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Annomayus. Ilocmpoena comomonusi pewenuti uzsecmuwix pewenutl Illpanomas u Hadau, m. e. nenpe-
PbIBHAS MPAHCGHOPMAYUsL 00HO20 peuienust 8 opyzoe. dma mpauncopmayus npoucxooum noo oelicmeuem
SPYNNbl HEenpepviGHbIX Npeodpa308anuli, OONYCKAeMbIX CUCMEMOl UdeanvHou niacmuuynocmu. Ilpu smom
MOJAICHO HAOTIO0AMb DEOTIOYUID XAPAKINEPUCTHUK CUCTEMbL, KOMOPAsi ONpedensemcs Spynnoebim napamem-
pom a. Ilpu a = 1 nonyuaromces xapaxmepucmuxu peuwenust Ipanomus. Ilpu a = 0 — xapaxmepucmuxu
pewenua Haoau. Ilpu a = 0,47 xapaxmepucmuxu nepeozo cemeucmed HauuHaom nepecekamovcst U 603HUKA-
oM paspulevl HanpsiceHull. B cmambe nocmpoena aunus paspiéa HAnPsiCeHull.

na naxoosrcoeHus ycnoguil 603HUKHOBEHUS PA3PLIBOE NPOBEOEHO KAUeCMBeHHOe UCCTIe008aHUe YPagHe-
HULl Xapakmepucmux cucmemvl u0eaibHol NIACIMUYHOCHU, KOMOpoe NO380IULO CHOPMYIUPOBAmMb YClO0-
sue 00CMamouHoe 0/l Nepeceyetius Xapakmepucmux 00Ho20 cemelicmea. s uimocmpayuu chopmynu-
POBAHHO20 YCN08UsL ObLIA paspabomana Npocpamma Oas Nocmpoenus xapakmepucmux 3adauu Kowwu
VPasHeHull UOeanbHol NIACMUYHOCTNU HA OCHO8e 3AKOHO8 coxpaneHus. lIpoepamma Ovina peanuzosana
6 cpede Maple. [Ipoepamma npomecmuposana Ha mounvix pewenusx Ilpanomnsa u Haoau, owubka ue
npesviwana 10°°. Boiwu nocmpoensi wucnenno-ananumuseckue pewenus Kpaesvix 3a0au, ko20a 0ocma-
MOYHOe YClosue Ha epanuye He ebinonneHo. Ilokasano, umo 6 3mom ciyyae Xapaxmepucmukiy nepeozo
cemelicmea nepecekarmcest U 603HUKAIOM JTUHUU PA3Pbled.

Knioueswie cnosa: paspblesl Hanpﬂofceﬂuﬁ, ypasHeHusr niacmuiHocmu, comMomonus pemeHmZ, 30KOHbl
COXpAaHEHUA.

Qualitative features and discontinuous solutions
of ideal plasticity equations
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Abstract. A homotopy of solutions of the well-known Prandtl and Nadai solutions is constructed, i. e.,

a continuous transformation of one solution into another. This transformation occurs under the influence of
a group of continuous transformations allowed by the system of ideal plasticity. In this case, it is possible
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to observe the evolution of the characteristics of the system, which is determined by the group parameter A.
For a = 1, the characteristics of the Prandtl solution are obtained. For a = 0, these are the characteristics
of the Nadai solution. At a = 0.47, the characteristics of the first family begin to overlap and voltage gaps
occur. In the article, a stress rupture line is constructed.

To find the conditions for the occurrence of discontinuities, a qualitative study of the equations of cha-
racteristics of the ideal plasticity system was carried out, which made it possible to formulate a condition
sufficient for the intersection of characteristics of one family. To illustrate the formulated condition, a pro-
gram was developed for constructing the characteristics of the Cauchy problem of ideal plasticity equa-
tions based on conservation laws. The program was implemented in the Maple environment. The program
was tested on the exact solutions of Prandtl and Nadai, the error did not exceed 1 0%, Numerical and ana-
lytical solutions of boundary value problems were constructed when a sufficient condition on the boundary
was not fulfilled. It is shown that in this case the characteristics of the first family intersect and discontinui-
ty lines appear.

