .y xkn kn kn n         

(5) 

We will look for a solution to problems (1) – (3) in two stages. At the first stage, the Dirichlet prob-

lem for the Laplace equation 0p   is solved, where 

( , ).x y p x y                                                                   (6) 

From (3) we obtain 

2p k                on       DEFGH and Гi                

2p k               on      HIJAB. 
(7) 

Standard methods are used to solve this problem. As a result, the function ( , ).p x y  is found in the 

region S 

At the second stage we solve the problem 

0, 0,x x p

x y x y y

   
    

    
         Убрать зпт                                        (8) 

with the following boundary conditions, which follow from (3): 

 
 

Рис. 1. Область S 
 

Fig. 1. Region S 
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– on the boundaries DE, FG, IJ, AB  0, 0.x      ЗПТ 

– on the boundaries CD, GH и Гi   2
2 1 22 , 2 .x kn kn n             

– on the boundaries BC, IH  2
2 1 22 , 2 .x kn kn n      

(9) 

For convenience, we write equations (8) in the form 
 

1 20, 0,x y y xF u v F u v f                                                    (10) 

where , , ,x

p
u v f

y


    


 further, the index below will indicate the derivative with respect to the 

corresponding argument. 

For convenience, we will rewrite the boundary conditions in new terms. 

On the boundaries DE, FG, IJ, AB 0, 0.u v   

On the boundaries CD, GH и Гi 
2
2 1 22 , 2 .u kn v kn n                                                                   

On the boundaries BC, IH 2
2 1 22 , 2 .u kn v kn n    

(11) 

Let us solve the boundary value problem (10), (11) using conservation laws. 

 

Conservation laws of a system of equations (10) 

Definition. The conservation law for the system of equations (10) is an expression of the form 

1 1 2 2 ,x yA B F F                                                              (12) 

where 1 2,   – linear differential operators that are not simultaneously identically equal to zero, 

1 1 1 2 2 2, ,A u v B u v                                                       (13) 

1 1 1 2 2 2, , , , ,       – some smooth functions depending only on , .x y  

Comment. A more general definition of the conservation law, suitable for arbitrary systems of 

equations, can be found in [16]. 

From (12) taking into account (13) we obtain 

1 1 1 1 1 2 2 2 2 2
x x x x x y y y y yu u v v u u v v                 

1 2( ) ( ) 0.x y y xu v u v f                                                     (14) 

From (14) it follows 

1 2 1 2 1 1 2 2 1 2
1 2 2 1 20, 0, , , , , .x y x y x y f                         

From this we get 
1 2 2 1, .                                                                   (15) 

That's why 
1 1 1 1

0, 0.x y y x                                                             (16) 

From the given formulas it follows that the system of equations (10) allows for an infinite number 

of conservation laws; below only those will be given that allow us to solve the problem. 

Since the conserved current has the form 

1 1 1 1 1 2, .A u v B u v            

From (16) using Green's formula we obtain 

( ) 0,

i

x y

iS L Г

A B dxdy Ady Bdx Ady Bdx         � �                               (17) 

where S – region, limited by the curve L and the contours Гi. 
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Solution of the problem (10), (11) 

To find values inside the region S, it is necessary to construct solutions of the Cauchy–Riemann 

system (16) that have singularities at an arbitrary point 0 0( , )x y S . 

 

The first of these solutions is 

1 1 1 20 0 0

2 2 2 2 2 2
0 0 0 0 0 0

, ,   , 0.
( ) ( ) ( ) ( ) ( ) ( )

x x y y y y
fdx

x x y y x x y y x x y y

  
       

           (18) 

At the point 0 0( , )x y S  functions 1 1,   have singularities, so we will surround this point with a 

circle 

 
2 2 2

0 0: ( ) ( ) .x x y y       

Then from formula (17) we obtain 

0,

i
i Г L

Ady Bdx Ady Bdx Ady Bdx



           � � �                                 (19) 

Let us calculate the last integral in formula (19). We have 

10 0

2 2 2 2
0 0 0 0

( ) ( )
( )
( ) ( ) ( ) ( )

u x x v y y
Ady Bdx dy

x x x x x x x x 

 
       

      � �  

 

0 0

2 2 2 2
0 0 0 0

( ) ( )
.

( ) ( ) ( ) ( )

u y y v x x
dx

x x y y x x y y

  
          

 

 

Let's enter new coordinates 0 0cos , sin ,x x y y         we gain 

2

0

[ ( cos sin )cos ( sin cos ) in ]Ady Bdx u v u v s d





            �  

2

0 0

0

2 ( , ).ud u x y



                                                            (20) 

 

The last equality is obtained by the mean value theorem 0 . 

