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Aunomayus. B 0annou pabome cmpoumcs 2panuya mMexcoy yupy2oul u nIacmuyeckol obnacmsamu é pac-
msieusaemoti nonoce. Ilonoca ocrabnena 6oxogvimu pazpezamu u omeepcmusmu. Paspesvl mozym umemo
NPOU3BOILHYIO POPMY, UX KOIUYecmeo He ozpanudero. Taxue 3a0auu aeisa0mest akmyaibHbIMU 00 CUx nop,
NOCKOJIbKY UX peuenue NO360s1en COelantb OYeHKy NpedeibHO20 COCMOSHUL PACCMAMPUBAEMOL KOHCIPYK-
yuu. /s pewrenust noOO6HOT 3a0auu 8 HACMOosUee 8PeMsL OYeHb YACMO UCHOIb3YIOMCSL YUCTEHHbIE MemoObl,
K cooicanenuio, yacmo 6e3 0co6o2o obocnosanus. Tlosmomy ece bonee akmyaibHblMu CIMAHOBIMC AHALU-
muyeckue mMemoovl peulerusi noO0OHbIX 3a0ay. B nacmosiwyell pabome npusedeHnsl 3aKOHbl COXPAHEHUL OUP-
pepenyuanvuvix ypagrnenutl. CoXpanaowuiics MoK JUHEeH NO NepebiM NPOU3B0OHbIM. 3adaya pewiaemcs 6
06a smana. Ha nepsom smane pewaemcs [upuxne ons ypasuenus Jlaniaca, Ha 6mopom — UCHOIb3Yemcs
MEeXHUKA 3aKOHO8 COXpaHenust. Imo NO360IAI0M CBECIU HAXONCOEHUE KOMNOHEHN MEeH30paA HANPSNCEHUL 6
KAXCOOU MOoYKe K KOHIMYPHOMY UHMESPALY NO SPAHUYAM PACCMAMPUBAEMOU 00IACIU U 0dem 803MONCHOCTIb
nocmpoums ynpyzonaacmudeckyio epanuyy. Ilocmpoennoe peuienue no3gonsem Hanucams npoepammy OJis
YUCTIEHHO20 pacyema 3a0a4il 0 pacmsdiCeHUuU NooChl, 0C1abneHHol paspesamu u omgepcmusimu. [lpu smom
ghopma pazpe306 u omeepcmuil He CyueCmeentd, O0CMAamoyHa, Ymoobl 2PaHuybl ObLIU KYCOYHO-2LAOKUMU.

Kniouegvle cnosa: 3axonvl coxpawenusi, ynpy20niacmuyeckds cpaHuyd, KyCOYHO-21a0Kas 2paHuyd,
ypasHenue Jlanaaca, ypasHeHus pagHo8ecus, HanPA}CeHHOe COCMOAHUE, YPAGHEHUs YPY20CMU.
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Abstract. In this paper, the boundary between elastic and plastic regions in a stretchable strip is con-
structed. The band is weakened by side slits and holes. Such tasks are still relevant, since its solution allows
us to make an assessment of the limiting state of the structure under consideration. Cuts can have an arbi-
trary shape, their number is not limited. For simplicity, only sections with rectilinear boundaries are consid-
ered in the article. The holes may have an arbitrary shape and be located anywhere in the strip. In operation,
only circular holes are considered for simplicity. Numerical methods are currently very often used to solve
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such a problem, unfortunately, often without much justification. Therefore, analytical methods for solving
such problems are becoming more and more relevant. In this paper, the conservation laws of differential
equations are used. The conserved current is linear in the first derivatives. The task is solved in two stages. At
the first stage, Dirichlet is solved for the Laplace equation, and at the second stage, the technique of conser-
vation laws is used. Their use makes it possible to reduce the finding of the components of the stress tensor at
each point to a contour integral along the boundaries of the region under consideration. And this makes it
possible to build an elastic-plastic boundary.