Keywords: stress discontinuities, plasticity equations, homotopy of solutions, conservation laws.

Introduction

This paper examines the qualitative properties and discontinuous solutions of a system of equations
of plane ideal plasticity. A continuous homotopy of two classical exact solutions, Prandtl's and Na-
dai's, is constructed. It is shown that changing the group parameter leads to a smooth evolution of the
characteristics (slip lines), and at a certain value, the characteristics of a single family intersect, lead-
ing to the formation of stress discontinuity lines. A qualitative analysis of the characteristic equations
allowed us to formulate a sufficient condition for the absence of intersections and, consequently, the
continuity of the solution. Using examples of boundary value problems, it is demonstrated that when
this condition is violated, the characteristics intersect and discontinuities arise.

Statement of the problem
We consider the system of equations of plane ideal plasticity [1]:

9 _ 2k, (cos 29? +sin ZOEJ =0,

ox x dy

(D
8_0 -2k, | sin 29@ —cos 29@ =0,
dy ox dy

L
where 6 is hydrostatic pressure; 8 3 is the angle between the first principal direction of the stress

tensor and the axis OX; k; is pure shear yield strength.

We consider two known solutions of the system (1).

Prandtl's solution is often used to describe the compression of a rigid-plastic material by rough
plates.

In terms of the variables o, 0 for system (1) this solution has the form

G=—p1—k — =4l y=h00529, )

where h = const; p; = const.
The boundary conditions will take the form

o] yoen=—py —k %,e\y:ifn. 3)

N
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The characteristics of solution (2) are as follows:

x=h(20—sin 29)—;{2@. +ﬂ],
ks )
y=zthcos26, i=1,2,
where ¢; — const.
Nadai's solution to system (2) describes the plastic state around a circular hole of radius R, loaded
with a uniformly distributed normal pressure p, = const and zero shear stress on the hole contour. This

solution can be written as

e
0=0+—,
¢ 4
2, 2 2 )
X" +y r
6=—p,+k_+k_ In =—p,+k +k In—,
P2 s s R2 2) s s R2
where r, ¢ are polar coordinates.
The boundary conditions take the form
e
Gr:R=p2+ks’ e|r=R=(p+Z' (6)
The resulting characteristics are as follows:
(p=6—E r=Rexp +9+p2—_ks+c-
4 ok, ) 0

where c; — const, i = 3,4.

We construct a homotopy of two exact solutions: Prandtl and Nadai, i.e., a continuous trans-
formation of one solution into the other. This is possible due to the fact that system (1) admits an infi-
nite group of point symmetries; these transformations have the form [2]:

x'=x+axy(0,0), y'=y+ay,(c,0),

where (x = xo, y = o) is arbitrary solution of the system:

o _ 2k (cos 293—x +sin 293—))) =0,

00 G G
a_y -2k, (sin 29% —cos 298—))) =0.
00 fele] tele]

We record the solution of Nadai and Prandtl in the following form:

P2~k o
T EYR
x=cos| 6—= |Re s eZkS,
4
pr—ks G (8)

y= sin(G —%jRe s s

__ho_ph_j Gnoe,
ke kg )
y=hcos?26.

We perform a homotopic linear combination of the Prandtl and Nadai solutions:
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ro—ks ©

x= a(—};—o—%h—hsin 29j+(1—a)sin(6—ije 2k o2k

N N

prks o (10)

y=ahcos29—(1—a)cos(9—%jRe ks 2hs ,

where a is a group parameter.
By analogy with the boundary conditions (6), we seek the boundary curve for solution (10), assum-
ing
c=-p,+k,, e=<p+%,

moving to polar coordinates, we get:
P2=ni
r=—2ahcos@+(1—a)Re 2ks

Substituting o = 2k,(a + 0)into system (10), we obtain parametric equations of the first family of
characteristics :

P2—ks
x= ah(Z(c1 +9)+%+sin 29J+(1—a)Re 2k cos(e—gje“e,

p2—kg (11)
y=ahcos20+(1—a)Re *s sin(e—%)e‘”e.