To finally construct the solution, we find the values ,u v  on the boundary L. From formulas (15) we 

obtain 
1 2 1 1 1 2 1 1

0 0 2 1 2 2 1 22 ( , ) ( 2 2 ) (2 2 )x

AB BC

x y dy kn kn n dy kn kn n dx                  

2 1 1 1 2 1 1 1 1 1
2 1 2 2 1 2(2 2 ) (2 2 )

CD DE EF FG

kn kn n dy kn kn n dx dy dy dy                     

2 1 1 1 2 1 1
2 1 2 2 1 2(2 2 ) (2 2 )

GH

kn kn n dy kn kn n dx             

2 1 1 1 2 1 1 1 1
2 1 2 2 1 2( 2 2 ) (2 2 )

HI IJ JA

kn kn n dy kn kn n dx dy dy                    

2 1 1 1 2 1 1
2 1 2 2 1 2(2 2 ) (2 2 ) .

i
i Г

kn kn n dy kn kn n dx                                        (21) 
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We take the second solution of the system of equations (16) in the form 
 

1 10 0

2 2 2 2
0 0 0 0

, ,
( ) ( ) ( ) ( )

y y x x

x x y y x x y y

 
    

     
 

1 20

2 2
0 0

, 0.
( ) ( )

x x
fdx

x x y y


    

                                             (22) 

Having carried out calculations similar to those carried out with solution (18), we obtain 
 

1 2 1 1 1 2 1 1
0 0 2 1 2 2 1 22 ( , ) ( 2 2 ) (2 2 )

AB BC

x y dy kn kn n dy kn kn n dx                  

2 1 1 1 2 1 1 1 1 1
2 1 2 2 1 2(2 2 ) (2 2 )

CD DE EF FG

kn kn n dy kn kn n dx dy dy dy                    

2 1 1 1 2 1 1
2 1 2 2 1 2(2 2 ) (2 2 )

GH

kn kn n dy kn kn n dx             

2 1 1 1 2 1 1 1 1
2 1 2 2 1 2( 2 2 ) (2 2 )

HI IJ JA

kn kn n dy kn kn n dx dy dy                    

2 1 1 1 2 1 1
2 1 2 2 1 2(2 2 ) (2 2 ) .

i
i Г

kn kn n dy kn kn n dx                                       (23) 

 

 

Conclusion 

The paper proposes a method for solving a boundary value problem describing the elastic-plastic 

stress state of a strip with side cuts and holes. In this case, stress calculations ,x   are reduced to cal-

culating contour integrals along the boundaries of the region, and the stress y is determined from the 

solution of problem (11), (12) by numerically solving the Dirichlet problem for the Laplace equation. 

After determining all the components of the stress tensor, it is necessary to find the points of region S 

at which the yield strength is reached. This allows us to construct an elastic-plastic boundary and the-

reby estimate the strength of the plate under consideration. Currently, a program is being developed 

that allows us to construct an elastic-plastic boundary for stretchable plates with cuts and holes. 

 

 

Библиографические ссылки 

1. Аннин Б. Д., Черепанов Г. П. Упругопластическая задача. Новосибирск: Наука. 1983. 238 с. 

2. Евтихов Д. О. Упругопластическая граница скручиваемого стержня, армированного во-

локнами // Вестник Чувашского гос. пед. ун-та им. И. Я. Яковлева. Сер.: Механика предельного 

состояния. 2024. № 4(62). С. 53–62. 

3. Сенашов С. И., Савостьянова И. Л. Изгиб упругопластического бруса коробчатого сече-

ния // Вестник Чувашского гос. пед. ун-та им. И. Я. Яковлева. Сер.: Механика предельного со-

стояния. 2024. № 1(59). С. 107–115.  

4. Сенашов С. И., Савостьянова И. Л. Упруго-пластическое кручение многослойного 

стержня // Вестник Чувашского гос. пед. ун-та им. И. Я. Яковлева. Сер.: Механика предельного 

состояния. 2023. № 2(56). С. 28–36. 

5. Щеглова Ю. Д. Метод возмущений при определении поля перемещений трехслойного 

анизотропного цилиндрического стержня некругового поперечного сечения при упругопласти-

ческом кручении // Вестник Чувашского гос. пед. ун-та им. И. Я. Яковлева. Сер.: Механика 

предельного состояния. 2023. № 4(58). С. 5–14. 