Keywords: conservation laws, elastic-plastic boundary, piecewise smooth boundary, Laplace equation,
equilibrium equation, stressed state, elasticity equations.

Introducrion

Due to their practical importance, elastoplastic problems have been studied by mechanics for a long
time. The main problem that arises is the elastic-plastic boundary. On the one hand, the plasticity
condition imposes an additional connection, and this, according to G. P. Cherepanov [1], simplifies the
problem. On the other hand, a new unknown element arises - the elastic-plastic boundary, which
complicates the solution. Currently, solving elastic-plastic problems continues to be the focus of
researchers. New analytical approaches to their solution appear, numerical methods are improved. Let
us briefly review such works. In [2], the problem of torsion of an elastic-plastic rod reinforced with
elastic fibers is solved using conservation laws. In [3], an elastic-plastic box beam is considered,
which is bent by a transverse force. It is assumed that the deformations in the rod are elastic-plastic
and its lateral surface is free from stresses. The center of gravity of the cross section does not coincide
with the point of application of the force. Using conservation laws, epy solution that describes the
stress state of this structure is worked out. The stress state is calculated at each point of the figure
under consideration using integrals over the external contours of the cross section. In [4], elastic-
plastic torsion of a multilayer rod is investigated. The rod consists of several layers. The elastic
properties of the layers are different, but the plasticity coefficient is the same for all layers. In the
article, conservation laws are constructed that make it possible to calculate the stress tensor
components using contour integrals over the boundary of the layers. In [5], elastic-plastic torsion of an
anisotropic three-layer cylindrical rod of non-circular cross section is considered. The inner layer of
the rod is in an elastic-plastic state, the two outer layers are completely plastic. Plastic anisotropy is
assumed. The anisotropy parameters of each layer are different. In [6], the depth of initiation of the
plastic region is determined, which makes it possible to control the degree of work hardening of the
protective coating of the part, preventing its overstrengthening. In [7], a description of the test system
and the methodology for conducting experiments for studying complex loading is given. Some issues
of studying the elastic-plastic deformation of materials on the automated SN-EVM complex are
presented. In [8], a solution to the problem of determining the elastic-plastic state of a heavy space
weakened by an elliptical hole is considered. The material of the medium has anisotropy properties.
The problem was solved using the small parameter method. Torsion of a two-layer box-section rod is
considered in [9]. In [10], the stress-strain state of the binder of composite materials is calculated by
numerical methods. Delaminations of steel pipes under complex loading are modeled in [11]. An
elastic-plastic analysis of a circular pipe turned inside out is carried out in [12]. In [13] the influence of
the type of plane problem for an elastic-plastic adhesive layer on the value of J-integrals is studied.
Hot fitting of an elastic-viscoplastic disk with a non-circular inclusion is described in [14]. In [15] the
phenomena of decreasing plasticity with increasing yield strength of a polycrystal are described.

In the proposed work, conservation laws of differential equations are used. This allows us to reduce
the determination of the stress tensor components at each point to a contour integral along the boundary
of the region under consideration and makes it possible to construct an elastic-plastic boundary. It is as-
sumed that the boundary is piecewise smooth.
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Statement of the problem
Let us consider the equations describing plane elastic deformation in the stationary case. They con-
sist of the equilibrium equations

0c
oo, +ﬁ:0, L DOy g, yoparhb Tuk 1)
ox Oy ox Oy

and the Laplace equation, which is a consequence of the compatibility of deformations
Ao, +05,)=0. (2)

Here 6,,6,,1 — stress tensor components.

y 9
The system (1), (2) should be solved with the following boundary conditions

o, m+n, | =X(x,y), wm+o,n | =Y(xy),
(0,—0,)" +41° =4k’. (3)

Here n;,n, — components of the outer normal vector to a piecewise smooth

outer contour and hole contours bounding a finite region.S. The region S.is O c
shown in Fig. 1. X,Y — components of the external force vector. '

face and the contours of the round holes, so the von Mises relation is in- OG D
cluded in (3). Here £ is the plasticity constant, equal to the yield strength un- <C
der pure shear.