In this case, we can observe the evolution of characteristics that depend on a. For a = I, we obtain
the characteristics of the Prandtl solution; for ¢ = 0, we obtain the characteristics of the Nadai solu-
tion.

For example, at a value of a~0.47, the characteristics of the first family intersect (Fig. 1).

Puc. 1. Ilepeceuenne XxapakTEpUCTHK Il OTBEPCTHS
B Buze ynutku Ilackans a = 0,47

Fig. 1. Intersection of characteristics for a hole
in the form of a Pascal snail a = 0.47

Since the characteristics of one family intersect and the values along them are different, the solution
of the Cauchy problem cannot be continued continuously after the intersection point. A stress discontinu-
ity line arises. They are considered in [3—7]. This discontinuity line passes along the bisector of the angle
[1; 8], formed by intersecting characteristics, and emerges from the point of their intersection.
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Figure 2 shows a stress discontinuity line. Next, we'll explore the conditions under which it occurs.

Puc. 2. Jluaus pa3preiBa HanpsHKeHAN

Fig. 2. Stress discontinuity line

Discontinuous solutions of the Cauchy problem

Cauchy problem (initial value problem). A smooth arc is defined in the X, y plane, nowhere coin-
ciding with the characteristic directions and intersected by each characteristic only once, where x =
x(s), y = y(s), 5, and s is a certain parameter. The functions o(x, y), 8(x, y) are defined along L.

To find the conditions for the occurrence of discontinuities, we will conduct a qualitative study.
From system (1), by replacing

0=ks(§+n),9=%(n—§)

we obtain
df  dE
—+—tg0=0,
8x+8y g
12)
m o (
— ——ctgf =0.
ox aycg

We consider the first equation (12), it has two integrals:

d_dy _dg
1 tgo 0
13)
P tg0, £ =&, = const.
dx
dy
For a qualitative study of the solution of the equation U =126 we represent its solution in the form
[9]
y=1tgbx+y(6), (14)

where y(0) is an arbitrary function.
Let this solution satisfy the boundary condition
8=6y(x) where y=0.

We consider two solutions (characteristics) of the form (14), passing through the points (x;,0) and
(x2,0) (Fig. 3), from (14) we have:
y=(x—x)tgb,;, 0, =0(x)),
y=(x—x,)tg0,,0, =0(x,).
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Puc. 3. Ilepeceuenne xapakTepUCTUK OJTHOTO CEMENCTBA

Fig. 3. Intersection of characteristics of one family

We find the intersection point of these characteristics:

y=—2"N
tgh, — g6,

Since y, > y,, tgb, <tgh,, then 6, <6,, therefore, the function 68(x) increases. Thus, a qualitative

study provides the following conditions for the intersection of characteristics of one family:

§=const enough that = 00(X) is an in-

For the intersection of characteristics along which
creasing function.

We check these conditions using numerical-analytical solutions.

Calculating characteristics using conservation laws

In the works [2; 10-12] a method for solving the Cauchy problem based on the conservation laws
of the original plasticity system was proposed.

We are looking for conservation laws for system (1) in the form of functions C = C(o, 0),
D = D(o, 0), for which the equality

a_C+a_D—0
ox dy (15)
is reduced to the form
oD dC
———120=0,
g o (16)
a—D+a—CCtg9=0. (17)

om o
Introducing new dependent functions o, v,
¢©o=D—-1tgbC,

y =D +ctghC, (18)

we obtain the system
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d¢ 1
22— tgby - ) =0,

& 2
19)
0 1 (
— +—ctgb(y—)=0.
o T2 v-9)
After replacing variables according to the formula p = @cos0, we arrive at the equation
p
Peq =7, =0, (20)

i.e. to the well-known telegraph equation.

We record the integral over the closed contour SPR. Here SP is the boundary curve; RS are the
characteristics of the first family; RP are the characteristics of the second; R is the intersection point of
the characteristics. Using relation (15) in Stokes' theorem for the plane [13], we conclude that this
integral is equal to zero:

$ Dax-cdy=[+ [ + [ =o.