 

 
 

Informatics, computer technology and management 
 

 221 

6. К вопросу зарождения пластической области в композиционных покрытиях / Н. А. Пень-

ков, О. А. Сидоркин, А. В. Бараненко, Д. В.  Березин // Вестник Чувашского гос. пед. ун-та им. 

И. Я. Яковлева. Сер.: Механика предельного состояния. 2023. № 4(58). С. 81–86. 

7. Гультяев В. И., Булгаков А. Н. Экспериментальное изучение упругопластического де-

формирования конструкционных материалов на автоматизированном испытательном комплек-

се сн-эвм // Вестник Чувашского гос. пед. ун-та им. И. Я. Яковлева. Сер.: Механика предельно-

го состояния. 2023. № 2(56). С. 53–65. 

8. Матвеев С. В., Матвеева А. Н., Александров А. Х. Упругопластическое состояние анизо-

тропной среды, ослабленной горизонтальной эллиптической полостью с учетом силы тяжести // 

Вестник Чувашского гос. пед. ун-та им. И. Я. Яковлева. Сер.: Механика предельного состояния. 

2023. № 1 (55). С. 46–52. 

9. Сенашов С. И., Савостьянова И. Л., Власов А. Ю. Кручение двухслойного стержня с ко-

робчатым сечением // Прикладная механика и техническая физика. 2024. Т. 65, № 3. С. 161–168. 

10. Ракин С. И. Расчет напряженно-деформированного состояния связующего композитных 

материалов // Прикладная механика и техническая физика. 2024. Т. 65, № 2. С. 127–137. 

11. Кургузов В. Д. Моделирование расслоения стальных труб при сложном нагружении // 

Прикладная механика и техническая физика. 2023. Т. 64, № 6. С. 155–167. 

12. Севастьянов Г. М. Упруго-пластический анализ круговой трубы, вывернутой наизнанку.  

// Известия Российской академии наук. Механика твердого тела. 2024. № 3. С. 34–50. 

13. Влияние типа плоской задачи для тонкого упругопластического адгезионного слоя на 

значение J-интегралов / В. Э. Богачева, В. В. Глаголева, Л. В. Глаголев, А. А.  Маркин // При-

кладная механика и техническая физика. 2023. Т. 64, № 6. С. 168–175. 

14. Буренин А. А., Ткачева А. В. О сборке горячей посадкой упруговязкопластического дис-

ка с некруговым включением // Изв. РАН. Механика твердого тела. 2024. № 5. С. 29–47. 

15. Марина В. Ю. Описание явления уменьшения пластичности с увеличением предела те-

кучести поликристалла // Изв. РАН. Механика твердого тела. 2024. № 5. С. 138–163.   

16. Vinogradov A. M. Local symmetries and conservation laws // Acta Appl. Math. 1984. № 6.  

P. 56–64. 

 

References 

1. Annin B. D., Cherepanov G. P. Uprugo-plasticheskaya zadacha [Elastic-plastic problem]. 

Novosibirsk, Nauka Publ., 1983, 238 p. 

2. Evtikhov D. O. [Elastic-plastic boundary of a twisted rod reinforced with fibers]. Vestnik Chu-

vashskogo gosudarstvennogo pedagogicheskogo universiteta im. I. Ya. Yakovleva. Seriya: Mekhanika 

predelnogo sostoyaniya. 2024, No. 4(62), P. 53–62 (In Russ.). 

3. Senashov S. I., Savostyanova I. L. [Bending of an elastic-plastic box-shaped beam]. Vestnik 

Chuvashskogo gosudarstvennogo pedagogicheskogo universiteta im. I. Ya. Yakovleva. Seriya: Mek-

hanika predelnogo sostoyaniya. 2024,  No. 1(59), P. 107–115 (In Russ.). 

4. Senashov S. I., Savostyanova I. L. [Elastic-plastic torsion of a multilayer rod]. Vestnik Chuvash-

skogo gosudarstvennogo pedagogicheskogo universiteta im. I. Ya. Yakovleva. Seriya: Mekhanika pre-

delnogo sostoyaniya. 2023, No.  2(56), P. 28–36 (In Russ.). 

5. Shcheglova Yu. D. [The perturbation method for determining the displacement field of a three-

layer anisotropic cylindrical rod of non-circular cross-section during elastoplastic torsion]. Vestnik 

Chuvashskogo gosudarstvennogo pedagogicheskogo universiteta im. I. Ya. Yakovleva. Seriya: Mek-

hanika predelnogo sostoyaniya. 2023, No.  4(58), P. 5–14 (In Russ.). 