We assume that the strip is stretched by efforts O G

Next, we assume that the material is in a plastic state on the lateral sur- G >
H

Gy |y:l=2k9 Gy ‘y:—l=_2k9 (4)
Puc. 1. O6nacts S
and the remaining boundaries of the outer contour and holes are considered

stress-free.
It follows:

— on the boundaries AB, DE from (3) we obtain ¢, =2k,c, =0,71=0.

Fig. 1. Region S

— on the boundaries FG, 1J — G, = —2k,0, =0,t=0.m0ocTaBUTH 30T

5
— on the boundaries CB, GH and the boundaries I'i — ¢, = 2kni o, =2kn; 1 =—2knn,. ©)

— on the boundaries CD, HI 6, = “2kn} 6, =—2kn; v =2knn,.

We will look for a solution to problems (1) — (3) in two stages. At the first stage, the Dirichlet prob-
lem for the Laplace equation Ap =0 is solved, where

o, +0, =p(x,p). (6)
From (3) we obtain
p=2k on  DEFGH and I;
p=-"2k on HIJAB. )

Standard methods are used to solve this problem. As a result, the function p(x, y). is found in the
region S
At the second stage we solve the problem

acx_i_g— @_%4_@—
ox Oy ox oy Oy

with the following boundary conditions, which follow from (3):

0, Yoparts 30T (8)

b

217



Siberian Aerospace Journal. Vol. 26, No. 2

—on the boundaries DE, FG, 1J, AB o, =0,7=0. 3IIT
— on the boundaries CD, GH u I} o, =2kn;,t=—2knn,. 9
— on the boundaries BC, IH o, = —2kn; 1= 2knn,.

For convenience, we write equations (8) in the form
F=u,+v,=0,F,=-u,+v +f=0, (10)
where o, =u,t =v,a—p = f, further, the index below will indicate the derivative with respect to the
Y

corresponding argument.
For convenience, we will rewrite the boundary conditions in new terms.
On the boundaries DE, FG, 1J, AB u=0,v=0.

On the boundaries CD, GH u T; u = 2kn; ,v = —2kn;n,. (11)
On the boundaries BC, IH u = —2kn; ,v = 2kn;n,.

Let us solve the boundary value problem (10), (11) using conservation laws.

Conservation laws of a system of equations (10)
Definition. The conservation law for the system of equations (10) is an expression of the form

A, + B, =0 F) + 0, F,, (12)
where o,,, — linear differential operators that are not simultaneously identically equal to zero,
A=d'u+Bv+y",B=a’u+p*v+y?, (13)

al,p',y',0?,B%,y* — some smooth functions depending only on x, Y.

Comment. A more general definition of the conservation law, suitable for arbitrary systems of
equations, can be found in [16].
From (12) taking into account (13) we obtain

ociu + oclux + lev+ Blvx +y1x + ociu + oczuy + Biv+ Bzvy + yi =
=col(ux+vy)+o)2(—uy+vx+f)=0. (14)
From (14) it follows
odV +0ci =0, Bi +Bi =0,a' =co1,[31 =0)2,0c2 =—o)2,[32 =0)1,yi +yi =, f.
From this we get
1_p2 2 _ gl
o =B",0"=-". (15)
That's why
oy — B, =0, + B =0. (16)

From the given formulas it follows that the system of equations (10) allows for an infinite number
of conservation laws; below only those will be given that allow us to solve the problem.
Since the conserved current has the form

A=cd'u+pv+y ,B=—Bu+a'v+y’
From (16) using Green's formula we obtain
[[ 4, +B,)dxdy =[[|- Ady + Bdx + Y [[| - Ady + Bdx = 0, (17)

s L i
where S — region, limited by the curve L and the contours I';.

218



Informatics, computer technology and management

Solution of the problem (10), (11)
To find values inside the region S, it is necessary to construct solutions of the Cauchy—Riemann

system (16) that have singularities at an arbitrary point(x,,y,) €S .

