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THE DEVELOPMENT AND INVESTIGATION OF THE EFFICIENCY  
OF THE DIFFERENTIAL EVOLUTION ALGORITHM FOR SOLVING  

MULTI-OBJECTIVE OPTIMIZATION PROBLEMS 
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In practice problems, which consist in the search of the best (optimal) solution according to the different irredun-
dant and contradictory (conflicting) criteria, called multi-objective problems, are of frequent occurrence. One of the 
most commonly used methods for solving this kind of problems consists in combination of all criteria into the single one 
by using some linear relation. However, despite the simplicity of this method, solving problems with its help may cause 
other problems related to the determination of the mentioned linear combination, namely related to the determination of 
the weight coefficients for each criterion. The incorrect selection of these coefficients may lead to non-optimal solutions 
(according to the Pareto theory). In this regard, recently various population-based algorithms have been proposed for 
solving the described problems, which are the modifications of these population-based algorithms for solving single-
objective optimization problems. This article describes the developed modifications of the Differential Evolution algo-
rithm (DE) for solving multi-objective unconstrained optimization problems based on the well-known NSGA (Non-
dominated Sorting Genetic Algorithm) and MOEA/D (Multiobjective Evolutionary Algorithm Based on Decomposition) 
schemes, which use the Pareto theory. The investigation into the efficiency of the Differential Evolution algorithm for 
solving multi-objective optimization problems in relation to the chosen mutation operator of the original DE algorithm 
and to the multi-objective scheme was conducted. The developed modifications were tested by using some well-known 
multi-objective real-valued optimization problems with 30 variables, such as ZDT1, ZDT2, ZDT3, etc. The practical 
problem of spacecraft control contour variant choice was solved as well.  The experimental results show that better 
results were achieved by the Differential Evolution algorithm with the simplest mutation operators combined with the 
NSGA scheme. Thus, the applicability of the described modification for solving practical multi-objective optimization 
problems was demonstrated. 

 
Keywords: optimization, differential evolution, Pareto theory, MOEA/D, NSGA, mutation. 
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В практической деятельности часто встречаются задачи, заключающиеся в поиске лучшего (оптимально-
го) решения при наличии различных несводимых друг к другу и противоречивых (конфликтующих) критериев 
оптимальности, называемые задачами многокритериальной оптимизации. Один из наиболее распространен-
ных методов решения подобного рода задач заключается в объединении всех критериев в один, используя  
некоторое линейное соотношение. Несмотря на простоту метода, при решении задач таким способом могут 
возникнуть проблемы с определением самого линейного соотношения, а именно весовых коэффициентов каж-
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дого критерия, неправильный подбор которых может привести к неоптимальным (в смысле теории Парето 
доминирования) решениям. В связи с этим в настоящее время предложены различные популяционные алгорит-
мы для решения описанных задач, которые в свою очередь являются модификациями этих же популяционных 
алгоритмов для решения задач однокритериальной оптимизации. В данной статье описаны разработанные 
модификации алгоритма дифференциальной эволюции (Differential Evolution, DE) для решения задач многокри-
териальной безусловной оптимизации на базе широко известных схем NSGA (Non-dominated Sorting Genetic 
Algorithm) и MOEA/D (Multiobjective Evolutionary Algorithm Based on Decomposition), использующих теорию Па-
рето доминирования. Исследование эффективности алгоритма дифференциальной эволюции для решения за-
дач многокритериальной оптимизации проводилось в зависимости от выбора оператора мутации исходного 
алгоритма дифференциальной эволюции и схемы учета множества целевых функций. Разработанные модифи-
кации были протестированы с помощью известных задач многокритериальной безусловной оптимизации  
вещественнозначных функций с 30 независимыми переменными, например, ZDT1, ZDT2, ZDT3 и т. д., также 
была решена практическая задача выбора эффективного варианта аппаратно-программного комплекса  
для систем управления космическими аппаратами. В результате экспериментов было установлено, что алго-
ритм дифференциальной эволюции демонстрирует лучшие результаты при использовании наиболее простых 
операторов мутации в сочетании со схемой учета целевых функций NSGA, таким образом, показана целесооб-
разность его применения с данными параметрами для решения практических задач. 

 
Ключевые слова: оптимизация, дифференциальная эволюция, теория Парето доминирования, MOEA/D, 

NSGA, мутация. 
 
Introduction. Complex technical and organizational 

systems control requires constant decision making taking 
into consideration various criteria and limited resources. 
Such kind of problems (multi-objective optimization 
problems) can be found in different areas, including aero-
space industry (for example, [1–3]). For some of them it 
is possible to find solutions, which would be optimal with 
respect to all criteria. However, the opposite situation, 
namely when the criteria conflict with each other, occurs 
more frequently. In that case there is s a need to determine 
a set of solutions (best possible variants), where each  
one of them can be considered as a compromise between 
all criteria. 

There are various ways to determine the mentioned set 
of solutions, but the most popular among them is the 
Pareto dominance theory [4]. Generally speaking, a multi-
objective optimization problem includes a set of D pa-
rameters (variables), a set of K objective functions of 
these variables, and a set of M constraints. It is necessary 
to find a solution, that is optimal according to all K crite-
ria, while solving a multi-objective optimization problem; 
and the problem is formulated as follows: 

        1 2, ,..., Ky f x f x f x f x opt   ,        (1) 

 
 

0, 1, ,

0, 1, ,

j

j

g x j r

h x j r M

  


  
                   (2) 

where  1 2, ,..., Dx x x x  is possible solution. 

Let us consider the multi-objective unconstrained op-
timization problems. Generally, there are no additional 
requirements of functions  if x , i = 1, …, K, that would 

be convenient for optimization (for example, convexity, 
differentiability, etc.). Functions can be defined algo-
rithmically; variables can be continuous, discontinuous, 
binary and even mixed. This fact significantly reduces the 
class of optimization algorithms, which could be applied 
to solving such problems. 

In this study modifications of the Differential Evolu-
tions (DE) algorithm [5] for solving multi-objective opti-

mization problems based on the well-known schemes 
such as MOEA/D (Multiobjective Evolutionary Algo-
rithm Based on Decomposition) [6] and NSGA (Non-
dominated Sorting Genetic Algorithm) [7], that use the 
Pareto theory, are introduced. Moreover, efficiency of 
these modifications was examined in accordance with the 
chosen DE’s mutation operator [8]. 

Differential Evolution. Differential evolution or DE 
is a population-based meta-heuristic approach initially 
developed for solving multidimensional optimization 
problems. It was firstly introduced by K. Price and  
R. Storn in 1995 [5] for solving single-objective optimiza-
tion problems. The DE algorithm is a direct optimization 
method, thus it only needs values of the objective func-
tion; it uses some of ideas the proposed for the genetic 
algorithms such as mutation as well. 

The DE starts with the random initialization of the 
population that contains N individuals, to be more specific 
the set of N vectors is randomly generated. Each individ-
ual is represented by its coordinates in the search space 
with D dimensions. Then a new generation is created in 

the following way. For each individual t
ix  three different 

vectors from the old generation are randomly chosen, 

after that a new mutant vector t
iv  is generated by using 

the mutation operator. 
Nowadays there are various mutation schemes for the 

differential evolution algorithm [8]. In this study five 
most popular mutation strategies were used (rand, best, 
current_to_best, best2, rand2): 

 1, 2, 3,
t t t t
j R j R j R jv x F x x   ;                   (3) 

 , 1, 2,
t t t t
j best j R j R jv x F x x   ;                   (4) 

   , , , 1, 2,
t t t t t t
j i j best j i j R j R jv x F x x F x x     ;        (5) 

   , 1, 2, 3, 4,
t t t t t t
j best j R j R j R j R jv x F x x F x x     ;     (6) 

   1, 2, 3, 4, 5,
t t t t t t
j R j R j R j R j R jv x F x x F x x     .     (7) 
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In these formulas indexes R1, R2, R3, R4 and R5 are 
numbers randomly chosen from the range [1, N], all of 
them differ from the index i and each other; F is the scal-
ing factor, namely the maximum possible distance by 
which the search area can be expanded in one variable; 

t
bestx – the best position found by the population during t 

iterations. 
The next step is the crossover, which is performed  

for the mutant vector. During the crossover its coordinates 
(or at least a part of them) can be replaced with some 
probability (CR) by the coordinates of the parent vector. 
A new obtained vector is called a trial vector. If the value 
of the objective function calculated for the trial vector is 
better than the value of the objective function calculated 
for the parent vector, then the parent vector should be 
replaced by the trial vector in a new generation, otherwise 
it stays the same. 

Modifications of the DE algorithm for solving 
multi-objective optimization problems. In this study 
two well-known schemes for the multi-objective optimi-
zation problems were used: Multiobjective Evolutionary 
Algorithm Based on Decomposition (MOEA/D) [6]  
and Non-dominated Sorting Genetic Algorithm  
(NSGA) [7]. 

Modification of the DE algorithm based on the 
scheme NSGA works as follows. First of all, in addition 
to the population of individuals an external archive is 
generated, in which optimal according to the Pareto the-
ory solutions are saved. This archive is updated at each 
iteration. 

Besides, on every iteration during the crossover the 
additional second archive of size 2N, in which initially all 
individuals from the population are stored, is created. As 
was mentioned before, during crossover trial vectors, that 
can replace parent individuals in population, are gener-
ated. If the parent individual from the second additional 
archive is non-dominant with respect to the respective 
trial vector then the latter is discarded and the parent indi-
vidual stays the same, and vice versa, if the trial vector is 
non-dominant then it replaces the parent vector in the 
second archive. However, if the parent and trial vectors 
are not comparable then they both are stored in the second 
additional archive. It should be noted that the trial vectors, 
which are stored in the mentioned archive, later partici-
pate in the crossover, and for them the mutant vectors are 
generated by using individuals saved in the same archive. 

On the next step the second additional archive is trun-
cated to the size N by using the sorting of individuals ac-
cording to the degree of their non-dominance proposed 
for the NSGA scheme [7]. Individuals are sorted in the 
mentioned archive as follows. For each individual its 
rank, which is denoted as “rank”, is determined. If an 
individual is non-dominant with respect to all other indi-
viduals from that archive then its rank = 0. After that the 
individual, which is non-dominant with respect to all 
other individuals from archive except the one with the  
rank = 0, is determined. Therefore, its rank is assigned  
to 1. If there are more than one such an individual, then 
the same rank is assigned to each of them. The process 
continues until all individuals in the population are 
ranked. 

Next, the ranked individuals are selected according to 
the Crowding-distance metric (I) described in [9]. For 
each objective function the solutions with the smallest and 
largest values of this metric are determined. It is assumed 
that the metric value for these solutions from the second 
additional archive reaches its maximum. For other solu-
tions from the archive the distance (metric value) is calcu-
lated as follows: 

     
max min

1

1 1K
k k

k k k

f i f i
I i

f f

  



 .                      (8) 

Here parameters max
kf  and min

kf  are the maximum 

and the minimum values of the k-th objective function, 

 1kf i   and  1kf i   are values of the k-th objective 

function for the (i + 1)-th and (i – 1)-th individuals re-
spectively. 

After that, the i-th individual is compared with the rest 
(i = 1, ..., 2N) until it is better than any individual accord-
ing to the rank or to the value of the metric (the higher, 
the better). In this case, it is saved in a truncated archive, 
the comparison is stopped and the next individual is con-
sidered. These actions are repeated until the number of 
individuals in the truncated archive is equal to N. 

The external archive, in which non-dominated solu-
tions are stored, is updated by the individuals stored in the 
additional archive. The population that consists of indi-
viduals from the truncated archive passes to the next gen-
eration. 

Now let us consider the modification of the DE algo-
rithm, developed on the basis of the MOEA/D scheme 
[6]. As for the previous modification, initially an external 
archive for the non-dominated solutions according to the 
Pareto theory is generated; moreover, this archive is up-
dated at each iteration. Further, the population of N indi-
viduals is initialized randomly. 

For each i-th (i = 1, ..., N) individual, the vector Li 
consisting of weight coefficients for the corresponding 
objective functions (one coefficient per objective func-
tion) is generated. The coefficients are generated ran-
domly within the range [0, 1] and vector Li is normalized. 

Next, the reference vector  1 2, ,..., Kz z z z , where zj 

is the best currently found value of the j-th (j = 1, …, K) 
objective function  fj, is determined. In addition, for each 
i-th individual, a set of indexes B(i) is created,  
it consists of T indexes of the nearest to Li neighbors, to 
be more specific the distances between the vectors Li and 
Lj ( j = 1, …, N and j ≠ i) are calculated using the Euclid-
ean metric, and then T indexes of the nearest neighbors 
are selected. 

Thus, for each i-th individual, where i = 1, …, N, the 
set of indexes B(i) = {i(1), …, i(T)} is defined such  
as Li(1), …, Li(T) are the T closest vectors to the vector Li. 
Then, during the mutation for the described schemes  
(3)–(7) indexes R1, R2, R3, R4, R5 for the i-th individual 
are randomly chosen from the set B(i). 

At the crossover step the trial vector U is generated, 
after that the vector z is updated. Finally, according to the 
rule described in [6] the individual in the population is 
updated (it is replaced by the trial vector U). 
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Experimental results. The investigation into the effi-
ciency of the DE algorithm with different mutation strate-
gies and schemes for the multi-objective optimization 
problems was conducted by using the following test prob-
lems: ZDT1, ZDT2, ZDT3, ZDT6, Schaffer’s Min-Min 
(SCH) and DTLZ2 [10]. The following parameters were 
used for testing: 

1) S – the maximum number of optimal according to 
the Pareto theory solutions, which were saved during the 
algorithm’s work; it was set to 100; 

2) N – the population size, it was equal to 100; 
3) MaxGen – the maximum number of iterations equal 

to 250; 
4) F = 0.4; 
5) CR = 0.3 for modification of the DE approach 

based on the MOEA/D scheme; 
6) CR = 0.6 for modification of the DE approach 

based on the NSGA scheme; 
7) T = 20; 
8) D = 30. 
Each problem was solved by all modifications  

10 times and after each program run the following values 
were calculated: the Ef error (i. e. the difference between 
the obtained and real Pareto fronts) and the spread ∆  
(i. e. the extend of spread achieved among the obtained 
solutions).  

The Ef error was calculated by using the following 
formula (9): 

 22

1

NS
e t e t

f j j
j

E PF PF PF PF


    ,            (9) 

where PFe is the found Pareto front, PFt is the actual 
Pareto front, NS is the number of points in the external 
archive. The value of the spread ∆ was determined using 
the following formula: 

 

1

1

1

NS

f l i
i

f l

d d d d

d d NS d





  
 

  


,                     (10) 

where di is the minimal Euclidean distance between  
the i-th solution from the obtained Pareto front and other 
solutions from that front [11] (NS – number of solutions 

in the external archive), and d  is the average distance. 
Parameters df and dl are Euclidean distances between  
the extreme solutions of the real and obtained Pareto 
fronts. 

Results obtained by the modification of the DE algo-
rithm based on the MOEA/D scheme with different muta-
tion strategies and averaged by the number of program 
runs are presented in tab. 1. 

Thus, it was established that modification of the DE 
approach based on the MOEA/D scheme demonstrated 
the best results while using the mutation strategy best. 
Tab. 2 shows how many times this algorithm configura-
tion outperformed others according to four criteria:  
Best – the best obtained values of Ef and ∆ respectively, 
Worst – the worst values, Mean – the mean values  
for Ef and ∆, SD is the standard deviation for the obtained 
results. 

Results obtained by the modification of the DE algo-
rithm based on the NSGA scheme with different mutation 
strategies are presented in tab. 3.  

 
 

Table 1 
Results obtained by the DE+MOEA/D algorithm with different mutation schemes 

 

Problem rand best current_to_best best2 rand2 
Ef 0.00384 0.00054 6.59454 0.00119 0.0062 

ZDT1 
∆ 0.16367 0.11775 0.489 0.13324 0.16509 
Ef 0.00053 0.00041 5.92685 0.00055 0.00199 

ZDT2 
∆ 0.09408 0.11174 0.70551 0.105 0.11352 
Ef 0.15176 0.08976 4.84475 0.0003 0.00249 

ZDT3 
∆ 0.19449 0.16297 0.43173 0.09944 0.15936 
Ef 2.08E-07 2.05E-07 0.47384 2.03E-07 0.00391 

ZDT6 
∆ 0.04915 0.44263 0.63503 0.04259 0.02977 
Ef 6.85E-07 7.19E-07 0.00019 0.01249 7.19E-07 

SCH 
∆ 0.40399 0.30593 0.36606 0.32616 0.35382 
Ef 0.00024 0.00022 2.62E-05 0.00056 0.00038 

DTLZ2 
∆ 0.05619 0.06844 0.0706 0.10307 0.07852 

 
 
 

Table 2 
The results of the comparison of the mutation schemes for the DE+MOEA/D modification 

 

Ef ∆ 
Scheme 

Worst Best Mean SD Worst Best Mean SD 
rand 0 1 1 0 1 0 2 1 
best 3 4 2 3 1 3 4 1 

current_to_best 1 1 1 1 0 1 0 0 
best2 2 0 2 2 3 2 1 3 
rand2 0 0 0 0 1 0 0 1 
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Thus, it was established that the strategy best demon-
strated the best results comparing to others in 10 cases, 
while the strategy rand in 14 cases. However, for this 
modification strategy rand outperforms the strategy best 
because it showed the better results according to the sec-
ond criterion (spread of solutions along the front) more 
frequently. Tab. 4 shows how many times this algorithm 
configuration outperformed others according to four crite-
ria: Best – the best obtained values of Ef and ∆ respec-
tively, Worst – the worst values, Mean – the mean values 
for Ef and ∆, SD is the standard deviation for the obtained 
results. 

Examples of the Pareto fronts obtained by the devel-
oped modifications of the DE algorithm with determined 

on the previous step best mutation strategies for the listed 
test problems are demonstrated in fig. 1–6. 

The developed modifications of the DE algorithm  
(DE + NSGA and DE + MOEA/D) are compared with the 
other methods for solving multi-objective optimization 
problems: MOPSO [12], NSGA-II [13], SPEA [14]  
and PAES [15]. Moreover, the comparison was made 
according to the previously used criteria (error and varia-
tion).  

Tab. 5 shows the mean values for the criteria obtained 
by the listed algorithms. The results of the NSGA-II and 
SPEA, PAES algorithms are taken from the literature 
[15], and the results of the MOPSO algorithm were ob-
tained independently.  