6. Penkov N. A., Sidorkin O. A., Baranenko A. V., Berezin D. V. [On the issue of the origin of the 

plastic domain in composite coatings]. Vestnik Chuvashskogo gosudarstvennogo pedagogicheskogo 

universiteta im. I. Ya. Yakovleva. Seriya: Mekhanika predelnogo sostoyaniya. 2023, No. 4(58),  

P. 81–86 (In Russ.). 



 

 
 

Siberian Aerospace Journal.  Vol. 26,  No. 2 
 

 222 

7. Gultyaev V. I., Bulgakov A. N. [Experimental study of elastic-plastic deformation of structural 

materials on an automated ch-computer test complex]. Vestnik Chuvashskogo gosudarstvennogo pe-

dagogicheskogo universiteta im. I. Ya. Yakovleva. Seriya: Mekhanika predelnogo sostoyaniya. 2023, 

No. 2(56), P. 53–65 (In Russ.). 

8. Matveev S. V., Matveeva A. N., Alexandrov A. H. [The elastic-plastic state of an anisotropic 

medium weakened by a horizontal elliptical cavity taking into account gravity]. Vestnik Chuvashskogo 

gosudarstvennogo pedagogicheskogo universiteta im. I. Ya. Yakovleva. Seriya: Mekhanika predelnogo 

sostoyaniya. 2023, No. 1(55), P. 46–52 (In Russ.). 

9. Senashov S. I., Savostyanova I. L., Vlasov A. Yu. [Torsion of a two-layer rod with a box-

shaped section] Prikladnaya mekhanika i tekhnicheskaya fizika. 2024, Vol. 65, No. 3, P. 161–168 (In 

Russ.). 

10. Rakin S. I. [Calculation of the stress–strain state of a binder of composite materials]. Priklad-

naya mekhanika i tekhnicheskaya fizika. 2024, Vol. 65, No. 2, P. 127–137 (In Russ.). 

11. Kurguzov V. D. [Modeling of steel pipe stratification under complex loading]. Prikladnaya 

mekhanika i tekhnicheskaya fizika. 2023, Vol. 64, No. 6, P. 155–167 (In Russ.). 

12. Sevastyanov G. M. [Elastic – plastic analysis of a circular tube turned inside out]. Izvestiya 

Rossiyskoy akademii nauk. Mekhanika tverdogo tela. 2024, No. 3, P. 34–50 (In Russ.). 

13. Bogacheva V. Sh., Glagoleva V. V., Glagolev L. V., Markin A. A. [The influence of the type 

of simplest service for fine management personnel on the value of J-integrals]. Prikladnaya mekhanika 

i tekhnicheskaya fizika. 2023, Vol. 64, No. 6, P. 168–175 (In Russ.). 

14. Burenin A. A., Tkacheva A. V. [On the hot-fit assembly of an elastic-viscous plastic disc with 

non-circular inclusion polycrystal]. Izvestiya Rossiyskoy akademii nauk. Mekhanika tverdogo tela. 

2024, No. 5, P. 29–47 (In Russ.). 

15. Marina V. Yu. [Description of the phenomenon of decreasing plasticity with an increase in the 

yield strength of a polycrystal]. Izvestiya Rossiyskoy akademii nauk. Mekhanika tverdogo tela. 2024, 

No. 5, P. 138–163 (In Russ.).  

16. Vinogradov A. M. [Local symmetries and conservation laws]. Acta Application. Mathematics. 

1984, No. 6, P. 56–64 (In Russ.).  

 

© Cherepanova О. N., 2025 

 

 

Черепанова Ольга Николаевна – кандидат физико-математических наук, директор института математики 

и фундаментальной информатики; Сибирский федеральный университет. E-mail: OCherepanova@sfu-kras.ru. 

 

Cherepanova Olga Nikolaevna – Cand.  Sc., Director of the Institute of Mathematics and Fundamental Computer 

Science; Siberian Federal University. E-mail: OCherepanova@sfu-kras.ru. 

 

 

Статья поступила в редакцию 14.05.2025; принята к публикации 20.05.2025; опубликована 30.06.2025 

The article was submitted 14.05.2025; accepted for publication 20.05.2025; published 30.06.2025 
 

Статья доступна по лицензии Creative Commons Attribution 4.0  
The article can be used under the Creative Commons Attribution 4.0 License 

 