The first of these solutions is

1 X=Xy 1 Y=>Xo 1 Y—=Xo 2
ol = , B'= , 7 = fdx,y* =0. (18)
(x=x0) +(¥=1o) (x=x)> +(y =) j(x—xo>2+(y—yo)2

At the point (x,,y,) €S functions a',B' have singularities, so we will surround this point with a

circle

g1 (x=x)" +(r-yy) =¢.
Then from formula (17) we obtain
> [[-Ady+ Bdx +[[~ Ady + Bdx +{]|- Ady + Bax = 0, (19)
i L €

Let us calculate the last integral in formula (19). We have

[f|~Ady + Bax =[]~ u(x = x) "= ) —+y")dy +

: : (x—x0)2+(x—x0)2_(x—x0)2+(x—x0)

+[_ u(y —¥o) _ v(x — X)) de
(x=x) +(r=0) (x=x) +(-x)°

Let's enter new coordinates x —x, =€cos@, y—y,=&sin@, we gain

2n
[_ﬂ—Ady + Bdx = j [—(ucos@+ vsinp)cos@—(usin @+ vcosQ)sin@lde =
€ 0

2n
= —I ud@ = -2mu(x,, y, ). (20)
0

The last equality is obtained by the mean value theorem ¢ — 0.
To finally construct the solution, we find the valuesu,v on the boundary L. From formulas (15) we
obtain
[ 21 1, .1 20l 1
216, (%0, 30) = [ 'y + [ ~(-2kn3a + 2kmnB' +y')dy + k' + 2y lx +
AB BC

~ [ @hnjo' —2kmn,B' +y )y + 2kn3B! + 2kmmyaydx — [ y'dy— [ y'dy+ [ v'dy+
CD DE EF FG

+ [ —@knda’ = 2kmn B +y")dy — (2kn3 B + 2kmnyo yx +
GH

+ [ (=230’ + 2hmmyBt =y )y + (2kn3B' + 2kmmya Yx + [ y'dy— [ y'dy +
HI IJ JA

+y j (knia = 2knn,B' +y )dy + (2kn3p + 2knyn 0 )dx. (1)

I
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We take the second solution of the system of equations (16) in the form

1 Y=o 1__ X~ Xo
(x—x0)2 +(J"Y0)2 (x—x0)2 ‘*‘()/_YO)Z
X—X
y' = 0 fdx, y*=0. (22)

(x=x0)> +(y =)

Having carried out calculations similar to those carried out with solution (18), we obtain

(%o, 30) = [ v'dy+ [ ~(~2kndol’ + 2kmmyBt +y" )y + (2kn3B' + 2kmymya Y +
AB BC

~ [ @in3o' —2kmn,B' +y")dy + (2kn3B! + 2kmmyaydx — [ y'dy— [ y'dy+ [ v'dy
CD DE EF FG

+ j —(2kn3a = 2knn,B' + v )dy — (2kn3B + 2knyn,0dx +
GH

+ [ ~(=2kn3a’ + 2k m,B' —y )y + (2kn3B' + 2kmmyaydx + [y'dy— [ v'dy +
HI J JA

+y j (2knyo! = 2knyn,B' + v dy + (2knsB' + 2kn,n, 0 )dx. (23)

iri

Conclusion
The paper proposes a method for solving a boundary value problem describing the elastic-plastic
stress state of a strip with side cuts and holes. In this case, stress calculations,,t are reduced to cal-

culating contour integrals along the boundaries of the region, and the stress ¢, is determined from the

solution of problem (11), (12) by numerically solving the Dirichlet problem for the Laplace equation.
After determining all the components of the stress tensor, it is necessary to find the points of region S
at which the yield strength is reached. This allows us to construct an elastic-plastic boundary and the-
reby estimate the strength of the plate under consideration. Currently, a program is being developed
that allows us to construct an elastic-plastic boundary for stretchable plates with cuts and holes.
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