 
Table 3 

Results obtained by the DE+NSGA algorithm with different mutation schemes 
 

Problem rand best current_to_best best2 rand2 
Ef 0.00733 0.00884 0.00577 0.02993 0.03549 

ZDT1 
∆ 0.0775 0.07231 0.28125 0.07318 0.06684 
Ef 0.00627 0.00311 0.31043 0.0197 0.03744 

ZDT2 
∆ 0.10933 0.603442 0.75164 0.11818 0.12551 
Ef 0.00491 0.00628 0.00277 0.0259 0.44998 

ZDT3 
∆ 0.06465 0.07346 0.59455 0.0817 0.16594 
Ef 0.00058 2.90E-07 0.00212 3.25E-07 0.00324 

ZDT6 
∆ 0.05462 0.03373 0.05722 0.0548 0.06761 
Ef 4.93E-05 5.69E-06 5.66E-07 0.00041 7.7E-07 

SCH 
∆ 0.10595 0.17782 0.18019 0.11755 0.10743 
Ef 11.1832 6.6664 12.164 4.91719 0.01469 

DTLZ2 
∆ 0.417295 0.27964 0.542015 0.20289 0.05895 

 
 
 

Table 4 
The results of the comparison of mutation schemes for the DE+NSGA modification 

 

Ef ∆ 
Scheme 

Worst Best Mean SD Worst Best Mean SD 
rand 2 1 1 2 2 1 3 2 
best 1 1 2 1 1 1 1 2 

current_to_best 1 4 2 0 0 0 0 0 
best2 1 0 0 1 2 3 0 1 
rand2 1 0 1 2 1 1 2 1 

 
 

          
Based on scheme NSGA Based on scheme MOEA/D 

 
 

Fig. 1. Examples of the Pareto front obtained for the ZDT1 problem 
 

Рис. 1. Примеры фронта Парето, полученные для задачи ZDT1 
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Based on scheme NSGA Based on scheme MOEA/D 

 
 

Fig. 2. Examples of the Pareto front obtained for the ZDT2 problem 
 

Рис. 2. Примеры фронта Парето, полученные для задачи ZDT2 
 
 
 
 
 

  
Based on scheme NSGA Based on scheme MOEA/D 

 
 

Fig. 3. Examples of the Pareto front obtained for the ZDT3 problem 
 

Рис. 3. Примеры фронта Парето, полученные для задачи ZDT3 
 
 
 
 
 

  
Based on scheme NSGA Based on scheme MOEA/D 

 
 
 

Fig. 4. Examples of the Pareto front obtained for the ZDT6 problem 
 

Рис. 4. Примеры фронта Парето, полученные для задачи ZDT6 
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Based on scheme NSGA Based on scheme MOEA/D 

 
 

Fig. 5. Examples of the Pareto front obtained for the SCH problem 
 

Рис. 5. Примеры фронта Парето, полученные для задачи SCH 
 
 
 

 
Based on scheme NSGA Based on scheme MOEA/D 

 
 

Fig. 6. Examples of the Pareto front obtained for the DTLZ2 problem 
 

Рис. 6. Примеры фронта Парето, полученные для задачи DTLZ2 
 
 

Table 5 
The results of the comparison of the algorithms for solving multi-objective optimization problems 

 

ZDT1 ZDT2 ZDT3 ZDT6 SCH 
Algorithm 

Ef ∆ Ef ∆ Ef ∆ Ef ∆ Ef ∆ 
NSGA-II-r 0.0335 0.3903 0.0724 0.4308 0.1145 0.7385 0.2966 0.668 0.0034 0.4779 
NSGA-II-b 0.0009 0.4633 0.0008 0.4351 0.0434 0.5756 7.8068 0.6445 0.0028 0.4493 

SPEA 0.0018 0.7845 0.0013 0.7551 0.0475 0.6729 0.2211 0.8494 0.0034 1.0211 
PAES 0.0821 1.2298 0.1263 1.1659 0.0239 0.7899 0.0855 1.1531 0.0013 1.0633 

MOPSO 0.0605 0.5685 0.0807 0.4045 0.0016 0.415 0.0015 0.1204 8.91E-07 0.6039 
DE+NSGA 0.0073 0.0775 0.0063 0.1093 0.0049 0.0646 0.5706 0.1977 4.93E-05 0.1059 

DE+MOEA/D 0.0005 0.1177 0.0004 0.1117 0.0898 0.163 2.05E-07 0.4426 7.19E-07 0.3059 
 
 
Thus, as a result of the research, it is established that 

the best values of objective functions are achieved by 
modifying the algorithm of differential evolution based on 
the NSGA scheme with the simplest mutation strategy 
called rand. Moreover, the experiments demonstrate that 
the modification of the DE algorithm of the NSGA 
scheme approximates the Pareto front better than the other 
multi-objective optimization algorithms, namely MOPSO, 
PAES, NSGA-II, SPEA, DE + MOEA / D. 

The problem of the choice of spacecraft control 
contour variant. In this study the problem of the choice 

of spacecraft’s control contour variant [16] is consid-
ered. The functioning process of a spacecraft control 
subsystems is modeled with Markov chains, while the 
problem of choosing an effective variant for a space-
craft control system is formulated as a multi-objective 
discrete optimization problem with algorithmically 
given functions. 

The problem statement and the way the problem of 
spacecraft’s control contour variant choice was modeled 
are presented in [16]; in this study only a brief description 
is given. 
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The system for monitoring and control of an orbital 
group of telecommunication satellites includes on-board 
control complexes (BCC) of a spacecraft, a distributed 
system of telemetry, command and ranging (TCR)  
stations and data telecommunication systems in each, 
command measuring systems (CMS) and flight control 
center (FCC). It should be noted that the last three  
subsystems are combined into the ground-based control 
complex (GCC). 

Thus, the ground control complex interacts with the 
onboard control complex using a telecommunication sys-
tem, as well as command measuring systems and data 
transmission systems, which include communication cen-
ters of a flight control center. BCC is the controlling sub-
system of the satellite that ensures real time checking and 
controlling of on-board systems including pay-load 
equipment as well as fulfilling program-temporal control. 
Control functions performed by the automated control 
system can be divided into subsystems called “control 
contours”. Mentioned contours perform various functions, 
for example the following contours can be distinguished: 
a technological contour, a command-program contour,  
a target contour, etc. [16]. 

The main task of the command-program contour is the 
maintenance of the tasks of creating command-
programming information, transmitting it to BCC and 
executing it and control action as well as the realization  
of the temporal program mode of control. Let us consider 
the simplified control system, which consists of three sub-
systems: onboard target equipment, on-board control 
complexes and ground-based control complex. 

If we suppose that BCC can fail and GCC is abso-
lutely reliable, then we can introduce the following nota-
tions: λ1 is the intensity of BCC failures, μ1 is the inten-
sity of temporal program (TP) computation, μ2 is the in-
tensity of the command-programming information (CPI) 
loading into BCC, μ3 is the intensity of temporal program 
execution, μ4 is the intensity of BCC being restored. 
Therefore, all stochastic flows in the system are Poisson, 
and there are five possible states for this contour [16]: 

1) BCC fulfills TP, GCC is free; 
2) BCC is free, GCC computes TP; 
3) BCC is free; GCC computes CPI and loads TP; 
4) BCC is restored with GCC which is waiting for 

continuation of TP computation; 
5) BCC is restored with GCC which is waiting for 

continuation of CPI computation. 
The corresponding Kolmogorov system of equations 

for the final probabilities is the following: 

 1 1 3 2 3 0P P       ,                    (11) 

 2 1 1 3 1 4 4 0P P P         ,              (12) 

 3 1 2 1 2 4 5 0P P P         ,             (13) 

4 4 1 1 1 2 0P P P      ,                 (14) 

5 4 1 3 0P P    ,                          (15) 

1 2 3 4 5 1P P P P P     .                      (16) 

In these formulas Pi is the probability that the system 
is in the i-th state, where i = 1, …, 5. After solving the 
system (11)–(16), the necessary indexes of control quality 
for the command-programming contour can be calculated: 

1) 1

2 3

P
T

P

 

– the average duration of the independ-

ent operating of the spacecraft for this contour; 

2) 3 5
1

1 2

P P
t

P



 

 – the average duration of BCC and 

GCC interactions when loading TP for the next interval  
of independent operation of the spacecraft; 

3) 
 

2 3 4 5
2

1 1 3

P P P P
t

P

  


  
 – the average time from the 

start of TP computation till the start of TP fulfillment  
by BCC. 

Maximizing the first indicator and minimizing the last 
two indicators leads to the choosing of an effective vari-
ant for a spacecraft control system. Thus, the multi-
objective optimization problem is formulated with three 
objective functions. In this study it was solved by the best 
developed configurations of the DE+NSGA and 
DE+MOEA/D algorithms. The examples of the obtained 
Pareto fronts for the described optimization problem are 
presented in the fig. 7, to be more specific the projection 
of the Pareto front on the plane μ2 – μ4 (μ2 – horizontal 
axis, μ4 – vertical axis). In addition, on the graphs, the 
solid points are the points from the Pareto set, obtained by 
the algorithm, the open points are the true set points (not 
found respectively). 

The problem was solved by each algorithm 10 times, 
for each program run the number of iterations was set to 
30, number of individuals to 20, and for the 
DE+MOEA/D algorithm parameter  was equal to 5. As a 
result of the research, it was established that modification 
of the DE algorithm based on the NSGA scheme 
(DE+NSGA) with the previously found configuration is 
able to solve the described problem of the choice of 
spacecraft control contour variant better. Therefore, the 
workability of that algorithm was verified on real-world 
problem. 

Conclusions. In this paper two developed modifica-
tions of the differential evolution algorithm based on the 
schemes NSGA (DE+NSGA) and MOEA/D 
(DE+MOEA/D) for solving multi-objective optimization 
problems are described. First of all, the efficiency of the 
proposed modifications was examined in accordance with 
the selected mutation strategy: it was established that for 
the DE+NSGA algorithm the most useful is the rand mu-
tation strategy, while for the DE+MOEA/D algorithm it is 
the best strategy.  

Then the results obtained by modifications of the dif-
ferential evolution algorithm with defined mutation 
strategies were compared with the results obtained by 
other well-known population-based algorithms. Finally, it 
was proved that the modification DE+NSGA described in 
this study with the rand mutation strategy outperforms 
alternative algorithms for solving multi-objective optimi-
zation problems. 
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Based on scheme NSGA Based on scheme MOEA/D 
 

 
Fig. 7. Examples of the Pareto set obtained for the problem of the spacecraft control contour variant choice 

 
Рис. 7. Примеры множества Парето, полученные для задачи выбора эффективного варианта управления КА 

 
 
Besides, the problem of the choice of spacecraft con-

trol contour variant was solved and the workability of the 
proposed approaches was demonstrated on the real-world 
problem. 
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To participate the TPP with cross-section communications in the general primary frequency control, it is necessary 

to have a working main regulator. The main regulator is designed to maintain the steam pressure in the major steam 
line of the TPP at a given level, which is a difficult task. At the TPP with cross-connections, the steam produced by the 
boilers enters the major steam line. To maintain the pressure in the major steam line, it is necessary to control the heat 
load of the working boilers. Traditional solutions to construct the main regulator found no use, as have a number of 
disadvantages, not allowing exploiting a system of automatic control. Looking at the steam pressure control system in 
the major steam line from the bottom to up, it is possible to identify disadvantages that prevent the effective operation of 
the main regulator at each level. At the lower level of the main regulator, there are controllers of heat load of boilers, 
built according to the scheme task-heat. Heat load controllers are designed to maintain heat release in the boiler fur-
nace at the required level. The heat signal is the sum of the signals for the steam flow of the boiler and the rate of 
change in the steam pressure in the boiler drum. Such a structure does not allow maintaining the invariance of the heat 
signal under external disturbances effectively, as sharp changes of the steam pressure in the major steam line lead to a 
"false" operation of the controllers. At the upper level there is the main regulator itself, which maintains the steam 
pressure in the major steam line at a given level and corrects the tasks to the controllers of the heat load of the boilers. 
The simultaneous identical effect on the heat load of the boilers cannot be optimal from the point of view of the criteria 
for assessing the quality of regulation, since the dynamic properties of the boilers, such as the gain, the transition time 
constant and the transport delay are individual for each boiler. 

However, in 2006–2008, the attempt to build an updated main regulator that takes into account the shortcomings of 
the traditional scheme was made. The basis of the structure of the main regulator is still parametric and, as a result of 
ten-years’ experience, shortcomings in the operation of the updated main regulator were identified. The shortcomings, 
in most cases, consist in need of frequent corrections of adjusting coefficients of system because of the change of dy-
namic properties of an object during the operation. In fact, the same problems related to the parametric structure of the 
regulator remain. 

Up-to-date information technologies made it possible to introduce adaptive process control systems that allow to 
count an extended number of signals entering the system and to form control actions, based on both current and his-
torical data of the technological process. The use of the latest information technologies and modern hardware in the 
control of complex multi-connected units that solve not only the problems of process control, but also the problem of 
improving the economic and environmental performance of enterprises, should become a new step in the development 
of automatic control systems. 

 
Keywords: TPP with cross-section connections, main regulator, heat load controller, pressure regulation in the ma-

jor steam line. 
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К ЗАДАЧЕ УПРАВЛЕНИЯ ГРУППОЙ ОБЪЕКТОВ  
НА ОСНОВЕ ИНФОРМАЦИОННЫХ ТЕХНОЛОГИЙ 

  
Д. А. Жалнин 

 
ООО «Регион Автоматика» 

Российская Федерация, 660031, г. Красноярск, ул. Глинки, 1б 
E-mail: Denis@Zhalnin.com 

 
Для участия тепловых электростанций (ТЭС) с поперечными связями в общем первичном регулировании 

частоты необходимо наличие работающего главного регулятора. Главный регулятор предназначен для под-
держания давления пара в общем паропроводе ТЭС на заданном уровне, что является сложной задачей. На 
ТЭС с поперечными связями производимый котлами пар поступает в общий паропровод. Для поддержания 
давления в общем паропроводе необходимо комплексное управление тепловой нагрузкой работающих котлов. 
Традиционные решения построения главного регулятора не нашли применения, так как имеют ряд недостат-
ков, не позволяющих эксплуатировать такую систему автоматического регулирования. Если рассматривать 
систему регулирования давления пара в общем паропроводе снизу вверх, можно на каждом уровне выявить 
недостатки, мешающие эффективной работе главного регулятора. На нижнем уровне главного регулятора 
расположены регуляторы тепловой нагрузки котлов, построенные по схеме задание – теплота. Регуляторы 
тепловой нагрузки предназначены для поддержания тепловыделения в топке котла на требуемом уровне. Сиг-
нал по теплоте представляет собой сумму сигналов по расходу пара за котлом и скорости изменения давления 
пара в барабане котла. Такая структура не позволяет эффективно поддерживать инвариантность сигнала 
по теплоте при внешних возмущениях, таких как резкое изменение давления пара в общем паропроводе, что 
приводит к «ложной» работе регуляторов. На верхнем уровне расположен непосредственно сам главный регу-
лятор, поддерживающий давление пара в общем паропроводе на заданном уровне и корректирующий задания 
регуляторам тепловой нагрузки котлов. Одновременное одинаковое воздействие на тепловую нагрузку котлов 
не может быть оптимальным с точки зрения критериев оценки качества регулирования, так как динамиче-
ские свойства котлов, такие как коэффициент усиления, постоянная времени переходного процесса и транс-
портное запаздывание, индивидуальные для каждого котла. 

Однако в 2006–2008 гг. была осуществлена попытка построения обновленного главного регулятора, учиты-
вающего недостатки традиционной схемы. Основа структуры главного регулятора по-прежнему осталась 
параметрической, и в результате десятилетнего опыта эксплуатации были выявлены недочеты в работе  
обновленного главного регулятора. Недочеты в основном состоят в необходимости частой корректировки 
настроечных коэффициентов системы из-за изменения динамических свойств объекта в процессе эксплуата-
ции. По сути, остались те же самые проблемы, связанные с параметрической структурой регулятора. 

С появлением новейших информационных технологий появляется возможность внедрения адаптивных 
систем управления технологическими процессами, позволяющими обрабатывать расширенное количество по-
ступающих в систему сигналов и формировать управляющие воздействия, основываясь как на текущих, так  
и на исторических данных технологического процесса. Использование новейших информационных технологий  
и современных аппаратных средств при управлении сложными многосвязными объектами, решающих не только 
задачи управления технологическими процессами, но и задачи повышения экономических и экологических пока-
зателей предприятий, должно стать новым витком в развитии систем автоматического управления. 

 
Ключевые слова: ТЭС с поперечными связями, главный регулятор, регулятор тепловой нагрузки, регулиро-

вание давления в общем паропроводе. 
 
Introduction. One of the conditions of participation 

of thermal power plants (TPP) with cross-section com-
munications in the general primary regulation of fre-
quency (GPRF) is functioning as the main regulator of 
steam pressure in the major steam line to control the load 
of the group of boilers participating in GPRF [1]. Tradi-
tional automatic control systems (ACS) of the heat load  
of boilers used at TPP with cross-connection communica-
tions are not able to provide the required dynamics  
of primary power output at a sudden change in frequency, 
which can be one of the reasons for emergency fan shut-
downs in power systems. 

Traditional approach. To maintain the steam pres-
sure in the main steam line at the TPP with cross-

connection communications, as a rule, a control scheme is 
used, when one of the boilers, working in the “regulating” 
mode, maintains the pressure in the main steam line,  
and the remaining boilers, working in the “basic” mode, 
support their specified steam loads. 

With this control scheme, the automatic change in the 
total steam load of the station is limited to the range of 
possible steam loads of the boiler operating in the “regu-
lating” mode, which is usually 70–100 % of the nominal 
capacity of the boiler.  

Such a range of regulation can not provide a change in 
the electrical power of the station in 10 % of the nominal 
frequency deviation, which is necessary for the participa-
tion of the station in GPRF. 
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In order to increase the range of regulation in the 
“regulating” mode, we can include two boilers and more, 
but then there is an effect of “pumping” loads of boilers. 
It is caused by different dynamic properties of boiler 
equipment and the lack of centralized pressure measure-
ment in the major steam pipe, as well as different values 
for different boilers job. As a result, some boilers  
are loaded to the maximum, while others are unloaded  
to a minimum. This approach makes the process of regu-
lation impossible. 

Generally accepted structure of the main regulator 
(MR), which maintains the pressure in the major steam 
line at a given value [2], in which one correcting regulator 
influence the task of the heat load controllers (HLC)  
of several boilers, has not been used at TPP with cross-
connection communications for the following practical 
reasons: 

– the pressure extraction point in the major steam line 
is the one and does not allow to regulate the pressure at 
different sets of working boilers and turbines effectively, 
as well as at the withdrawal of sections of the major steam 
line for repair; 

– when changing the set of working boilers requires 
reconfiguration of the main regulator; 

– the values of the setting coefficients of the main 
regulator for all boilers can not be the same, since the 
dynamic properties of the cascade regulator “MR-HLC” 
are different for each boiler. 

Attempts to solve. From 2006 to 2008 at Krasnoyarsk 
TPP-2 of JSC “Yenisei TGC (TGC-13)” the main regula-
tor that resolves a number of shortcomings of the conven-
tional pressure control structure of the main steam line at 

TPP with cross-connection communication was imple-
mented [3]. A significant difference between the updated 
structure of the main regulator is that instead of one cor-
rective regulator acting on a group of boilers, several cor-
rective regulators are used, separately acting on each 
boiler. 