SPR SP PRm=1y RS:E=Eq

For the coordinate yg, assuming ¢ = 1, y = 0, we obtain boundary conditions for system (19) of the
form

(P|Rs=1’ ‘I’|PR:0- (21)
Under these conditions, the expression for the coordinate xj takes the form

Xg = j (Ddx — Cdy) + x,.
SP

(22)

Similarly, for the coordinate yg, sloping ¢ = tgf, v = 0, we obtain boundary conditions for system
(19) of the form

n-§

(PRs:tho’ ‘l’|PR=0- (23)

Under these conditions, the expression for the coordinate y takes the form

Vi = I(Ddx—Cdy) +y,.
SP

(24)
Considering that ¢, y are related to the function p as follows :
Py 2op
¢ cos®’ v sin @ 0& ° (25)
we get two problems:
Do p
okm 4
3 (26)
P|z-g, = COS &o’ % 0.
a& n=ngp
p p_
dom 4
27
p sin n-% % =0 @7
) 2 > aé B
n=ng

218



Informatics, computer technology and management

The solution to problem (26) for the coordinate x is the function

- 1" -
p:pl(?;,n)=IO(\/(Q—ﬁo)(n—no))cosm—zE’o—EjIO(\/(Q—ﬁo)(n—T))51nT 2&'0 dr, (28)

no
along with this
B Loy (JEE = [ - L | 1 (R =) [ in TR e
e I e

The solution to problem (27) for the coordinate y is the function:

_ n _
p=p,(&m) =Io(\/(é—éo)(n—no))sinm—zﬁo—% J. Io(\/(é—éo)(n—t))cost 2&"0 dr, (30)

Mo
along with this
dp, 1. M- -ny 1] - -
aigjsm"]“—f”l(\/@—éo)m—no) e | HE=Bm =), [ cos” e )
0 T 0

where [ is is a Bessel function of the first type of imaginary argument.
The functions ¢, y are reconstructed using formulae (25). The components of the conservation laws
are determined from relations (18):
D =ysin® 0+ @cos’ 6,
C =(y—@)sinBcosO. (32)

We find the coordinates of point R by substituting the found C and D into formulas (22) and (24).

Calculations of characteristics for known exact solutions

We construct characteristics for equations (1) using the method described in the previous section.
To construct characteristics of the Cauchy problem for ideal plasticity equations using conservation
laws, we developed programs in the Maple environment [14; 15]. To test the program, we constructed
known characteristics of the Pradtl and Nadai solutions.

Having tested the program on these two solutions, it was concluded that it produces relevant solu-
tions. The calculation error is of the order of 10,

Construction of discontinuous solutions

To verify the non-intersection condition of characteristics of a single family, characteristics with
different boundary conditions were constructed. Let's consider some of them. We set the following
boundary condition. Using the program, we constructed two characteristics of the first family until
they intersected. The result is shown in Figure 4.

T
0|,20=0, (x)=—x+1,6 y=0=90(x)=x—z. (33)

For the boundary value problem (33), the condition that the function 6 is non-increasing is violated,
and a discontinuity in the solution occurs.
We set the following boundary condition. Using the program, we plot two characteristics of the

first family up to their intersection. The result is shown in Figure 5.

6|,0=0, (1) =1, 6], 1=8(x)=x". (34)

In the case of the boundary value problem (34), the condition of non-increasing function 6 is vi-
olated and a discontinuity in the solution arises.
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0,3

0,2

0,1

-0,1

-0,2

-0,3

Puc. 4. Ilepeceuenne xapakTepuCTHUK EPBOTO CEMECTBA
NP TPaHUIHOM yciaoBuu (33)

Fig. 4. Intersection of the characteristics of the first family
under the boundary condition (33)

Puc. 5. Ilepeceuenne xapakTepuCTHUK EPBOTO CEMECTBA
P TPAaHUIHOM ycioBuu (34)

Fig. 5. Intersection of the characteristics of the first family
under the boundary condition (34)

Conclusion

Thus, it is shown that the Cauchy problem does not have a continuous solution for all boundary
conditions, but a qualitative study and numerical-analytical calculation gives the following condition
for the continuity of solutions: for the continuity of the solution of the Cauchy problem, it is sufficient

that =08(%) js a decreasing function.
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