The technological scheme of the major steam line of 
Krasnoyarsk TPP-2 is shown in fig. 1. It can be seen from 
the scheme that the boilers can operate both on the main 
steam line and separately (block). At block inclusion of 
boiler units or shutdown of any part of the main steam 
line, it is necessary to maintain constant pressure in in 
each its separate part. 

Before the implementation of the updated main regu-
lator, boilers heat load regulating systems were used un-
der the scheme of task-heat (fig. 2). The “heat” signal  
is formed from two signals: steam flow rate and pressure 
change rate in the boiler drum. The main disadvantage  
of such a structure of the regulator is that when the pres-
sure in the main steam line (external disturbances) 
changes, the pressure in the boiler drum changes with a 
significant delay caused by the capacitive properties of 
the steam path “drum – steam super heater – steam cham-
ber – main steam line”. This effect makes it impossible to 
achieve invariance of the signal by “heat” to external dis-
turbances.  

Fig. 3 shows the steam flow rate of the boiler, the 
steam pressure in the boiler drum, the reduced rate of 
change in the steam pressure in the boiler drum and the 
change in the reduced signal by “heat” with the pressure 
increase in the major steam line by 0.3 MPa (external 
perturbation).  

 
 

 
 

Fig. 1. Major steam line layout of the Krasnoyarsk TPP-2:  
BU – boiler unit; TU – turbo unit 

 
Рис. 1. Схема общего паропровода Красноярской ТЭЦ-2:  

КА – котлоагрегат; ТА – турбоагрегат 
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Fig. 2. Structural scheme of the heat load controller:  
Fs – steam flow sensor behind the boiler; Pdrm – boiler drum steam 

pressure sensor; SP – setpoint; DIF – differentiator; ∑ – adder;  
PI – regulator with proportional-integral law of regulation;  

SCS – stepless control station 
 

Рис. 2. Структурная схема регулятора тепловой нагрузки:  
Fп – датчик расхода пара за котлом; Pбрб – датчик давления 
пара в барабане котла; ЗУ – задающее устройство; ДИФ – 
дифференцирующее звено; ∑ – сумматор; ПИ – регулятор  
с пропорционально-интегральным законом регулирования; 

СБР – станция бесступенчатого регулирования 
 
 
 

 
 

Fig. 3. Graphs of transient processes with increasing pressure in the major steam line by 0.3 MPa (external disturbance):  
1 – change of steam flow behind the boiler, t/h; 2 – pressure in the drum of the boiler, MPa; 3 – the reduced rate of pressure change  

in the boiler drum, t/h; 4 – change of the reduced signal by “heat” (the sum of the values of graphs 1 and 3), t/h 
 

Рис. 3. Графики переходных процессов при увеличении давления в общем паропроводе на 0,3 МПа (внешнее возмущение):  
1 – изменение расхода пара за котлом, т/ч; 2 – давление в барабане котла, МПа; 3 – приведенная скорость изменения давления  

в барабане котла, т/ч; 4 – изменение приведенного сигнала по «теплоте» (сумма значений графиков 1 и 3), т/ч 
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It can be seen from the graphs that the delay in the 
steam pressure signal in the boiler drum does not allow to 
adjust the differentiating link to compensate the “failure” 
in the steam flow rate caused by a change in the pressure 
in the main steam pipe. As a result, the heat load control-
ler to restore the heat deviation (shaded area on the graph) 
will increase the fuel supply to of the boiler furnace,  
although in fact no thermal changes occurred in the boiler. 
At the same time, to reduce the pressure in the major 
steam line, it is necessary to reduce the fuel supply of the 
boiler. This effect of incorrect work of boilers’ heat load 
controllers significantly complicates the process of regu-
lation of the pressure in the main steam line.  

To eliminate the described lack of operation of the 
heat load controllers in the updated main regulator, the 
structural schemes of the regulators have been changed. 
The signal of the rate of change of the steam pressure in 
the steam chamber was used instead of the signal of the 
rate of change of the steam pressure in the boiler drum. 
This allows reducing the delay of the change of the steam 
pressure at external disturbances. 

Diagrams of transient processes of the steam flow rate 
of the boiler, the rate of change of the steam pressure  
in the steam chamber and the “heat” signal are shown  
in fig. 4. The graphs show that when the “failure” of the 
steam flow of the boiler at 13 t/h, the signal “heat” devi-
ates from the original value by 3 t/h. This significantly 
reduces the effect of “false” operation of the heat load 
regulator at external disturbances or even eliminate. 

The structure of the updated main regulator allows: 
– automatically select the necessary pressure sensors 

in the major steam line, depending on the mode of opera-
tion of the TPP; 

– calculate (from the readings of the necessary sen-
sors) the average pressure in the major steam line, which 
is an adjustable parameter for a group of boilers working 
on a specific section of the major steam line; 

– synchronously form the task for corrective regula-
tors working on a specific section of the major steam line; 

– to configure a cascade of regulators of MR-HLC 
separately for each boiler; 

– automatically change the coefficients of the correc-
tive regulators, depending on the number of boilers in-
volved in the regulation of pressure in the major steam 
line; 

– randomly select boilers involved in the regulation  
of pressure in the major steam line; 

– enter/output boilers in the mode of pressure regula-
tion in the major steam line shock-free. 

The updated main regulator was tested by a discharge 
and a set of electric power of 50 MWt, which is more than 
10 % of the installed electric power of the station. Dia-
grams of transients at this set of electric power of the sta-
tion are shown in fig. 5, 6. To restore the pressure, the 
total steam load of the boilers was increased by 225 t/h. 
Such a change in the total steam load of boilers in auto-
matic mode with the previous pressure control schemes in 
the major steam line was impossible.  
 
 

 
 

Fig. 4. Graphs of transient processes with the increasing pressure in the major steam line  
by 0.15 MPa (external disturbance):  

1 – change of steam flow of the boiler, t/h; 2 – the reduced rate of change of steam pressure in the steam chamber  
of the boiler, t/h; 3 – change of the reduced signal by “heat” (the sum of the values of graphs 1 and 2), t/h 

 
Рис. 4. Графики переходных процессов при увеличении давления в общем паропроводе  

на 0,15 МПа (внешнее возмущение):  
1 – изменение расхода пара за котлом, т/ч; 2 – приведенная скорость изменения давления пара в паросборной камере 

котла, т/ч; 3 – изменение приведенного сигнала по «теплоте» (сумма значений графиков 1 и 2), т/ч 
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Fig. 5. Graphs of transient processes with increasing electric power output of the Krasnoyarsk TPP-2 by 50 MWt:  
1, 2, 4, 5 – steam flow, respectively, of boiler No. 1, 2, 4, 5, t/h; 3 – the set point of the main regulator, bar;  

6 – average pressure in the main steam line PМ, bar 

 
Рис. 5. Графики переходных процессов при наборе электрической мощности Красноярской ТЭЦ-2 на 50 МВт:  

1, 2, 4, 5 – расход пара соответственно котла № 1, 2, 4, 5, т/ч; 3 – задание главному регулятору, кгс/см2;  
6 – среднее давление в главном паропроводе PМ, кгс/см2 

 
 

 
Fig. 6. The graph of the change in the primary power of a TPP when simulating a stepwise decrease in frequency:  

1 – station power; 2 – dynamics of primary power output of TPP, according to the technical requirements  
for generating equipment of the wholesale market participants [1] 

 
Рис. 6. График изменения первичной мощности ТЭС при имитации скачкообразного снижения частоты:  
1 – мощность станции; 2 – динамика выдачи первичной мощности ТЭС, согласно техническим требованиям  

к генерирующему оборудованию участников оптового рынка [1] 
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In the process of operation of the updated main regula-
tor, the following shortcomings in its work were revealed: 

– the dynamics of change of pressure in the major 
steam line and steam flow outside the boiler, when pres-
sure changes in the major steam line, significantly change 
when transitioning from winter modes of work to the 
summer, or when partitioning a major steam line. In these 
cases, it is necessary to adjust the settings of the regula-
tors, conducting tests with a change in the electrical load 
of the station and the schedules of electrical power gen-
eration; 

– the use of the steam pressure signal in the steam 
chamber of the boiler instead of the steam pressure signal 
in the boiler drum reduces the influence of external dis-
turbances on the heat load regulator, but also slows down 
the regulator with internal disturbances and, if necessary, 
rapid changes in the boiler load; 

– since the time constants of the transients on the 
steam flow rate of the boiler and on the steam pressure in 
the major steam line are comparable values, the cascades 
of PI-regulators of MR-HLC have oscillatory properties, 
which slows down the process of regulating the steam 
pressure in the major steam line. 

Possible solution. Parametric control systems at ob-
jects that change their dynamic properties during opera-
tion require constant reconfiguration, which significantly 
complicates their operation. 

The procedure of setting up control systems includes 
several stages: 

– annulation of the executive authorities’ characteris-
tics; 

– annulation of transient characteristics of the object; 
– preliminary determination of the setting coefficients 

of the ACS; 
– experimental setup of ACS at the object; 
– testing of ACS. 
Characteristics of the executive authorities, as a rule, 

are annulled once at starting the operation, or after capital 
repairs. Changes in the characteristics of the executive 
authorities in the overhaul interval can occur because of 
wear and tear of the equipment or its failure, which can 
significantly affect the quality of the parametric control 
system. 

The transient response of the object allows determin-
ing its dynamic properties for the calculation of the set-
ting coefficients of the ACS. 

The transient response is removed when applying a 
single disturbing influence. The main parameters for de-
termining the setting coefficients of the ACS are the dy-
namic characteristics of the object, such as the gain, the 
transition time constant and the delay time. 

Methods for determining the setting coefficients of the 
ACS can be divided into accurate and approximate, 
search and non-search, working in real time or not. A list 
of some methods for determining the setting coefficients 
of the ACS is below: E. G. Dudnikov's method [4],  
V. Ya. Rotach's method [5], V. R. Sabanin and N. I. Smir-
nov’s method [6], method of determining settings by no-
mograms [7], scaling method [8], Ziegler-Nichols method 
[9], adaptive method for oscillation by Rotach V. Y. [10], 
adaptive method using the transient characteristic  

of V. Ya. Rotach system [11], method based on the tech-
nology of reconfiguration of closed systems [12],  
VTI method [13], direct adaptive control method [14]. 

Preliminary determination of the setting factors re-
quires further tests of the ACS at the object with their 
possible adjustments. This stage causes difficulties in the 
organization of the experiments, since it is not clear how 
optimal the values of the setting coefficients of the ACS 
were in their preliminary determination and how many 
experiments are necessary for the final configuration of 
the system. This stage can be optimized using model stud-
ies of the system, but this requires an accurate model  
of the object, reflecting its real technological limitations 
and the state of the executive authorities. 

It is a very complicated task to construct the tradi-
tional control systems based on the PI-regulators, using an 
extended number of parameters that affect the change in 
steam pressure in the major steam line. 

To avoid these disadvantages of traditional automatic 
control systems, the improved steam pressure control sys-
tem in the major steam line can be applied. It is based on 
the use of adaptive non-parametric control algorithms, 
which use the statistical data obtained from the object 
during its operation while forming controlled actions  
[15–17]. Modern computer technology allows not only  
to accumulate and store large amounts of information 
received from the object, but also to calculate the control 
actions in real time. 

An example of a block diagram of an improved main 
regulator is shown in fig. 7. All the necessary controlled 
parameters related to the effective pressure maintenance 
in the major steam line are supplied as input to the intelli-
gent control device (CD). The control device, using adap-
tive control algorithms, forms control actions on regula-
tors of thermal loading of boilers. 

The structure of the improved main regulator can  
additionally solve the following tasks: 

– to identify the type of disturbance in the boiler 
equipment (internal or external) and make the decision to 
change the current load of the boiler (the correction of the 
false work of the heat load controllers under external dis-
turbance); 

– to form control actions before the pressure change in 
the major steam pipeline counting the input/output steam 
balance along the major steam line; 

– to distribute the load on the boilers in the most opti-
mal way (in terms of efficiency); 

– to track the changes in the dynamic properties of the 
object and adjust the value of control actions. 

Conclusion. Despite the fact that automatic control 
systems at modern industrial enterprises are based on mi-
croprocessor controllers, their algorithmic solutions are 
still rigid parametric structures that are not able to work 
effectively when changing the dynamic characteristics of 
the object. The use of the latest information technologies 
and modern hardware in the management of complex 
multi-connected objects that solve not only the problems 
of process control, but also the problem of improving the 
economic and environmental performance of enterprises, 
should become a new ыеуз in the development of auto-
matic control systems. 
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Fig. 7. Block diagram of the improved main regulator:  
BU1, BU2, BU3, BU4, BU5, BU6 – boiler units; HLR1, HLR2, HLR3, HLR4, HLR5, HLR6 – boiler heat load regulators;  

CD – intelligent control device; N1, N2, N3, N4, N5, N6 – coal feeder speed; FB1, FB2, FB3, FB4, FB5, FB6 – steam flow at the boiler  
outlet; PD1, PD2, PD3, PD4, PD5, PD6 – boiler drum pressure; FTU1, FTU2, FTU3, FTU4 – steam flow for turbine units; FRCU – total steam  
flow for reduction cooling units and other controlled steam outlets; P – main steam line pressure; CV1, CV2, CV3, CV4, CV5,  

CV6 – control values to boiler’s HLR from the CD 
 

Рис. 7. Структурная схема улучшенного главного регулятора:  
КА1, КА2, КА3, КА4, КА5, КА6 – котлоагрегаты; РТН1, РТН2, РТН3, РТН4, РТН5, РТН6 – регуляторы тепловой нагрузки 
котлов; УУ – интеллектуальное управляющее устройство; N1, N2, N3, N4, N5, N6 – обороты питателей угля; FК1, FК2, FК3,  

FК4, FК5, FК6 – расход пара на выходе из котла; PБ1, PБ2, PБ3, PБ4, PБ5, PБ6 – давление в барабане котла; FТА1, FТА2, FТА3,  
FТА4 – расход пара на турбоагрегаты; FРОУ,БРОУ – суммарный расход пара на редукционные установки и прочие  
контролируемые отборы; P – давление в общем паропроводе; УВ1, УВ2, УВ3, УВ4, УВ5, УВ6 – управляющие  

воздействия на РТН котлов от УУ 
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The rapid development of technical devices and technology allows monitoring the properties of different physical 

nature objects with very small discreteness of the data. As a result, one can accumulate large amounts of data that can 
be used with advantage to manage an object, a multiply connected system, and a technological enterprise. However, 
regardless of the field of activity, the tasks associated with small amounts of data remains. In this case the dynamics of 
data accumulation depends on the objective limitations of the external world and the environment. The conducted re-
search concerns high-dimensional data with small sample sizes. In this connection, the task of selecting informative 
features arises, which will allow both to improve the quality of problem solving by eliminating “junk” features, and to 
increase the speed of decision making, since algorithms are usually dependent on the dimension of the feature space, 
and simplify the data collection procedure (do not collect uninformative data). As the number of features can be large, 
it is impossible to use a complete search of all features spaces. Instead  of it, for the selection of informative features, 
we propose a two-step random search algorithm based on the genetic algorithm uses: at the first stage, the search with 
limiting the number of features in the subset to reduce the feature space by eliminating  “junk”  features, at the second 
stage - without limitation, but on a reduced set features. The original problem formulation is the task of supervised 
classification when the object class is determined by an expert. The object attributes values vary depending on its state, 
which makes it belong to one or another class, that is, statistics has an offset in class. Without breaking the generality, 
for carrying out simulation modeling, a two-alternative formulation of the supervised classification task was used. Data 
from the field of medical diagnostics of the disease severity were used to generate training samples. 

 
Keywords: small samples, supervised classification, ridge-regression, quantile transformation, meta-classifier,  

significance of features, genetic algorithm. 
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Бурное развитие технологий и техники обеспечивают возможность мониторинга свойств объектов раз-

личной физической природы с очень малой дискретностью. В результате накапливаются большие объемы 
данных, которые можно использовать с пользой для управления объектом, многосвязной системой, техноло-
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гическим предприятием. Однако, вне зависимости от сферы деятельности, остаются задачи, связанные  
с небольшими объемами данных, динамика их накопления зависит от объективных ограничений внешнего мира 
и окружающей среды. 

Проводимые исследования касаются данных небольших объемов выборок и  размерности признаков объек-
тов, которая может считаться высокой относительно количества изучаемых объектов. В связи с этим воз-
никает задача отбора информативных признаков, что позволит как улучшить качество решения задачи за 
счет исключения «мусорных» признаков, так и повысить скорость принятие решения, поскольку алгоритмы 
обычно зависимы от размерности признакового пространства, и упростить процедуру сбора данных (не соби-
рать неинформативные данные). Поскольку количество признаков может быть велико, полный перебор всех 
пространств признаков оказывается невозможным. Вместо этого для отбора информативных признаков 
предложен двуступенчатый алгоритм случайного поиска, основанный на применении генетического алгорит-
ма: на первом этапе с ограничением количества признаков в подмножестве для сокращения признакового  
пространства за счет исключения «мусорных» признаков, на втором этапе – без ограничения, но по сокра-
щенному набору признаков. 

Исходная формулировка проблемы представляет собой задачу классификации объектов с учителем, когда класс 
объекта определен экспертом. Значения признаков объектов меняются в зависимости от его состояния, что обу-
словливает принадлежность тому или иному классу, то есть статистики обладают смещенностью в классе. 

Без нарушения общности для проведения имитационного моделирования использовалась двухальтернатив-
ная постановка задачи классификации с учителем, для генерации обучающих выборок были использованы дан-
ные из области медицинской диагностики степени тяжести заболевания. 

Ключевые слова: малые выборки, классификация с учителем, ридж-регрессия, квантильное преобразование, 
мета-классификатор, значимость признаков, генетический алгоритм. 

 
Introduction. By solving the problem of classifica-

tion the essential components are objects selection, fea-
ture reduction and distance criteria (norming). 

For feature reduction it is necessary to pay attention to 
the following aspects: 

– the possible accuracy of classification algorithm 
which can be valued with cross-validation algorithms for 
any feature set. If the set is insufficient for model building 
the accuracy of an examined classification algorithm will 
be limited by the lack of information; 

– time to build a classifier: the size of feature space 
implicitly defines learning time. Amount of irrelevant 
features can unnecessary increase classifier building time; 

– the number of objects required for learning a suffi-
ciently accurate classifier:  other conditions being equal 
the greater number of features is used in the model the 
greater number of objects must be which are necessary to 
achieve the required classification accuracy. With a large 
number of features and a small number of objects the risk 
of retraining the model is high; 

– the cost of classifying a new object using the trained 
classifier: in many practical applications, for example, in 
medical diagnostics features are the observed symptoms 
as well as the results of diagnostic tests. Different diag-
nostic test may have various costs and associated risks. 
For example, an invasive exploratory operation can be 
much more expensive and riskier than a blood test. This 
presents us with the problem of choosing a subset of fea-
tures when training the classifier. 

The problem of choosing a feature space is related to 
the identification task and it is to choose  a subset of fea-
tures from the larger set of often mutually redundant, pos-
sibly irrelevant features with different measurement costs 
and / or risks. An example of such a task of considerable 
practical interest is the problem of forming the feature 
space for solving the problem of classifying the disease 
severity. 

The literature suggests various approaches to select a 
subset of features. Some of them include finding the op-
timal subset based on a specific quality criterion [1], uses 
an exhaustive wide search [2], to find the minimum com-

bination of features sufficient to build an accurate model 
from observations. Since the complete enumeration of all 
feature combinations is impossible because of the large 
number of features and combinations, most approaches to 
the choice of the feature subset imply the monotony of a 
certain measure – classification accuracy. If it is assumed 
that adding features does not impair accuracy, then  
the branch and bound method can be used for searching 
[3; 4]. However, in many practical applications the mo-
notony assumption is not satisfied. 

Some authors consider the use of heuristic search (of-
ten in combination with the branch and bound method) 
[5–11], as well as randomize algorithms [12; 13] and  
genetic algorithms [14–17], to select a subset of features 
and its further use with the decision tree or the method  
of nearest neighbours. 

General formulation of the problem. Suppose there 

are many objects  , 1,iO i n , where n is a sample size 

which is described by a known features set  , 1,ip i m , 

measured in absolute ( 1m ) and rank ( 2m ) scales: 

1 2m m m  . For each object there is an indication of the 

teacher to which class it belongs: i lO Z , 1,l L , L is a 
number of classes. Denote feature measurements for each 

object by a set of values   , , 1, , 1,j
i iz x i s j m  , where 

j
ix  is a value of jp  feature of iO  object, iz  is a number 

of the class, ln  is a number of class objects lZ , 

1

L
ll

n n


 . 

It is necessary to build a classification algorithm, de-
velop procedures for setting the parameters of algorithms. 

The above task is complicated by the fact that the 
number of features is comparable to the sample size. In 
fact, this means data that are highly sparse in multidimen-
sional space and have no pronounced interclass bounda-
ries. That is, it is hardly possible to build a satisfactory 
quality classifier. 
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In this case the question arises: what is the ratio of the 
number of features to the sample size considered as a 
threshold of significant sparseness and what to do when 
the set of features is large and the data volume is limited? 
The first question is the subject of further research and is 
closely related to the stability characteristic of the classi-
fier. The second question is considered in the further sec-
tions of the article. 

Due to the small amount of input data leading to the 
high sparseness in the feature space it is necessary to or-
der the features according to the degree of their influence 
on the quality of classification, in other words, to reduce 
the number of features discarding the ones of little sig-
nificance. 

An insignificant feature is proposed to consider the 
one which, being excepted, does not worsen the classifi-
cation. 

Selection of significant features and classification. 
Feature reduction experiments were performed using a 
standard genetic algorithm [18; 19]. The results are based 
on a sliding exam for the problem of classifying an object 
with the following parameters of the genetic algorithm: 

1. Population size: 100; 
2. Number of generations: 200; 
3. Selection: ranking method; 
4. Crossover probability: 0.6; 
5. Mutation probability: 0.001; 
6. Probability of choosing an individual with the 

highest rank: 0.6. 
Each individual in the population is a variant of the 

feature subset to solve the problem of classification. 
Based on the total number of features m a classification 
can be made. 

To solve the classification problem it is proposed to 
use its regression formulation. This is possible when ob-
jects form different classes according to their states. This 
means that the class is a group of similar objects in a cer-
tain state. The state of the object is classified according to 
the values of a specific set of features which are the 
measurements of technological parameters and the results 
of diagnostic tests. Due to the fact that the transition of an 
object from one state to another under the influence of 
various loads, disruptions in work and environmental in-
fluences can be interpreted as a sequential transition from 
one class to another. The classification task is presented as 
a regression task where the classes are ordered according 
to the state of the object.  Thus, objects with a light form 
of deviation of technological parameters and a slight wear 
of resource form class 1; class 2 is made up of objects 
with a higher (medium) level of inconsistency; objects 
with significant deviations (severe stage) form class 3. 

As a result of building the regression dependence each 
new object will be assigned a value from 1 to 3 instead  
of a class number (1 – light, 2 – medium, 3 – severe).  
For example if forecasts 1.1 and 1.4 are obtained for two 
objects, the probability that the first object has a slight 
degree of deviation is higher than for the second one al-
though both of them will be attributed to the state of slight 
deviation. 

If there are m features there are 2m possible subsets of 
features. For large values of m the complete search of 
features takes considerable time which may not be con-
sisted with the restriction of waiting for the result of the 
algorithm. 

Each individual is a binary vector of dimension m. If 
the bit is 1, it means that the corresponding attribute is 
selected to build the classifier. The value 0 indicates that 
the corresponding attribute is excluded from the classifier. 

The average square of residual is chosen as a fitness 
function. Since the classification problem is solved as a 
regression problem, MSE additionally penalizes (for ex-
ample, in comparison with MAE) large errors of classifi-
cation when the forecast deviation from the real value of 
the class is more than 1.5, i. e. the error is more than one 
class (instead of the light stage the classifier predicts the 
severe condition and vice versa). 

For numerical modeling and building the regression 
dependence a ridge regression was used (linear regression 
with a regularization parameter) [20]. The ridge regres-
sion is used if it occurs: 

– data redundancy; 
– correlated independent variables (multicollinearity); 
– strong differences in the eigenvalues of the charac-

teristic equation or the proximity to zero of several of 
them. 

All of the above properties of features quite often take 
place in practice when the removal of technological pa-
rameters is of a distributed nature. 

We use a linear model: y = f(x, β), where f is a linear 
operator (linear functional dependence), β is model pa-
rameters. 

We assume that the vector of coefficients of the linear 
regression model β is found by the least squares method: 

  2

1

, min
i

n

i i
i

f x y


   .                   (1) 

Analytical solution of this problem: β = (XTX)–1XTY, 
however, when the matrix XTX is degenerate, the solution 
is not unique, but if it is poorly conditioned it is not sta-
ble. Therefore, regularization of the parameter β is intro-
duced, for example according to the following rule: 

  2 2 minQ Y X


       ,                (2) 

where λ > 0 regularization parameter. 
The regularized least squares solution is as follows: 

  1T TX X I X Y


    .                      (3) 

The increase in the parameter λ leads to the decrease 
in the norm of the parameter vector and the increase in the 
efficiency of the feature space dimension. 

The error is estimated using a sliding exam since the 
size of the training sample is small and the construction  
of the classifier takes little machine time. This paper pro-
poses the use of two-step feature selection algorithm: 

1. At the first step the primary selection of features is 
carried out. It means the exclusion of the most “junk” 
ones. We restrict the individuals so that the number of 
features in subsets is less than 0.2*n, where n is the num-
ber of observations in the training set, further additions of 
features in theory will lead to the increase in the risk of 
retraining. For example in the task of predicting the sever-
ity of the disease 25 features (of 94 in the original sample) 
are revealed, i.e. no evaluable feature subset can contain 
more than 25 features. If, as a result of crossing or muta-
tion we get an individual who is not suitable for this con-
dition then such an individual is thrown out and replaced 
by the following one suitable for this rule. 
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Fig.1. The distribution of the accuracy of classifiers trained on various attribute subspaces  
that were individuals in the course of optimization by the genetic algorithm for any generation 

 
Рис. 1. Распределение точности классификаторов, обученных по различным признаковым  
подпространствам, которые являются индивидами в ходе оптимизации генетическим  

алгоритмом на любом поколении 
 

 

 
 

Fig. 2. Distribution of features by the number of hits in the subsets  
from the pool of the best subsets 

 
Рис. 2. Распределение признаков по количеству попаданий в подмножества  

из пула лучших подмножеств 
 

 

Using the genetic algorithm we form sets of the best 
solutions that could be obtained at any iteration. Fig. 1 
shows the accuracy distribution of forecasts for MSE. It is 
to be noted that the accuracy of 0.699 is provided by a 
simple average for this problem. If a subset of features 
gives the accuracy worse than 0.699, it means that there is 
a retraining effect and the subset contains no important 
features. 

From the entire set of features a pool of the best solu-
tions (subsets) is selected from the first (left) peak of the 
distribution density of the accuracy of classifiers trained 
in various attribute subspaces. Further, according to this 
pool, we calculate the number of inclusions of the feature 
in the feature spaces. The feature distribution by the num-
ber of hits is shown in fig. 2  

There is a sharp drop in the number of feature hits in 
the best feature subspaces. All features that fall into a sub-
stantially small number of subsets are excluded, provided 

that the excluded feature does not fall into the top 20 fea-
ture spaces.  

Thus, 67 features are cut off at this stage. It is also to 
be noted that one feature gets into the best subsets a lot more 
times and can be initially included in the best subset. 

2. At the second step we launch a new optimization 
process with no limitation on the number of features. Fig. 3 
shows distribution of the feature number in the best in 
reproducible classification accuracy of feature subspaces. 

Fig. 4 shows the accuracy distribution of forecasts for 
MSE. It should be noted that the proportion of individuals 
close to the best selected increased, as did the average 
accuracy of the classifiers and the best accuracy compared 
to the solutions found at the first step.  

Fig. 5 shows the distribution of features by the number 
of individuals in the top 100 and table contains the num-
ber of specific features in the most suitable individuals 
top 5, top 50 and top 100.  
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Fig. 3. Distribution of the features number in the best in reproducible classification  
accuracy of feature subspaces 

 
Рис. 3. Распределение количества признаков в лучших по воспроизводимой точности  

классификации признаковых подпространствах 
 
 

 
 

Fig. 4. Accuracy distribution of MSE classifiers after optimization without  
limitation on the number of features 

 
Рис. 4. Распределение точности классификаторов по MSE после процесса  

оптимизации без ограничения на количество признаков 
 
 

 
 

Fig. 5. Distribution of features by the number of hits in the top 100 feature spaces 
 

Рис. 5. Распределение признаков по количеству попаданий 
в топ-100 признаковых пространств 
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The number of hits in the top best individuals 
 

Sequence number  
of the feature 

Number of hits in the  
top 5 best individuals 

Number of hits in the  
top 50 best individuals 

Number of hits in the  
top 100 best individuals 

1 5 44 78 
2 2 16 35 
3 0 7 28 
4 0 21 48 
5 0 11 30 
6 0 12 27 
7 5 49 90 
8 5 50 100 
9 0 18 43 

10 1 19 43 
11 5 45 91 
12 0 13 37 
13 5 35 64 
14 0 20 47 
15 0 5 16 
16 5 50 90 
17 0 18 41 
18 2 30 61 
19 2 37 82 
20 0 9 18 
21 5 45 93 
22 1 15 25 
23 5 50 100 
24 5 45 86 
25 3 27 54 
26 1 12 26 
27 5 30 57 

 
 
Conclusion. The paper considers the procedure  

of feature selection for small volumes of the original 
training set and a significant number of features describ-
ing the state of objects. To solve the problem the genetic 
algorithm for the feature subspaces formation was used. 
The approach to the classifier construction differs from 
the classical one and is a construction of the regression 
dependence of the class value output on the input feature 
values. Such implementation allows estimating the prob-
ability of belonging to a particular class through the re-
gression value. Application of this approach to the classi-
fication problem is possible in cases when the class of an 
object depends on its state and the classes can be ordered 
(ranked). Data on the state of human health were taken as 
a basis of simulation samples generation for numerical 
experiments but without violation of generality the ap-
proach can be extended to other industries and fields of 
activity including the diagnosis of changes in the state of 
equipment during its operation.  
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NONPARAMETRIC IDENTIFICATION OF DYNAMIC SYSTEMS  
UNDER NORMAL OPERATION 

 
M. E. Kornet, A. V. Shishkina* 
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*E-mail: nastya.shishkina95@mail.ru 
 
The research gives nonparametric identification algorithms under the conditions of incomplete a priory information. 

The identification case differs from the previously known ones due to the fact that, besides the control action, an uncon-
trollable variable, but a measurable one, impacts on the object input. In contrast to parametric identification, the re-
search considers the situation when the equations describing dynamic objects are not given with accuracy to the pa-
rameters. In this case, there are some features to study while getting the recovery characteristics of various object 
channels. The main characteristic is that the transition response of a channel is taken when the other channel is in a 
stable position. Moreover, the identification problem is analyzed under normal object operation, opposite to the previ-
ously known nonparametric approach based on Heaviside function input to the object and further Duhamel integral 
application. An arbitrary signal is input to the object during normal operation as a result we have a corresponding re-
sponse of the object output. It should be noted that the measurements of the input and output variables are carried out 
with random noise. As a result, we have a sample of input-output variables. As linear dynamical system can be de-
scribed by the Duhamel integral, with known input and output object variables, corresponding values of the weight 
function can be found. This is achieved by discrete representation of the latter. Having such realization, nonparametric 
estimate of the weight function in the form of the nonparametric Nadaraya-Watson estimate is used later. Substituting 
this with the Duhamel integral, we obtain a nonparametric model of a linear dynamical system of unknown order. 

The article also describes the case of constructing nonparametric model when a delta-shaped function is input to the 
object. It is interesting to find out how delta-shaped function might differ from the delta function. The weight function is 
determined in the class of nonparametric Nadaraya-Watson estimates. Previously proposed nonparametric algorithms 
consider the case when Heaviside function is applied to the object; this narrows the scope of nonparametric identifica-
tion practical use. It is important to construct nonparametric model of the dynamic object under conditions of normal 
operation. 

 
Keywords: Duhamel integral, transient function, weight function, delta-shaped input, Nadarya-Watson estimate, 

nonparametric model. 
 

О НЕПАРАМЕТРИЧЕСКОЙ ИДЕНТИФИКАЦИИ ДИНАМИЧЕСКИХ СИСТЕМ  
В УСЛОВИЯХ НОРМАЛЬНОГО ФУНКЦИОНИРОВАНИЯ 

 
М. Е. Корнет, А. В. Шишкина* 

 
Сибирский федеральный университет, Институт космических и информационных технологий 

Российская Федерация, 660074, г. Красноярск, ул. Академика Киренского, 26б 
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Приводятся непараметрические алгоритмы идентификации в условиях неполной информации. Существен-
ное отличие самой задачи идентификации от известных предыдущих задач состоит в том, что на вход объ-
екта, кроме управляющего воздействия, действует неуправляемая переменная, но контролируемая. В отличие 
от параметрической идентификации, рассматривается ситуация, когда уравнения, описывающие динамиче-
ские объекты, не заданы с точностью до параметров. В этом случае появляются некоторые особенности, 
которые необходимо учитывать при снятии переходных характеристик объектов по различным каналам. Ос-
новная особенность состоит в том, что переходная характеристика по одному каналу снимается при ста-
бильном положении другого канала. Более того, задача идентификации рассматривается в условиях нормаль-
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ного функционирования объекта в отличие от ранее известного подхода к непараметрической идентифика-
ции, основанного на подаче на вход объекта функции Хевисайда и дальнейшем применении интеграла Дюамеля. 
В условиях нормального функционирования на вход объекта подают сигнал произвольной формы. При этом на 
выходе объекта наблюдается соответствующий отклик. Измерения входной и выходной переменных осуще-
ствляются со случайными помехами. В итоге имеем реализацию (выборку) входных–выходных переменных. 
Поскольку линейная динамическая система может быть описана интегралом Дюамеля, то при известных 
входных и выходных переменных объекта могут быть найдены соответствующие значения весовой функции. 
Это достигается при дискретной записи последнего. Располагая подобной реализацией, в дальнейшем исполь-
зуется непараметрическая оценка весовой функции в виде непараметрической оценки Надарая – Ватсона. 
Подставляя ее в интеграл Дюамеля, получаем тем самым непараметрическую модель линейной динамической 
системы неизвестного порядка. 

В статье приведен так же любопытный случай построения непараметрической модели при подаче на вход 
дельтаобразной функции. Было интересно выяснить, насколько дельтаобразная функция может отличаться 
от дельта-функции. Оценка весовой функции и в этом случае определялась в классе непараметрических оценок 
Надарая – Ватсона. Ранее были предложены непараметрические алгоритмы идентификации для случая, когда 
на вход объекта подавалась функция Хевисайда. Это несколько сужает рамки практического использования 
самой идеи непараметрической идентификации. Естественно, важным является случай построения непара-
метрической модели динамического объекта, находящегося в условиях нормальной эксплуатации. Эта особен-
ность является наиболее важной из рассматриваемых приемов идентификации в условиях непараметрической 
неопределенности. 

 
Ключевые слова: интеграл Дюамеля, переходная функция, весовая функция, дельтаобразное входное воздей-

ствие, оценка Надарая – Ватсона, непараметрическая модель. 
 
Introduction. The main objective of identification 

theory is the model construction based on input and out-
put process variables observations while data about the 
object is incomplete [1–3]. The article considers dynamic 
object identification under nonparametric uncertainty  
[4; 5], when the dynamical model cannot be identified up 
to parameter vector due to the lack of a priori data. In this 
case getting transient response and following estimation 
of an object weight function are reasonable. The basis  
of this paper is Duhamel integral use, due to the principle 
of superposition [6; 7]. Identification algorithms of the 
object in normal operation conditions are described. The 
research analyses three methods of obtaining weight func-
tion estimation using Heaviside function [8; 9], delta-
shaped input and arbitrary input. 

Problem formulation. We assume that an object is a 
dynamic system described by equation [1], ( , )t t tx f u   

where ( )f  – is unknown function; tu – control input 

variable; t  – uncontrolled, but measured variable; tx  – 

output variable. 
Fig. 1 illustrates a block diagram of the dynamic proc-

ess [1; 10], with the following notations: ˆtx  – output of 

model; tu  – control variable; t  – uncontrolled, but 

measured variable; ( )t  – continuous time; t  – discrete 

time; ,t th  – random noise influencing the object and 

output variable measuring channel, with zero mathemati-
cal expectation and limited dispersion. 

Variables control is carried out at time interval t . 
Thus, it is possible to obtain initial input – output variable 

sample { , , , 1, }i i ix u i s  , where s – a sample size. 

Non-parametric identification algorithm when 
standard signals can be input to the object. We could 
assume that the object is described by a linear differential 
equation of unknown order. In this case, for zero initial 
conditions, x(t) is found as 

where  

0

0

( ) ( ) ( ),

( ) ( ) ( )

( ) ( ) ( ) .
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u u

t

x t x t x t

x t h t u d
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 
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,                  (1) 

Where ( ), ( )uh t h t     – weight functions of u  

and   channels. Weight function is a derivative of the 

transition function '( ) ( )h t k t . 

This problem becomes the weight function estima-
tion, so, first, the transition function needs to be  
obtained. 

As it is mentioned, weight function can be obtained by 
various means. 

First case. We suppose that the object is described by 
linear differential equation of unknown order. Under zero 
initial conditions, ( )x t  is found as (1). Transition function 

is an object reaction to input impact, namely as Heaviside 
function ( ) 1( )u t t . 

0, ( ) 0
1( ) .

1, ( ) 0

u t
t

u t


  

                                (2) 

After obtaining transition function, to find its non-
parametric estimation is required [11; 12]: 

0

( )
s

i
i

s si

t tT
k t k H

sc c

 
  

 
 ,                         (3) 

where ik  – transition function estimate, ik  – transition 

function, it  – discrete time of measurements, s – sample 

size, sc  – kernel smoothing, H – kernel function, T – time 

observation period [2].  
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Fig. 1. Identification scheme 
 

Рис. 1. Схема идентификации 
 

 
We note that kernel function and kernel smoothing 

satisfy following terms [11; 12]: 
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where ( )it  – an arbitrary function. 

In particular, kernel function would be considered as 
Sobolev function (5): 
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
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            (5) 

Since weight function h(t) is derivative of transition 
function k(t), then 

0

( )
s

i
i

s si

t tT
h t k H

sc c

   
 

 ,                     (6) 

where ik  – transition function estimation, ik  – transition 

function, it  – discrete time of measurements, s – sample 

size, sc  – kernel smoothing, H – kernel function, T – time 

observation period. 
Second case. The weight function could be obtained 

when a delta-shaped function is input, shown in fig. 2.  
It has got step function type (7), t  – discretization interval 

1
( ) ,t t t

t
   

,                (7) 

where t , for example, is an equation t t t    . 
Identification algorithm under normal object op-

eration. Constructing an adaptive object model often re-
quires identification of measuring channels under normal 
object operation [2; 8; 13] 

Therefore, the third case has got the priority in solving 
the problem of nonparametric identification [4; 6]. The 
following algorithm when input impact has got sinusoidal 
type function (as an example) is analyzed below. 

 
 

Fig. 2. Delta-shaped function example 
 

Рис. 2. Пример дельтаобразного  
входного воздействия 

 
Third case. If control action and object output are 

known, weight function may be described by (1). 
In a discrete form: 

0
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              (8) 

where s – sample size;   – variables control time inter-
val; iu  – control variable; t  – uncontrolled, but meas-

ured variable; tx  – object output; 0h  – value of the 

weight function on previous iteration steps. 
Therefore, nonparametric process model is: 
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where ik  – transition function, ih  – weight function, sc  – 

kernel smoothing, s – sample size, T – observation period. 

Object 

Model 



 
 
 

Информатика, вычислительная техника и управление 
 

 163

Computer experiment. We suggest that dynamical 
an object is described by a second-order differential equa-
tion. It can be represented as: 

1 2

1 2

,

0.25 0.33 0.33 ,

0.25 0.33 0.33 .

u
t t t

u u u
t t t t

t t t t

x x x

x x x u

x x x u



 
  

 

 

  

  

          (10) 

We could suppose that the equation (10) is used to ob-
tain sampling points. Nonparametric algorithm does not 
mean the known form of the differential equation, only 
information on the linearity of an object is known, in con-
trast with [14; 15]. It should be noted once again that cer-
tain equations accepted in this computational experiment 
remain unknown. Only a priori information about its line-
arity is known as well as the presence of the principle of a 
super position. It is important, that taking the transient 
characteristics for each object channel occurs when the 
other channel stabilizes [16; 17]. 

As an arbitrary input signal in the conditions of normal 
operation of the object, we give a sinusoidal input action 

( )u t , it is not a controlling action, but a measured one ( )t : 

sin(0.1 )

sin(0.05 )
t

t

u t

t



 
.                      (11) 

Fig. 3 uses following notations: ( )u t  – sinusoidal in-

put action, ( )t  – uncontrolling, but a measured variable. 

We could add a random noise h, that arising in the 
channel of output signal ( )x t  measurement 

,t t th lx                                     (12) 

where [ 1;1]t   , noise level 10%l  . 

We calculate a recovery error – w according to  
the 

1

1

ˆ| |

,

| |

s

t t
i

s

t
i

x x

w

x x






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




                               (13) 

where 
1

1 s

t
i

x x
s 

   – arithmetic mean, ( )sx t  – model output.  

Implementing the algorithm (1), we construct a model 
of the object, shown in fig. 4. 

Fig. 4 uses the following notations: ( )x t  – object out-

put; ˆ( )x t  – model output; noise level l = 0%; recovery 

error w – 0.047, according to the chart and recovery error, 
this model could be considered as satisfactory. 

 
 

 
 

Fig. 3. Arbitrary input actions u and   
 

Рис. 3. Произвольные входные воздействия u и    
 
 

 
 

Fig. 4. Object output ( )x t when the input is an arbitrary sinusoidal signal 
 

Рис. 4. Реакция выхода объекта x(t) и модели,  
при синусоидальном входном воздействии 
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Fig. 5. Object output when the input is an arbitrary sinusoidal signal and noise level 10 % 
 

Рис. 5. Результаты выхода объекта, при синусоидальном входном  
воздействии при уровне помех равном 10 % 

 
 
The case when l = 10 % and recovery error w – 0.112 

is shown on fig. 5.  
Conclusion. The research analyzes the problem of 

nonparametric identification of linear dynamical objects 
under the conditions of incomplete data. The main result 
of this paper is resolution of identification problem in an 
object normal operation conditions. The paper submits 
nonparametric linear dynamical system models based on 
Duhamel integral estimation by means of Nadaraya-
Watson statistics. 

The main conclusions based on the extensive numeri-
cal research of nonparametric models are following:  
although in practice delta function cannot be submitted  
to the object input, sometimes it is possible to submit 
delta-shaped input signal and then construct a satisfactory 
model. Undoubtedly, noise increase in input-output  
variables measurement and increase in discreteness  
of input-output variables control deteriorate an accuracy 
of nonparametric models. 

In addition, it is important to note that a researcher 
does not know a particular object equation and a differen-
tial equation order; moreover, all equations described are 
analyzed as examples. Therefore, algorithm does not de-
pend on the type of input impact, the main condition  
is observance of the superposition principle. 
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APPLYING SOFTWARE-MATHEMATICAL MODELS OF ONBOARD 
EQUIPMENT TO DEVELOP ONBOARD SOFTWARE 

 
Yu. S. Lomaev, I. A. Ivanov, A. V. Tolstykh, E. V. Islent'ev 

 
JSC “Academician M. F. Reshetnev “Information Satellite Systems” 

52, Lenina St., Zheleznogorsk, Krasnoyarsk region, 662972, Russian Federation 
Е-mail: lomaif@rambler.ru 

 
This paper deals with the testing of the functioning logic of spacecraft subsystems at the stage of developing system 

onboard software. The increasing complexity of the structure and operation logic of spacecraft due to the increased 
requirements in terms of providing consumers with information services (navigation, satellite monitoring of transport, 
geodesy, communications etc.) demands maintaining the reliability of uninterrupted operation, the implementation of 
automated parrying of emergency situations during the operation of spacecraft onboard equipment. In order to meet 
these requirements, it is necessary to test the interaction of onboard equipment and onboard integrated computing 
complex software that implements the target-oriented operation of spacecraft onboard systems. In such a case, meeting 
the requirements for reliability increase of onboard software should not lead to the increase of the manufacturing pe-
riod of spacecraft. 

In this work we propose the approach for testing information and logical interaction between onboard equipment 
and software of a spacecraft onboard integrated computing complex with the use of a laboratory testing sample unit 
and a software-mathematical model. We described the basic concepts of conducting two-stage testing of onboard soft-
ware, involving autonomous and system testing on the ground testing complex. The proposed approach is applied as 
part of the onboard software development cycle in accordance with the standards of the JSC “Academician M.F. Re-
shetnev “Information Satellite Systems”. 

The approach proposed in this work helps reduce the number of errors during onboard software development and 
testing of information and logical interaction between onboard equipment and a spacecraft as a whole in every opera-
tion mode. 

 
Keywords: spacecraft, onboard equipment, onboard software, software-mathematical model, laboratory testing, 

ground testing complex. 
 

ПРИМЕНЕНИЕ ПРОГРАММНО-МАТЕМАТИЧЕСКИХ МОДЕЛЕЙ БОРТОВОЙ АППАРАТУРЫ  
ПРИ РАЗРАБОТКЕ БОРТОВОГО ПРОГРАММНОГО ОБЕСПЕЧЕНИЯ 

 
Ю. С. Ломаев, И. А. Иванов, А. В. Толстых, Е. В. Ислентьев 

 
АО «Информационные спутниковые системы» имени академика М. Ф. Решетнева» 
Российская Федерация, 662972, г. Железногорск Красноярского края, ул. Ленина, 52 

Е-mail: lomaif@rambler.ru 

 
Работа посвящена отработке логики функционирования подсистем космического аппарата на этапе раз-

работки бортового программного обеспечения системы. Усложнение структуры и логики функционирования 
космических аппаратов в связи с повышением требований в части обеспечения потребителей информацион-
ными услугами (навигации, спутникового мониторинга транспорта, геодезии, связи и т.д.) требует поддер-
жания надежности и бесперебойного функционирования, реализации автоматизированного парирования  
нештатных ситуаций при работе бортовых аппаратур космических аппаратов. Для достижения поставлен-
ных требований необходима отладка взаимодействия бортовой аппаратуры и программного обеспечения 
бортового интегрированного вычислительного комплекса, реализующего целевое функционирование бортовых 
систем космического аппарата. При этом выполнение требований по увеличению надёжности бортового про-
граммного обеспечения не должно приводить к увеличению сроков изготовления космического аппарата. 
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В настоящей работе предложен подход для отработки информационно-логического взаимодействия бор-
товой аппаратуры и программного обеспечения бортового интегрированного вычислительного комплекса 
космического аппарата с применением лабораторно-отработочного изделия и программно-математической 
модели. Описаны основные идеи проведения двухуровневого тестирования бортового программного обеспече-
ния, включающего в себя автономное и системное тестирование на наземном отладочном комплексе. Указан-
ный подход применен в рамках реализации цикла разработки бортового программного обеспечения, проводимого 
согласно стандартам АО «Информационные спутниковые системы» имени академика М. Ф. Решетнева». 

Предложенный в работе подход способствует сокращению ошибок при разработке бортового программ-
ного обеспечения и проверке информационно-логического взаимодействия бортовой аппаратуры и космическо-
го аппарата в целом во всех режимах функционирования. 

 
Ключевые слова: космический аппарат, бортовая аппаратура, бортовое программное обеспечение, про-

граммно-математическая модель, лабораторно-отработочные испытания, наземный отладочный комплекс. 
 
Introduction. Currently, spacecraft have a crucial role 

in providing consumers with communications, television 
broadcasting and navigation services. Depending on the 
purpose, spacecraft contain a specific set of onboard 
equipment. The problems solved by individual instru-
ments determine the functioning and logic of the opera-
tion of individual systems and a spacecraft as a whole. To 
ensure a reliable uninterrupted operation [1] and auto-
mated management of emergency situations arising from 
the operation of onboard equipment, it is necessary to 
adjust the interaction with the software of the onboard 
integrated computing system of spacecraft [2; 3]. 

The development of onboard software. A spacecraft 
includes a number of target and auxiliary equipment 
(spacecraft systems), which is determined according to 
the purpose of a spacecraft. For all onboard equipment, 
specialists develop software as part of the onboard soft-
ware, as well as software as a part of equipment ensuring 
the interaction of this equipment with the onboard control 
complex of a spacecraft. 

Onboard software is a combination of the software of 
onboard systems operating in single hardware and soft-
ware environment of the onboard integrated computing 
system of a spacecraft [4]. Each component of the on-
board software is a functional part of its onboard system 
and, together with its hardware, solves the problems as-
signed to this onboard system. 

There are many approaches to software development 
related to its design. The development, autonomous and 
system testing of onboard software are key stages of the 
lifecycle of a spacecraft [5], which provide the interaction 
and logic of functioning data and instruments within its 
systems. 

Let us consider the standard cycle of the development 
of onboard software: 

1) defining the requirements to system software; 
2) developing the architectural design of system 

software; 
3) developing and autonomous testing of system 

software; 
4) system testing of system software in system 

modes; 
5) testing system software in spacecraft modes; 
6) fit testing of software and onboard equipment as 

part of a spacecraft at the stage of electrical and radio 
tests and flight tests; 

7) maintaining system software at the stage of normal 
operation. 

If necessary, we return to the previous stages in the 
standard cycle of developing onboard software. In case of 
the successful completion of these stages we use the de-
veloped onboard software for work with spacecraft 
equipment and maintain the onboard software operation 
with the equipment in the spacecraft until the end of its 
active life. The onboard software architecture has the fol-
lowing form in general terms (fig. 1). 

While developing the onboard software, it is necessary 
to conduct detailed testing of the interaction of software 
that is part of a spacecraft system and onboard equipment 
in order to detect errors before conducting integration 
tests of software and equipment as part of a spacecraft. 
Frequently, when errors are detected, changing the soft-
ware of onboard equipment is no longer possible, since it 
may contain one-time programmable memories, or error 
correction may take much time, which leads to an in-
crease in the duration of spacecraft testing. In this case, 
when abnormal situations occur, there is a possibility of 
correcting software failures of the onboard equipment 
from an onboard control complex by modifying its soft-
ware. 

The use of a mathematical software model. One of 
the ways to test software in the development of onboard 
software is to simulate the logic of the equipment by cre-
ating its software and mathematical model. 

Software and mathematical model is a complex of the 
implemented logic of equipment operation in the form of 
a program code, through which we receive and transmit 
information when interacting with the onboard software. 

When creating a software model of equipment, it is 
not necessary to have a high specification of the descrip-
tion of its internal structure and logic of functioning, but 
only to imitate those features of the equipment that are 
important from the point of view of its interaction with 
the external environment. 

Fig. 2 shows the scheme of testing onboard software 
and software-mathematical model. 

In the onboard software the logic of the interaction of 
equipment and the onboard control complex is imple-
mented. The input information is the initial data, which 
contain the requirements for the development of onboard 
software.  

The output information comprises the results of the 
stand-alone testing of the onboard software through de-
bugging packages. The debug package is a pseudo-code 
for checking whether it is possible to achieve the 
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execution of a certain branch of the logic of onboard 
software. 

As a result of package debugging, we determine the 
execution time, the size of the stack used, the coverage  
of the logic of the executable program code. 

The essence of the debugging of information interac-
tion between the software-mathematical model and the 
onboard control complex is to check the reception and 
transmission of various types of information messages, 
such as control commands, telemetry information, on-
board time, software arrays, receipts, etc. Information 
exchange between the equipment and the BUD is per-
formed via a multiplex exchange channel according to 
GOST R 52070–2003 (ГОСТ Р 52070–2003) [6] in ac-
cordance with the protocol of information and logic inter-
action with this equipment, developed by the equipment 
manufacturer and agreed with the developer of the on-
board software. 

In case of the successful normal operation of the inter-
action between the onboard control complex and the 
software-mathematical model, we check the occurrence of 
abnormal situations in information exchange: hardware 
malfunctions, failures of the multiplex exchange channel, 
errors in information messages, temperature failures, fail-
ures in signal power, current strength, voltage and other 
malfunctions. 

System testing on the ground debugging complex. 
The result of the procedures described above is the inte-
gration of the onboard software and the software-
mathematical model with the aim of conducting system 
testing on the ground debugging complex [7; 8].  
A ground testing complex is the integrated environment 
for testing the onboard software and the software-
mathematical model instruments within a spacecraft. The 
testing of the interaction occurs by checking the execution 
of the program logic using sequence diagrams [9]. 

 
 

 
 

Fig. 1. Onboard software architecture 
 

Рис. 1. Архитектура бортового программного обеспечения 
 

 
 

Fig. 2. Testing of onboard software and of a software-mathematical model 
 

Рис. 2. Отработка бортового программного обеспечения  
и программно-математической модели  
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A sequence diagram is a pseudo-code for system test-
ing, based on a graphical formalized language describing 
the procedures and test options, allowing automating a 
testing process.  

The result of this stage is the onboard software of the 
equipment, ready for testing in the spacecraft mode on the 
ground testing complex.  

In addition, the ground testing complex has the ability 
to specify various initial data of the spacecraft operation, 
both in general and each spacecraft system in particular; 
that allows testing the onboard software for the whole set 
of its functionality. Fig. 3 shows the ground testing com-
plex architecture. 

Sample application for laboratory testing. Another 
way to test the onboard software is to use a laboratory 
testing sample [10; 11]. A laboratory testing sample is a 
special sample of equipment for testing, which is a proto-
type of standard equipment in terms of functionality and 
basic technical characteristics, on which we develop soft-
ware and technical solutions. Such a product is cheaper 
than standard equipment and it is manufactured faster, 
therefore there is a possibility of the onboard software 
testing before the completion of the production of a stan-
dard sample. Fig. 4 shows the scheme for testing the in-
teraction of onboard software with the laboratory testing 
sample. 

 
 

 
 

Fig. 3. Ground testing complex architecture 
 

Рис. 3. Архитектура наземного отладочного комплекса 
 
 

 
 

Fig. 4. Testing the interaction between onboard software and a laboratory testing sample unit 
 

Рис. 4. Отработка взаимодействия бортового программного обеспечения с образцом  
для лабораторно-отработочных испытаний 
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Fig. 5. The general scheme of the development of onboard software with the application  
of a software-mathematical model, and laboratory testing sample unit 

 
Рис. 5. Общая схема разработки БПО с использованием ПММ, образца ЛОИ 

 
 
The input information is the logic of the functioning 

of the sample, which is governed by the requirements for 
the creation of an experimental product. The output in-
formation is the executable code of the onboard software 
for testing with the ground testing complex. 

As part of the development of software interaction 
with the equipment, we conduct testing to check the 

standard and abnormal logic of the laboratory testing 
sample. 

The result is a corrected logic of the equipment, 
which we take into account at further stages of the de-
velopment of onboard software. Fig. 5 shows the pro-
posed software development scheme for onboard space-
craft systems [12; 13]. 
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The particularities of using a software-
mathematical model and a laboratory testing sample. 
We develop the onboard software and the software-
mathematical model in parallel, and we pair them with the 
help of software drivers. 

The peculiarity of using the software-mathematical 
model is to simulate the logic of the equipment in both 
regular and abnormal situations in which there are pre-
dictable failures in information exchange between it and 
the onboard control complex [14; 15]. We perform testing 
of the docking of the onboard software and the software-
mathematical model during the delivery of the software to 
the ground testing complex, which allows us to prevent 
errors in the logic of the functioning of the onboard soft-
ware at subsequent stages. 

The use of the laboratory testing sample contributes to 
the accurate reflection of the procedures for recording and 
reading information from the point of view of the logic of 
operation of the device. 

Testing on the laboratory testing sample gives a com-
plete picture of the logic of the equipment, the physical 
component of the equipment, the processor, the runtime 
and the number of operations for a given time, which al-
lows us to work out the hardware software and onboard 
software. In this case, there is information about real-time 
execution of operations, making it possible to adjust the 
system resources in advance (allocated memory, execu-
tion time, pauses during operation, etc.). 

The use of the laboratory testing sample allows to re-
duce the time for making changes to the code of the on-
board software, since the introduction of changes at the 
system testing stage in spacecraft modes requires consis-
tency in working with the developers of other systems. 
The laboratory testing sample serves as a prototype for 
design finishing test sample and preliminary test sample, 
we take into account the adjustments for the laboratory 
testing sample on the indicated samples. 

The advantages of the described methods in the 
development of onboard software. The use of the pro-
posed methodology for the development of system soft-
ware, including direct interaction with the laboratory test-
ing sample and the use of the software-mathematical 
model, contributes to the reduction of time and parity of 
errors in the development cycle, autonomous and system 
testing of software. 

The benefits of using a software-mathematical model 
is to organize the development of regular and emergency 
situations in the flight control center, to provide training 
for operation personnel, which contributes to rapid re-
sponse when such situations occur during the operation of 
products. 

Conclusion. The need to develop and use a software-
mathematical model to test the onboard software of 
spacecraft is determined by several factors. Firstly, with 
the help of the software-mathematical model at the NOC, 
we sreated and tested the sequence diagrams, which are 
later used in testing and final adjusting actual onboard 
equipment and spacecraft systems, which can signifi-
cantly reduce the time required for software testing and 
final adjustment. Secondly, the development stages of 
software and hardware run in parallel, therefore the possi-

bility of developing software with real hardware is not 
available. Consequently, there is a need for its software 
simulation. The use of a software-mathematical model 
when testing onboard software allows us to produce better 
and more complete development of the logic of the opera-
tion of the equipment and various emergency situations. 
Thirdly, it is necessary to envisage the possibility of mak-
ing changes in the onboard software after launching the 
spacecraft, changes can be preliminarily worked out on 
software models of spacecraft systems before they are 
installed in the onboard integrated computing complex; 
that helps prevent emergency situations and increases the 
overall reliability of spacecraft. 

The modified methodology for the development  
of onboard software is used in the development of soft-
ware of systems in the process of the creation of the 
“Glonass-K” spacecraft. 
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MULTI-GRID FINITE ELEMENTS IN CALCULATIONS  
OF MULTILAYER OVAL CYLINDRICAL SHELLS 
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The method of finite elements (FEM) is actively used in calculations of composite shell constructions (rotation 

shells, circle and oval cylindrical shells), which are widely used in space-rocket and aviation equipment. To calculate 
multi-layer oval cylindrical shells three-dimensional curvilinear Lagrange multi-grid finite elements (MGFE) are sug-
gested. When building a k-grid finite element (FE), k nested grids are used. The fine grid is generated by the basic split 
of MGFE that takes into account its complex heterogeneous structure and shape. On k-1 large grids the move functions 
used for decreasing MGFE dimension are determined. The stress-strain state in MGFE is described by the elasticity 
theory three-dimensional task equations (without introduction of additional hypotheses) in local Cartesian coordinates 
systems. The procedure of building shell-type Lagrange MGFE with the use of Lagrange polynomials presented in cur-
vilinear coordinate systems is demonstrated. With the size reduction of discrete models MGFE have constant thickness 
equal to the thickness of the shell. The Lagrange polynomials nodes coincide in thickness with the MGFE large grid 
nodes and are located on the shared borders of different module layers. The use of such MGFE generates approximate 
solutions sequences that uniformly and quickly converge to precise solutions. 

The main advantages of MGFE are as follows: they form discrete models with the dimension 102–106 times smaller 
than the basic models dimension and they generate small error solutions. Examples of calculations are given  
for four- and three-layer oval shells of various thickness and shape under both uniform and local loading with the use 
of 3-grid FE. Comparative analysis of the obtained solutions with the solutions built with the help of the software pack-
age ANSYS shows high efficiency of the suggested MGFE in calculations of multi-grid oval shells. 

 
Keywords: elasticity, composite, oval cylindrical shell, multi-grid finite elements, Lagrange polynomials, conver-

gence of the solution sequence, software package ANSYS. 
 
 

МНОГОСЕТОЧНЫЕ КОНЕЧНЫЕ ЭЛЕМЕНТЫ В РАСЧЕТАХ 
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Метод конечных элементов (МКЭ) активно используется в расчетах композитных оболочечных конструк-

ций (оболочки вращения, круговые и овальные цилиндрические оболочки), которые широко применяются в ра-
кетно-космической и авиационной технике. Для расчета многослойных овальных цилиндрических оболочек 
предложены трехмерные криволинейные лагранжевые многосеточные конечные элементы (МнКЭ). При по-
строении k-сеточного конечного элемента (КЭ) используется k вложенных сеток. Мелкая сетка порождена 
базовым разбиением МнКЭ, которое учитывает его сложную неоднородную структуру и форму. На k–1 круп-
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ных сетках определяются функции перемещений, применяемые для понижения размерности МнКЭ. Напря-
женно-деформированное состояние в МнКЭ описывается уравнениями трехмерной задачи теории упругости 
(без введения дополнительных гипотез) в локальных декартовых системах координат. Показана процедура 
построения лагранжевых МнКЭ оболочечного типа с применением полиномов Лагранжа, представленных  
в криволинейных системах координат. При измельчении дискретных моделей МнКЭ имеют постоянную  
толщину, равную толщине оболочки. Узлы полиномов Лагранжа по толщине совпадают с узлами крупных  
сеток МнКЭ и расположены на общих границах разномодульных слоев. Применение таких МнКЭ порождает 
последовательности приближенных решений, которые равномерно и быстро сходятся к точным. 

Основные достоинства МнКЭ состоят в том, что они образуют дискретные модели, размерность кото-
рых в 102–106 раз меньше размерности базовых моделей, и порождают решения с малой погрешностью. Пред-
ставлены примеры расчетов четырех- и трехслойных овальных оболочек различной толщины и формы  
при равномерном и локальном нагружениях с применением 3-сеточных КЭ. Сравнительный анализ полученных 
решений с решениями построенных с помощью программного комплекса ANSYS показывает высокую эффек-
тивность предлагаемых МнКЭ в расчетах многослойных овальных оболочек. 

 
Ключевые слова: упругость, композиты, овальная цилиндрическая оболочка, многосеточные конечные эле-

менты, полиномы Лагранжа, сходимость последовательности решений, программный комплекс ANSYS. 
 
Introduction. When studying the stress-strain state 

(SSS) of elastic homogeneous and composite shells,  
various numerical methods are widely used [1–8]. Tradi-
tionally, in the theory of shells, displacements are decom-
posed into power series with respect to a coordinate  
normal to the middle surface. However, in this case, in the 
numerical study of the SSS of thick shells, it is necessary 
to take into account a large number of terms in the corre-
sponding expansions [1; 2]. Effective numerical  
approaches to the study of elastic shells are mainly based 
on the finite element method (FEM) [3–5]. The construc-
tion of finite elements (FE) in curvilinear coordinates 
creates a number of difficulties [5], in particular, related 
to the fulfillment of conformance conditions, which is 
necessary for the monotonic convergence of the sequence 
of FEM solutions [6]. 

When calculating shells using the FEM, there are three 
main approaches: approximation of the shell by flat FE, 
using curvilinear two-dimensional FE and construction  
of three-dimensional FE. As shown by numerical 
experiments, in the latter case, the calculation of shells 
with inhomogeneous (micro-inhomogeneous) structure by 
FEM using the equations of three-dimensional elasticity 
theory without introducing additional simplifying 
hypotheses leads to systems of linear algebraic equations 

(SLAE) of high order ( 9 1210 10 ). As a result, it becomes 
necessary to develop such FEM variants in which the 
corresponding SLAE has a small order and its solution 
provides an acceptable small error for displacements and 
stresses. 

In [9; 10], the calculation of circular cylindrical shells 
with a fibrous structure using multi-grid finite elements 
(MGFE), in which displacements are approximated by 
Lagrangian polynomials of various orders, is proposed. 
When building a k -grid-based FE ( 2k  ) k  nested grids 
are used. The fine mesh is generated by the base partition 
of the MGFE, which consists of homogeneous single-grid 
FE (SGFE) of the 1st order and takes into account  
the non-uniform structure and shape of the MGFE. The 
remaining 1k   large grids are used to reduce the dimen-
sion of the base partition, that is, the dimension of the 
MGFE. In [11], Lagrangian MGFEs are used to calculate 

multilayer circular cylindrical shells. The order of the 
Lagrange polynomials in the height of the MGFE was 
arbitrary and was not related to the number of layers. 

In [12–14], the method of reference surfaces was pro-
posed for calculating homogeneous and layered shells in 
the three-dimensional formulation. As unknowns, func-
tions of displacements of these surfaces are chosen as 
functions of curvilinear coordinates. Displacements across 
the shell thickness are approximated using Lagrange 
polynomials of various orders, and displacements in the 
reference surfaces are given by functions that satisfy the 
boundary conditions. For displacements and deformations 
of reference surfaces, standard bilinear approximations 
and four-node curvilinear FEs are used [15], which dis-
tinguishes this approach from the analysis of the SSS  
of the shell using three-dimensional MGFE [10; 11]. 

In [16], it is noted that the use of non-circular cylin-
drical shells in aircraft industry allows to reduce the mass 
of the structure, effectively using the internal volume  
of pressurized cabins. The variability of the radius of cur-
vature in the cross section of such shells in the general 
case creates certain difficulties in calculating the SSS 
using FEM. These difficulties are reduced if the noncircu-
lar cross section of the middle surface of the shell consists 
of several conjugate arcs of circles [16]. In this case,  
the three-dimensional Lagrangian MGFE developed  
in [10; 11] can be used to calculate multi-layer oval shells 
of different thickness, which greatly simplifies the appli-
cation of FEM to analyze the SSS of oval shells. 

The features of the MGFE in the calculation of oval 
shells are associated with the discretization rule, which is 
as follows. The proposed MGFEs with any partition have 
a constant thickness equal to the thickness of the oval 
shell. The nodes of the large MGFE mesh coincide with 
the nodes of Lagrange polynomials in the thickness of the 
shell and are located at the boundaries of the multi-
modular layers. When refining discrete models, such 
MGFEs generate sequences of approximate solutions that 
converge uniformly and quickly to exact solutions. 

The advantages of the proposed MGFEs are that they 
generate multigrid discrete models of oval cylindrical 

shells, which require 2 610 10  times less computer 
memory than for the basic models. The calculations for 
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multi-layer oval cylindrical shells of various thickness 
and shape show that the solutions obtained using the 
MGFE and using the ANSYS software package differ by 
a small value. 

Multi-layer Lagrangian multi-grid finite elements. 
In [16], construction of the cross section of the middle 
surface of an oval shell with semi-axes a , b  was shown 
(fig. 1). B  – the point of conjugation of the arcs AB  and 
BC  with centers RO , rO  and radii R , r . For given a , 

b  the radii of circles R , r  of the middle surfaces of cir-
cular cylindrical shells, fragments of which form an oval 
shell, are determined by the formulas 

2 2

2

1 1

1 1

k k
r a

k k

  


  
, 

2

2

1 ( 1 )

1 1

k k k
R a

k k

  


  
, 

tg
b

k
a

   , 
2


   .                     (1) 

For the procedure of constructing a multi-grid discrete 
model for calculating a multilayer oval cylindrical shell 
we will consider the example of a 4-layer shell of constant 
thickness h , located in the Cartesian coordinate system 

Oxyz , Oy  – the axis of the shell. We have 
4

1
i

i

h h


 ,  

ih  – the thickness of the i -th layer of the shell, let 

constih  , 1,..., 4i  . 

 

 
 

Fig. 1. Section of the shell middle surface 
 

Рис. 1. Сечение срединной поверхности 
овальной оболочки 

 
Without losing commonality of views, for simplicity, 

we assume that the geometric shape, physical 
characteristics, the discrete model, and the fixing of the 
oval shell are symmetrical with respect to the planes Oyz  

and Oxy . Therefore, we will consider a 1/ 4  part  

of the oval shell, that is, a cylindrical panel, which we 

denote by 0V . The panel 0V  consists of subregions 
(panels) 1V  and 2V  of circular cylindrical shells, 

respectively, with radii R  and r  (their middle surfaces, 
fig. 1). We believe that bonds between the components of 
the inhomogeneous structure of the shell are ideal. The 
procedure of constructing an MGFE for calculating a 4-

layer panel 0V  is considered on the example of a 4-layer 

three-grid FE (3GFE) (3)
,e pV  (fig. 2), where the superscript 

in brackets corresponds to the number of nested grids that 
are used in the construction of 3GFE [10; 11]. 

 

 
 

Fig. 2. Three-grid FE (3)
,e pV  for 4-layer oval shell 

 

Рис. 2. Четырехслойный ТрКЭ (3)
,e pV   

овальной оболочки 
 
The circular cylindrical panel pV  consists of 3GFE 

(3)
,e pV , where 1,... pe N , pN  is the total number of 3GFE 

in the panel pV , 1.2p  . Each 3GFE (3)
,e pV  consists of 

two-grid FE (2GFE) (2)
,m pV , where 1,..., pm M , pM  is 

the total number of 2GFE. For simplicity, we assume that 

1 2M M M  . The area of 2GFE (2)
,m pV  of the panel pV  

consists of curvilinear homogeneous single-grid  

FE (SGFE) (1)
,n pV  of the 1st order ( 1.2p  ), 1,..., pn K  is 

the total number of SGFE. Fig. 3 shows the eight-node 

SGFE (1)
,n pV  with characteristic dimensions 

( ) ( ) ( )
, , ,
n n n

x p y p z ph h h  , 1 1 1 1O x y z  is a local Cartesian coordinate 

system. SGFEs (1)
,n pV  take into account the inhomogeneous 

structure and shape of 2GFE (2)
,m pV . The stress state in 

SGFE (1)
,n pV  is described by the equations of the three-

dimensional problem of the theory of elasticity, which are 
represented in the local Cartesian coordinate system 

1 1 1 1O x y z , that is, a three-dimensional SSS is realized in 

SGFE. 
 

 
 

Fig. 3. Single-grid FE (1)
,n pV  

 

Рис. 3. Односеточный КЭ (1)
,n pV  
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The procedures of constructing SGFE and 2GFE for 
circular cylindrical panels are described in detail in [9]. 

For 3GFE (3)
,e pV , 1.2p   we introduce three local 

coordinate systems: Cartesian 3 3 3 3O x y z , curvilinear 

3O  , and for nodes of a coarse 3GFE (3)
,e pV  grid 3H  – 

integer-valued ijk , where , 1,..., 4i j  , 1,...,5k  , the 

nodes of the coarse grid 3H  in fig. 2 are marked by dots, 

80 nodes. The special feature of the 3GFE (3)
,e pV  is that it 

has a constant thickness h  equal to the thickness of the 

shell, that is, the thickness of the 3GFE (3)
,e pV  does not 

change when the partitioning of the discrete model is 
refined. Herewith, the nodes of the coarse grid 3H  of 

3GFE (3)
,e pV  lie at the boundaries of the multi-modular 

layers by thickness, fig. 2. The 3GFE (3)
,e pV  with the 

characteristic dimensions ( ) ( )
, ,
e e

x p y ph h h   has the 3rd order 

in the coordinates 3x , 3y , and the 4th order in thickness 

h , that is, in the coordinate 3z  (fig. 2). Note that when 

calculating the n -layer oval shell n -layer Lagrangian 
3GFEs of the n -th order in thickness are used, the order 
of MGFE in the direction of each of the three coordinates 
is determined by the order of the corresponding Lagrange 
polynomial constructed on its coarse nodal grid. 

3GFEs (3)
,1eV , (3)

,2eV , which differ from each other only 

in geometric dimensions and physical characteristics  
and correspond respectively to circular cylindrical panels 

1V  and 2V , are designed according to a single algorithm 

[10; 11], the brief essence of which is as follows. On the 

coarse grid 3H  of the 3GFE (3)
,e pV , we determine the func-

tions of displacements (3) (3) (3),  ,  u v w , which are used to 

reduce the dimension of the 3GFE (3)
,e pV . The base func-

tion ijkN  for a node S  with integer coordinates , ,i j k   

of a coarse grid 3H  of the 3GFE (3)
,e pV  (fig. 2) is repre-

sented as [10; 11] 

( , , ) ( ) ( ) ( )ijk i j kN L L L       ,                (2) 

where   is the central angle corresponding to the arc 

,
e
x ph  (fig. 2), , 1,..., 4i j  , 1,...,5k  , ( )iL  , ( )jL  , 

( )kL   are Lagrange polynomials having the form 

1

1,

( )
n

n
i

i nn n i

L
 

 
 

  ,    
2

1,
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n

n
j

j nn n j

L
 


 

  , 

3

1,

( )
n

n
k

k nn n k

L
 

  
 

  .                     (3) 

Let the coarse grid node 3H  with coordinates , ,i j k  

( , 1,..., 4i j  , 1,...,5k  ) correspond to an integer  , 

1,...,80  . Using (2), (3), we will present functions  

of displacements (3)u , (3)v , (3)w  in the form 

80
(3) (3) (3)

1

u N u 


 ,  
80

(3) (3) (3)

1

v N v 


 ,  
80

(3) (3) (3)

1

w N w 


 ,       (4) 

where (3)u , (3)v , (3)w , (3)N  are displacements and shape 

functions of -th node of the 3H  grid 

The functional of the total potential energy (3)П p  

( 1, 2p  ) for the 3GFE (3)
,e pV  is written as 

(3) (2) (2) (2) (2) (2)
, , , , ,

1

1
П ( ( )   ( ) )

2
T T

p m p m p m p m p m p
m

M



  δ K δ δ P , 

1, 2p  ,                                    (5) 

where (2)
,m pK  is the stiffness matrix, (2)

,m pP , (2)
,m pδ  are the 

vectors of the nodal forces and displacements of the 

2GFE (2)
,m pV  corresponding to the coordinate system 

3 3 3 3O x y z , T  is the transposition. 

Using (4), we express the vector of displacements 
(2)

,m pδ  of 2GFE (2)
,m pV  through the vector of nodal  

displacements (3)
pδ  of the coarse grid 3H  of the 3GFE 

(3)
,e pV , thus obtaining the relation 

(2) (3) (3)
, ,m p m p pδ A δ ,                               (6) 

where (3)
,m pA  is a rectangular matrix, 

(3) (3) (3) (3){ , , }T
p u v w  δ . 

Substituting (6) into (5) and, following the principle  

of minimum total potential energy (3) (3) (3)П ( ) / 0p p p  δ δ , 

we obtain the relation (3) (3) (3)
p p pK δ P , where 

(3) (3) (2) (3)
, , ,

1

( )  
M

T
p m p m p m p

m

 K A K A , 

(3) (3) (2)
, ,

1

 ( )
M

T
p m p m p

m

 P A P , 1,2p  ,               (7) 

where (3)
pK , (3)

pP  is the stiffness matrix and the vector of 

nodal forces of the 3GFE (3)
,e pV . 

So, 3GFEs (3)
,e pV  correspond to the circular cylindrical 

panel pV , where 1,2p  , 1,... pe N , pN  is the total 

number of 3GFEs (3)
,e pV , representing the area of the  

panel pV . 

Remark. The dimension of the vector (3)
pδ  (i. e., the 

dimension of the 3GFE (3)
,e pV ) does not depend on the total 

number M  of 2GFE (2)
,m pV  that make the 3GFE (3)

,e pV . 

Consequently, the partitioning of the 3GFE (3)
,e pV  into 

2GFEs (2)
,m pV , and therefore also into SGFE (1)

,n pV , can be 

arbitrarily small, which makes it possible to take into ac-
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count the complex heterogeneous (micro-inhomogeneous) 
structure and shape of the circular cylindrical panels 1V  

and 2V . 

Calculations show that the introduction of additional 
nodes of polynomials inside the layers allows reducing 
the error of the SSS values, but it increases the order of 
the SLAE and increases the estimated time of the prob-
lem. 

The number of layers of 2GFE may be less than the 
number of layers of the shell. For example, when con-
structing a 4-layer 3GFE, one can use 2-layer 2GFE. This 
reduces the time costs in the calculation of the SSS with 
an insignificant change in the solution error. 

In order to reduce the dimensionality of discrete mod-
els of shells, according to the procedure similar to the one 
discussed above, it is possible to construct 4-grid FE, and 
k -grid FE, 4k  . The described method can be used to 
calculate multi-layer oval cylindrical shells with layers of 
both equal and different thickness. 

Examples of the calculation of 4-layer oval shells of 
various thickness. Thick-walled shell. In the Cartesian 
coordinate system Oxyz  we consider the solution of the 

FEM problem of deformation of a 4-layer oval cylindrical 

shell 1V  of constant thickness 1 12h   cm with semi- 
axes 90а   cm; 72b   cm (fig. 1), Oy  is an axial coor-

dinate of the shell. The length of the shell is equal  

to 2 1200L   cm. We have: 
1

90
7.5 10

12

a

h
   , i. e. the 

shell 1V  is thick-walled. The thicknesses of the homoge-
neous isotropic layers of the shell (starting from the inner 

layer) are equal: 1
1 /12 1h h   cm, 1

2 / 2 6h h   cm, 
1

3 / 4 3h h   cm, 1
4 / 6 2h h   cm, which Young's 

moduli are equal: 1 10  E E  kg/cm2, 2 3  E E  kg/cm2, 

3 5  E E kg/cm2, 4 20  E E kg/cm2, where 410E  , 

Poisson's ratio is equal 0.3  . For 0;  2y L , we have 

0u v w   . Pressure 0 10 q  kg/cm2 is applied to the 

outer surface of the shell. In the calculations we use 1/8 of 
the oval shell, which we denote by 0V , of length L . A 

cylindrical panel 0V  consists of two circular cylindrical 

panels 1V , 2V  (conjugated along a common lateral bor-

der) of length L  with radii (their middle surfaces) R   
and r  (fig. 1) defined by the formula (1). 

For the panel pV  we use 5 discrete models  

1, pR , …, 5, pR , which consist of 3GFE (3)
,e pV , 1.2p  .  

The base grid of the model ,n pR  has the dimension 

1 2 3
n n nm m m  , where 

1 162 1nm n  , 2 649 1nm n  , 

3 24 1nm n  , 1,...,5n  ,                      (8) 

where 1
nm  is the dimension of the grid in the circumferen-

tial direction of the panel pV , 2
nm  – in the axial direction, 

3
nm  – in the radial direction. SGFE (1)

,n pV  has dimensions 

( ) ( ) ( )
, , ,
n n n

x p y p z ph h h  , fig. 3, where ( )
, , ,
n

x p n p n ph r  , ,n pr  is the 

radius of the lower surface of the SGFE, 1
, /n p p nm   , 

corner angle 1  ( 2 ) of the panel 1V  ( 2V ), according to 

(1) we have 1tg
b

a
  , 2 12


   , ( ) 2

, /n
y p nh L m , 

( ) 1 3
, /n

z p nh h m . The 3GFE (3)
,e pV  with characteristic  

dimensions ( ) ( ) 1
, ,81 81n n

x p y ph h h   consists of Lagrangian 

2GFEs (2)
,m pV  with characteristic dimensions 

( ) ( ) 1
, ,9 9n n

x p y ph h h  . In 2GFE and 3GFE, Lagrange polyno-

mials of the form (3) have the third order in the circum-
ferential and axial directions and the fourth order in the 
radial one. The nodes of the Lagrange polynomials (nodes 
of the coarse grids of 2GFE and 3GFE) lie on the com-
mon boundaries of the multi-modular layers by the shell 
thickness. 

Tab. 1 shows the results of calculations of a cylindri-
cal panel 0V . Characteristic points A  (in the plane Oyz ) 

and С  (in the plane Oxy ) lie at the intersection of the 

extension of the semi-axes b  and а  with the outer  
surface of the shell in cross section  y L , in which we 

define displacements nw . Equivalent stresses n  (in the 

vicinity of points A , С ) are determined by the 4th the-
ory of strength.  

 
Table 1 

The results of calculations of a thick oval shell ( / 7.5а h  ; / 0.8b a  ) 
 

n  
( )

( )
n A

n C

w

w
(mm) 

, (%)w n A  

, (%)w n C  

( )

( )
n A

n C




(kg/cm2) , (%)n A  

, (%)n C  

1 
7.511 
4.487 

– 
371.43 
144.21 

– 

2 
7.601 
4.564 

1.181 
1.689 

377.19 
146.87 

1.527 
1.811 

3 
7.620 
4.580 

0.251 
0.356 

378.37 
147.78 

0.312 
0.616 

4 
7.627 
4.587 

0.097 
0.142 

378.88 
148.19 

0.135 
0.277 

5 
7.631 
4.590 

0.051 
0.072 

379.16 
148.41 

0.074 
0.148 
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Table 2 
The results of calculations of the oval shell for the model 5R  and the ANSYS software package ( / 0.9b a  ) 

 

/а h  
A

C

w

w
(mm) 

0

0
A

С

w

w
(mm) 

(%)

(%)
w A

w С




 A

C




(kg/cm2) 
0

0
A

C




(kg/cm2) 
(%)

(%)
A

С








 

15 
12.429 
7.942 

12.444 
7.964 

0.12 
0.28 

544.23 
302.74 

544.29 
301.42 

0.01 
0.44 

30 
28.674 
19.785 

28.678 
19.857 

0.01 
0.36 

963.17 
768.26 

962.45 
766.19 

0.07 
0.27 

 
 
The relative errors at 2,...,5n   are found by the for-

mulas 

, 1(%) 100% | | /n n n n       , 

, 1(%) 100% | | /w n n n nw w w    .             (9) 

The nature of the change , (%)w n , , (%)n  in values 

(tab. 1) shows the rapid convergence of stresses n  and 

displacements nw . Therefore, the values 5w , 5  at the 

points A  and С  can be taken as exact values with  
an error of less than 0.15 %. A comparison of the  
obtained results with the results of the task calculation in 
the ANSYS software package (SP) was conducted.  
Values of equivalent stresses and normal displacements, 
which are obtained using ANSYS SP, are equal  

to 0 380.05A  kg/cm2, 0 149.52B  kg/cm2 and 
0 7.655Aw   mm, 0 4.609Bw  mm. 

The difference in results between the two variants  
of calculations is less than 0.5 % for displacements and 
less than 0.8 % for stresses. 

The shell is of medium thickness and thin-walled 
shell. In the global Cartesian coordinate system Oxyz , 

we consider the solution by the FEM of the problem of 

deforming a 4-layer oval shell 2V  ( 3V ) with semi-axes 

90а   cm; 81b   cm, thickness 2 6 h   cm 

( 3 3 h  cm) with the same ratios of the layer thicknesses 

as in the shell 1V  of p. 2.1, Oy  is the axial coordinate of 

the shell 2V  ( 3V ). The shell 2V  ( 3V ) has a length of 
2 1200L  cm, uniform loading 0 10 q  kg/cm2 on the 

outer surface and is rigidly fixed on the ends. We have: 

2

90
15 20

6

a

h
   , i. e. 2V  is a shell of average 

thickness, 
3

90
30 20

3

a

h
   , which means 3V  is a thin-

walled shell. In the calculations we consider 1/8 of the 

oval shell 2V  ( 3V ). When constructing solutions using 
the FEM, we use the previously considered 3GFE (fig. 2) 
and the grinding law (8). The calculation results are given 
in tab. 2, where designations are introduced: Aw , Cw , 

A , C  are the displacements and equivalent stresses 

found at the points A , С  (see p. 2.1); 0
Aw , 0

Cw , 0
A , 0

C  

are displacements and equivalent stresses calculated in 
points A , С  using SP ANSYS. 

Relative errors are determined by the formulas 
0 0( (%)) 100% | | /w A A A Aw w w    ,  
0 0( (%)) 100% | | /A A A A      , 
0 0( (%)) 100% | | /w C C C Cw w w    , 
0 0( (%)) 100% | | /C C C C      .          (10) 

The performed calculations show a small error (less 
than 1%) in the spread of the results obtained using the 
3GFE and ANSYS software package for thin, medium 
and thick 4-layer oval shells. 

The dimension of the base model, which is repre-

sented by SGFE, is approximately 91.9 10  node un-
knowns, the width of the SLAE tape is 588550. The cor-
responding three-grid model has 108295 node unknowns, 
the width of the SLAE tape is 2775. Realizing the FEM 

reduces the order of SLAE by a factor of 41.76 10  and 

requires 63.73 10  times less computer memory capacity 
than for the base model. The number of 3GFE (160 FE) 
used for the calculation is approximately 80 times less 
(depending on the value /a h ) than the total amount of 

FEs ( 4 41.2 10 1.4 10   ) used in ANSYS. 
An example of the calculation of a 3-layer oval 

shell of complex shape with local loading. In the Carte-
sian coordinate system Oxyz  we consider the problem of 

deforming a 3-layer oval cylindrical shell with semi-axes 
90а  cm, 63b  cm, thickness 3h   cm, Oy  is the 

axial coordinate of the shell. The length of the shell is 
2 400L  cm. At 0;  2y L  the ends of the shell are 

clamped. All isotropic homogeneous layers of the  
shell have thickness of / 3h . The Young's moduli of the 
layers (starting from the inner) are: 1 6E E  kg/cm2, 

2 2E E  kg/cm2, 3 10E E  kg/cm2, where 410E  , the 

Poisson's ratio for all layers is 0.3  . The form, loading 
and fixing of the shell are symmetrical with respect to the 
Oyz  and y L  planes, therefore in calculations we  

use 1/4 of the shell, which we denote: panel 4V , fig. 4 

shows its median surface. A panel area 4V  of length L  

consists of two circular cylindrical panels 3V  and 4V  (of 

length L ), respectively, with corner angles 035  ; 
055  . The panel 4V  has two holes (rectangular  

in plan) with dimensions l / 6L , 1S / 2r   (fig. 4).  

On the outer surface of the panel 3V  in the local area of 

dimensions / 3 2 / 3L y L  , 2S R  , pressure 
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0 1 q   kg/cm2 is applied, as shown in fig. 4. When cal-

culating a cylindrical panel 4V , we use a three-layer 
3GFE with parameters, which were introduced earlier, 

and discrete models nR  ( 1,...,5n  ), for which the grids 

of basic partitions 0
nR  have the dimension 

1 324 1nm n  , 2 486 1nm n  , 
3 6 1nm n  ,  1,...,5n  .                (11) 

Tab. 3 shows the calculation results for the models 

nR , 1,...,5n  . Values 5w , 5  for the model 5R , defined 

in points A , С  (fig. 4, 5), can be taken as accurate val-
ues with an error of less than 0.2% for displacements and 
less than 0.1% for stresses. The values of equivalent 

stresses 0  and normal displacements 0w  obtained  

in ANSYS are 0 75.16A   kg/cm2, 0 43.52С   kg/cm2 

and 0 6.210Aw    mm, 0 2.534Сw   mm. The difference 

in the results of the two calculations is less than 0.3% for 
displacements and less than 0.6 % for stresses. 

 

 
 

Fig. 4. Design scheme for 1/4 of the shell, panel 4V  
 

Рис. 4. Расчетная схема 1/4 части оболочки, панель 4V  
 

 
Table 3 

The results of calculations of a thin oval shell with holes ( / 30a h  ; / 0.9b a  ) 
 

Rn  
( )

( )
n A

n C

w

w
(mm) 

, (%)w n A  

, (%)w n C  

( )

( )
n A

n C




(kg/cm2) , (%)n A  

, (%)n C  

1R  
–6.041 
2.390 

– 78.21 
39.92 

– 

2R  
–6.155 
2.491 

1.852 
4.055 

74.57 
42.88 

4.881 
6.903 

3R
 

–6.182 
2.513 

0.437 
0.875 

74,91 
43.13 

0.454 
0.580 

4R  
–6.193 
2.522 

0.178 
0.357 

75.05 
43.23 

0.187 
0.231 

5R  
–6.198 
2.527 

0.081 
0.198 

75.12 
43.26 

0.093 
0.069 

 
 
 

         
 

a                                                                                        b 
 

Fig. 5. Distribution of deflections w  (а) and of stress   (b) over the upper shell surface in cross-sections:  
0;  / 2;   y L L . Three-grid FE – solid line; SP ANSYS – dashed line 

 
Рис. 5. Распределение прогибов w  (а) и напряжений   (b) по верхней поверхности оболочки  

в поперечных сечениях: 0;  / 2;   y L L . ТрКЭ – сплошная линия; ПК ANSYS – штриховая линия 
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Fig. 5 shows the distribution of displacements 
( 5w w ) in sections / 2;  y L L  and stresses ( 5   )  

in sections 0;  / 2;   y L L  on the outer surface of the 

shell, depending on the parameter * /s s P ; s , P  is the 
distance from the axis Oz  to the point on the outer sur-
face of the shell and to the point С  (fig. 4). The SSS cal-
culation was fulfilled using the 3GFE (full line) and using 
ANSYS (dashed line). 

A noticeable discrepancy in the stress distribution is 
observed only in the clamping area. In the rest of the 
complex shell structure, one can observe an acceptable  
in engineering calculations coincidence of the SSS, ob-
tained by means of 3GFE and ANSYS SP. 

The FEM implementation for the multigrid model 5R  

reduces the order of the SLAE solved by 5625 times and 

requires 53.88 10  times less computer memory than  

for the basic model 0
5R , which uses only SGFE.  

The number of 3GFE used for calculation in a discrete 
model 5R  (240 FE) is approximately 300 times less  

than the number of FE used for calculation in ANSYS 
(73892 FE).  

Thus, the use of 3GFE in the analysis of SSS allows 
saving computer resources significantly, which greatly 
expands the possibilities of FEM in a variant of multigrid 
modeling. 

Conclusion. The high efficiency of using curvilinear 
Lagrangian MGFE in the analysis of three-dimensional 
SSS of multilayer oval cylindrical shells is shown. The 
implementation of the FEM using MGFE requires 

2 610 10  times less computer memory than with the use 
of SGFE or ANSYS SP, and allows analysis of the SSS  
of shells with a small error of results. 
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The S-box is the most important component of modern cryptographic algorithms which largely determines the qual-

ity of cryptographic transformation. The modern method of estimating the S-boxes quality employs their representation 
as component Boolean functions to which cryptographic quality criteria are applied. Such criteria include: nonlinear-
ity, correlation immunity, an error propagation criterion, and a strict avalanche criterion. Nevertheless, it is obvious 
that a cryptanalyst is not constrained in the ways of representing the cipher components, in particular, using the func-
tions of many-valued logic. The design features of modern cryptographic algorithms allow their representation in the 
form of 4-logic functions, which determines the need to research cryptographic properties of the S-boxes represented as 
component 4-functions. In the literature today there are methods for measuring the nonlinearity of 4-functions; never-
theless, there are no similar methods for researching the differential properties of 4-functions, in particular, involving 
their compliance with the strict avalanche criterion. In this paper the strict avalanche criterion is generalized  
to the case of 4-functions and the compliance of the S-boxes component 4-functions of the “Magma” cryptoalgorithm to 
the strict avalanche criterion has been researched. All balanced 4-functions of length N = 16 satisfying the strict ava-
lanche criterion were synthesized using the restricted brute-force method. The basic properties of the constructed class 
of 4-functions are determined, and bijective S-boxes based on them are constructed. It has been established that S-boxes 
of length N = 16 satisfying the strict avalanche criterion, both in terms of component Boolean functions and in terms of 
4-functions, also possess optimal nonlinear properties. This circumstance allows us to recommend S-boxes satisfying 
the strict avalanche criterion of component 4-functions for use in modern cryptographic algorithms. 

 
Keywords: many-valued logic functions, strict avalanche criterion, S-box. 
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Важнейшим компонентом современных криптографических алгоритмов, который во многом определяет 

качество криптопреобразования, является S-блок. Современная методика оценки качества S-блоков предпола-
гает их представление в виде компонентных булевых функций, к которым применяются критерии криптогра-
фического качества, такие как нелинейность, критерий распространения ошибки, строгий лавинный крите-
рий, корреляционный иммунитет.  Тем не менее очевидным является тот факт, что криптоаналитик не 
стеснен в способах представления компонент шифра, в частности и с помощью функций многозначной логики. 
Конструктивные особенности современных криптоалгоритмов допускают их представление в виде функций 
4-логики, что диктует необходимость исследования криптографических свойств S-блоков, представленных  
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в виде компонентных 4-функций. В литературе сегодня имеются методы измерения нелинейности 4-функций, 
тем не менее отсутствуют подобные методы для изучения дифференциальных свойств 4-функций, в частно-
сти, их соответствия строгому лавинному критерию. В настоящей статье строгий лавинный критерий 
обобщен на случай 4-функций, проведены исследования соответствия строгому лавинному критерию компо-
нентных 4-функций S-блоков криптоалгоритма «Магма». Методом ограниченного перебора синтезированы 
все сбалансированные 4-функции длины N = 16, удовлетворяющие строгому лавинному критерию. Определены 
базовые свойства построенного класса 4-функций, а также построены биективные S-блоки на их основе.  
Установлено, что S-блоки длины N = 16, удовлетворяющие строгому лавинному критерию как с точки зрения 
компонентных булевых функций, так и с точки зрения 4-функций, обладают также оптимальными нелиней-
ными свойствами. Данное обстоятельство позволяет рекомендовать S-блоки, удовлетворяющие строгому 
лавинному критерию компонентных 4-функций, к использованию в современных криптоалгоритмах. 

 
Ключевые слова: функции многозначной логики, строгий лавинный критерий, S-блок. 
 
Introduction and problem formulation. The prob-

lem of further improvement of modern cryptographic in-
formation protection systems is closely related to the tasks 
of constructing higher quality cryptographic primitives. In 
many ways the strength of a symmetric cryptographic 
algorithm is determined by a substitution box (S-box) [1]. 

Currently, the quality of S-boxes is determined by the 
following main criteria for cryptographic quality [2]: 

1. The algebraic degree of nonlinearity. 
2. The distance of nonlinearity. 
3. The error propagation criterion, a particular case of 

which is the strict avalanche criterion (SAC), as well as 
the criterion of maximum avalanche effect. 

4. The matrix of the correlation coefficients of the S-
box output and input, as well as the associated criterion of 
the component Boolean functions correlation immunity. 

All of these criteria are based on the representation of 
the S-box as a set of Boolean functions. However, other 
mathematical constructions describing a cryptoalgorithm, 
in particular, the apparatus of many-valued logic func-
tions can be used to launch an attack. 

This circumstance requires the research of all possible 
forms of S-boxes representation, in particular, using the 
component functions of many-valued logic. 

The cryptoalgorithms used in practice often have  
S-boxes of length N  multiple of 4, for example, 16N   
as in the “Magma” cryptoalgorithm [3] or 256N   as in 
the Nyberg S-boxes [4; 5] in the AES cryptoalgorithm [6]. 
Thus, the research of the cryptographic quality of S-boxes 
represented as component 4-functions is of practical 
value. 

The 4-nonlinearity criterion for S-boxes was intro-
duced and a method for synthesizing S-boxes with a 
maximum 4-nonlinearity value was proposed in [7] on the 
basis of the Vilenkin–Chrestenson transformation. How-
ever, at present in the literature there is no definition of 
the strict avalanche criterion as applied to the representa-
tion of S-boxes as 4-logic functions. 

This paper is devoted to the research of the strict ava-
lanche criterion of 4-functions, as well as the synthesis of 
S-boxes whose component 4-functions satisfy the strict 
avalanche criterion. 

The propagation criterion of the Boolean functions. 
The strict avalanche criterion is one of the main criteria 
which characterize resistance to differential cryptanalysis 
[8]. Methods for the synthesis of S-boxes that satisfy the 
strict avalanche criterion are practically in demand, and 
well-known [8–10]. 

The research of the Boolean function compliance with 
the strict avalanche criterion is based on the following 
definitions. 

Definition 1 [11]. A derivative in the direction nu V  

of the Boolean function f  is the Boolean function 

( ) ( ) ( )uD f x f x f x u   ,            (1) 

where nV  is the linear vector space of binary vectors of 

length n ,   is the modulo 2 addition. 
Definition 2 [11]. The Boolean function ( )f x  satis-

fies the propagation criterion with respect to the vector 

nu V   – ( )PC u  if its derivative in the direction u  is a 

balanced function, i. e. 

{ ( ) ( )} 0,5p f x f x u   .         (2) 

Definition 3 [11]. The Boolean function ( )f x  satis-

fies the propagation criterion of the degree k – ( )PC k  if 

it satisfies the propagation criterion ( )PC u  with respect 

to all vectors u  of weight 1 ( )wt u k  , i. e. 

{ ( ) ( )} 0.5p f x f x u   ,   , 1 ( )nu V wt u k    .  (3) 

Definition 4 [11]. The Boolean function f  satisfies 

the strict avalanche criterion (SAC) if it satisfies the 
propagation criterion of the degree 1 – (1)PC  

{ ( ) ( )} 0.5p f x f x u   ,   , ( ) 1nu V wt u   . (4) 

Let us consider the S-box synthesized in [10] and its 
decomposition into component Boolean functions 

4 7 2 14 1 13 8 11 15 12 6 10 5 9 3 0

0 1 0 0 1 1 0 1 1 0 0 0 1 1 1 0

.0 1 1 1 0 0 0 1 1 0 1 1 0 0 1 0

1 1 0 1 0 1 0 0 1 1 1 0 1 0 0 0

0 0 0 1 0 1 1 1 1 1 0 1 0 1 0 0

S

 
 
    
 
 
  

 (5) 

Let us give an example of researching the Boolean 
function of four variables which is the first component 
function of the S-box (5) on compliance with the strict 
avalanche criterion 

 
 

1 2 3 4( , , , )f x x x x   

 0 1 0 0 1 1 0 1 1 0 0 0 1 1 1 0 .  (6)  
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Table 1 
Example of finding derivatives of the Boolean function 

 

( )f X  ( 0001)f X   0001D f  ( 0010)f X   0010D f  ( 0100)f X   0100D f  ( 1000)f X   1000D f  

(0000) 0f   (0001) 1f   1 (0010) 0f   0 (0100) 1f   1 (1000) 1f   1 

(0001) 1f   (0000) 0f   1 (0011) 0f   1 (0101) 1f   0 (1001) 0f   1 

(0010) 0f   (0011) 0f   0 (0000) 0f   0 (0110) 0f   0 (1010) 0f   0 

(0011) 0f   (0010) 0f   0 (0001) 1f   1 (0111) 1f   1 (1011) 0f   0 

(0100) 1f   (0101) 1f   0 (0110) 0f   1 (0000) 0f   1 (1100) 1f   0 

(0101) 1f   (0100) 1f   0 (0111) 1f   0 (0001) 1f   0 (1101) 1f   0 

(0110) 0f   (0111) 1f   1 (0100) 1f   1 (0010) 0f   0 (1110) 1f   1 

(0111) 1f   (0110) 0f   1 (0101) 1f   0 (0011) 0f   1 (1111) 0f   1 

(1000) 1f   (1001) 0f   1 (1010) 0f   1 (1100) 1f   0 (0000) 0f   1 

(1001) 0f   (1000) 1f   1 (1011) 0f   0 (1101) 1f   1 (0001) 1f   1 

(1010) 0f   (1011) 0f   0 (1000) 1f   1 (1110) 1f   1 (0010) 0f   0 

(1011) 0f   (1010) 0f   0 (1001) 0f   0 (1111) 0f   0 (0011) 0f   0 

(1100) 1f   (1101) 1f   0 (1110) 1f   0 (1000) 1f   0 (0100) 1f   0 

(1101) 1f   (1100) 1f   0 (1111) 0f   1 (1001) 0f   1 (0101) 1f   0 

(1110) 1f   (1111) 0f   1 (1100) 1f   0 (1010) 0f   1 (0110) 0f   1 

(1111) 0f   (1110) 1f   1 (1101) 1f   1 (1011) 0f   0 (0111) 1f   1 

 
 
To do this, in accordance with Definition 3 and Defi-

nition 4, we need to find the derivatives of the Boolean 
function (6) in all directions of the Hamming weight 

( ) 1wt u  , i.e. in directions {001} , {010}  and {001} . The 

results are shown in tab. 1. 
The presented results lead to the conclusion: all de-

rivatives iD f are balanced, i.e. ( ) 2iwt D f N , where 

N  is the length of the truth table of the Boolean function. 
Thus, the Boolean function (6) satisfies the SAC. 

Extension of the strict avalanche criterion to the 
case of 4-functions. However, in the case of attacking the 
cryptographic algorithm a cryptanalyst is not constrained 
by the means used and can use the approximation of ci-
pher elements by any available means including methods 
of many-valued logic as it is shown in research carried out 
in [12]. Thus, when constructing S-boxes it makes sense 
to consider not only binary affine functions, but also af-
fine functions of many-valued logic through which the S-
box of a given size can be represented. 

Definition 5 [13]. The mapping 

   0,1, 2,..., 1 0,1, 2,..., 1
n

q q    is called the function 

of the q -valued logic of n  variables. 

Definition 5 is the definition of Boolean functions 
when 2q  . Definition 5 is the definition of 4-functions 

as mappings {0,1, 2,3} {0,1,2,3}k   when 4q  . Thus, a 

4-function is a rule that uniquely associates the vector of 
k  coordinates that take values 0, 1, 2, 3 with a value of 0, 
1, 2 or 3. 

For example, the S-box (5) can be represented using 
two component 4-functions 

4 7 2 14 1 13 8 11 15 12 6 10 5 9 3 0

0 3 2 2 1 1 0 3 3 0 2 2 1 1 3 0 ,

1 1 0 3 0 3 2 2 3 3 1 2 1 2 0 0

S

 
  
 
 

(7) 

the cryptographic properties of which also determine the 
properties of the S-box itself but at the level of quaternary 
logic. 

We propose a general scheme for which the Boolean 
function and 4-function will be special cases. 

Let us consider the q -function of n  variables ( )f x . 

Let  1 2, ,..., nu u u u . 

Definition 6. The weight ( )u  of a q -valued vector 

is the number of its nonzero components. 
Definition 7. The derivative of the function f  with 

respect to the direction of the vector u  is the function 

( ) ( ) ( ) (mod )u
q

D f x f x u f x q    , (8) 

where 
q
  means the modulo q  addition. 

Definition 8. The function of q -valued logic ( )f x  

satisfies the propagation criterion with respect to the vec-
tor nu V   – ( )PC u  if its derivative in the direction u  is 

a balanced function, i. e. values 0,1,..., 1q   are taken 

with equal probabilities: 
1

( ( ) (mod ))up D f x i q
q

   for 

all 0,1,..., 1i q  . In other words, 0 1 1... qK K K    , 

where iK  is the number of sets of variable values for 
which the derivative takes the value i . 

Definition 9. The function of q -valued logic ( )f x  

satisfies the propagation criterion of degree k  – ( )PC k  

if it satisfies the propagation criterion ( )PC u  with re-

spect to all vectors u  of weight 1 ( )u k    . 

Definition 10. The function of q -valued logic ( )f x  

satisfies the strict avalanche criterion (SAC) if it satisfies 
the propagation criterion of degree 1 – (1)PC . 

In accordance with the definitions introduced,  
we consider the example of researching the first  
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4-function of the S-box (7) for compliance with the strict 
avalanche criterion. 

Data analysis in tab. 2 allows us to say that the first 
component 4-function of the S-box (7) does not satisfy the 
strict avalanche criterion. Thus, being optimal in terms  
of the strict avalanche criterion in a binary sense, the  
S-box (7) is not optimal in terms of the strict avalanche 
criterion in a quaternary sense. 

We illustrate our reasoning with examples of well-
known cryptoalgorithms. 

Research of S-boxes of the “Magma” crypto-
graphic algorithm. The approach in which S-boxes were 
considered as a long-term key was used in the common 
GOST 28147–89 cryptoalgorithm. In the new edition of 
the standard GOST R 34.12–2015 the following set of S-
boxes was defined [3] 

12 4 6 2 10 5 11 9 14 8 13 7 0 3 15 1

6 8 2 3 9 10 5 12 1 14 4 7 11 13 0 15

11 3 5 8 2 15 10 13 14 1 7 4 12 9 6 0

12 8 2 1 13 4 15 6 7 0 10 5 3 14 9 11

7 15 5 10 8 1 6 13 0 9 3 14 11 4 2 12

5 13 15 6 9 2 12 10 11 7 8 1 4 3 14 0

8 14 2 5 6 9 1 12 15 4 11 0 13 10 3 7

1 7 14 13 0 5 8 3 4 15 10 6 9 12 11 2

S

 
 
 
 
 
  
 



 

.






(9) 

Tab. 3 shows the values of the basic criteria for the 
cryptographic quality of S-boxes (9). 

The data analysis in tab. 3 dictates the need for further 
improvement of the substitution constructions of the cryp-
toalgorithm “Magma” and similar ones. 

 
 

Table 2 
Example of finding the derivative of 4-function 

 

( )f X  01u   01D f  02u   02D f  03u   03D f  10u  10D f  20u   20D f  30u   30D f  

(00) 0f   3 3 2 2 2 2 1 1 3 3 1 1 

(01) 3f   2 3 2 3 0 1 1 2 0 1 1 2 

(02) 2f   2 0 0 2 3 1 0 2 2 0 3 1 

(03) 2f   0 2 3 1 2 0 3 1 2 0 0 2 

(10) 1f   1 0 0 3 3 2 3 2 1 0 0 3 

(11) 1f   0 3 3 2 1 0 0 3 1 0 3 2 

(12) 0f   3 3 1 1 1 1 2 2 3 3 2 2 

(13) 3f   1 2 1 2 0 1 2 3 0 1 2 3 

(20) 3f   0 1 2 3 2 3 1 2 0 1 1 2 

(21) 0f   2 2 2 2 3 3 1 1 3 3 1 1 

(22) 2f   2 0 3 1 0 2 3 1 2 0 0 2 

(23) 2f   3 1 0 2 2 0 0 2 2 0 3 1 

(30) 1f   1 0 3 2 0 3 0 3 1 0 3 2 

(31) 1f   3 2 0 3 1 0 3 2 1 0 0 3 

(32) 3f   0 1 1 2 1 2 2 3 0 1 2 3 

(33) 0f   1 1 1 1 3 3 2 2 3 3 2 2 

 
 

Table 3 
The values of the main criteria for the cryptographic quality of the “Magma” cryptoalgorithm S-boxes 

 

S-box Algebraic degree of 
nonlinearity 

deg( )S  

Nonlinearity 
distance 

SNl  

Maximum absolute values of 
the matrix of correlation coef-

ficients  ,
,

max i j
i j

c  

Compliance  
with the SAC  

in a binary sense 

Compliance with 
the SAC  

in a quaternary 
sense 

1S  2 4 0.5 – – 

2S  2 4 0.5 – – 

3S  3 4 0.5 – – 

4S  3 4 0.25 – – 

5S  2 4 0.5 – – 

6S  3 4 0.5 – – 

7S  2 4 0.5 – – 

8S  3 4 0.5 – – 
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Experimental search for S-boxes satisfying SAC in 
a quaternary sense. The problem of finding S-boxes that 
satisfy the SAC in a quaternary sense is important from a 
practical point of view.  Nevertheless, we note that even 
the search for 4-functions of length 16N   (that is,  
the smallest of those having practical sense) satisfying  
the SAC in a quaternary sense is associated with consid-
erable computational difficulties because the number  
of 4-functions of this length is 4 294 967 296. 

However, it is known that the construction of bijective 
S-boxes is possible only on the basis of balanced  
4-functions [14]. 

Obviously, the total number of balanced 4-functions of 

length 16N   is 4 4 4 4
16 12 8 4J C C C C      1820 495 70 1    = 

63063000 , which is significantly less than the total 

number of 4-functions of length 16N  . 
We experimentally (by exhaustive search of all vari-

ants) established that in a given volume of balanced  
4-functions there are 7680 functions satisfying the SAC in 
a quaternary sense. 

Direct verification established the properties of the 
functions of this set. 

Definition 11. Let us call a new sequence 

2 { }, 1, 2,...,0jT t j N N     a mirror image of the 

sequence 1 { }, 0,1,..., 1iT t i N    . 

Property 1. The sequence obtained as a result of mir-
roring a balanced sequence satisfying the SAC in a qua-
ternary sense also satisfies the SAC in a quaternary sense. 

For example, let us consider one of the 4-functions 
satisfying SAC in a quaternary sense 

 0 0001023212312133f  .       (10) 

Performing its mirroring we obtain a new 4-function, 
which also satisfies the SAC in a quaternary sense 

 1 3312132123201000f  .    (11) 

Property 2. Sequences obtained by applying the fol-
lowing 8 of the 24 possible single-valued mappings of the 
alphabet of the sequence satisfying the SAC in a quater-
nary sense also satisfies the SAC in a quaternary sense 

 
0 1 2 3 0 1 2 3 0 1 2 3

; ; ;
0 1 2 3 0 3 2 1 1 0 3 2

0 1 2 3 0 1 2 3 0 1 2 3
; ; ;

1 2 3 0 2 1 0 3 2 3 0 1

0 1 2 3 0 1 2 3
; .

3 0 1 2 3 2 1 0

     
     
     

     
     
     

   
   
   

 (12)

  
Let us consider an increasing sequence of non-

negative integers from 0 to 1n   

 0,1,2,3,..., 1u n  .                 (13) 

 
 
 
Definition 12 [15]. By the dyadic shift operator we shall mean the matrix of the size n n , each row of which is ob-

tained in accordance with the following rule 

( )i iDyad n u i  ,     (14) 

where the sign   means addition modulo 2. 
Thus, the 16th order dyadic shift operator has the following form 
 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0 3 2 5 4 7 6 9 8 11 10 13 12 15 14

2 3 0 1 6 7 4 5 10 11 8 9 14 15 12 13

3 2 1 0 7 6 5 4 11 10 9 8 15 14 13 12

4 5 6 7 0 1 2 3 12 13 14 15 8 9 10 11

5 4 7 6 1 0 3 2 13 12 15 14 9 8 11 10

6 7 4 5 2 3 0 1 14 15 12 13 10 11 8 9

7 6 5 4 3 2 1 0 15 14 13 12 11 10 9 8
(16)

8 9 10 11 12 13 14 15 0
Dyad 

1 2 3 4 5 6 7

9 8 11 10 13 12 15 14 1 0 3 2 5 4 7 6

10 11 8 9 14 15 12 13 2 3 0 1 6 7 4 5

11 10 9 8 15 14 13 12 3 2 1 0 7 6 5 4

12 13 14 15 8 9 10 11 4 5 6 7 0 1 2 3

13 12 15 14 9 8 11 10 5 4 7 6 1 0 3 2

14 15 12 13 10 11 8 9 6 7 4 5 2 3 0 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

 
 
 
 
 
 
 
 
 
 
 
 
 











 

.












                         (15) 
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Property 3. Sequences obtained by applying the dyadic shift operator to the original sequence satisfying the SAC in 
a quaternary sense also satisfies the SAC in a quaternary sense. 

For example, the following 16 sequences that satisfy the SAC in a quaternary sense can be obtained by applying the 
dyadic shift operator (15) on the basis of the sequence (11) satisfying the SAC in a quaternary sense 

 

 
 
 
 
 
 
 
 

 
 
 

0001023212312133 ; 1231213300010232 ;

0010202321131233 ; 2113123300102023 ;

0100320231123321 ; 3112332101003202 ;

1000232013213312 ; 1321331210002

0232000121331231 ;

2023001012332113 ;

3202010033213112 ;

2320100033121321 ;

 
 
 
 
 

320 ;

2133123102320001 ;

1233211320230010 ;

3321311232020100 ;

3312132123201000 .

         (16) 

 

Definition 13. By the 4-shift operator we shall mean the matrix of the size n n  each row of which is obtained in 
accordance with the following rule 

4
4 ( ) iad n u i  ,        (17) 

where the sign 
4
  means addition modulo 4. 

Thus, the 16th order 4-shift operator has the following form 
 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 2 3 0 5 6 7 4 9 10 11 8 13 14 15 12

2 3 0 1 6 7 4 5 10 11 8 9 14 15 12 13

3 0 1 2 7 4 5 6 11 8 9 10 15 12 13 14

4 5 6 7 8 9 10 11 12 13 14 15 0 1 2 3

5 6 7 4 9 10 11 8 13 14 15 12 1 2 3 0

6 7 4 5 10 11 8 9 14 15 12 13 2 3 0 1

7 4 5 6 11 8 9 10 15 12 13 14 3 0 1 2
4 (16)

8 9 10 11 12 13 14 15 0 1
ad 

2 3 4 5 6 7

9 10 11 8 13 14 15 12 1 2 3 0 5 6 7 4

10 11 8 9 14 15 12 13 2 3 0 1 6 7 4 5

11 8 9 10 15 12 13 14 3 0 1 2 7 4 5 6

12 13 14 15 0 1 2 3 4 5 6 7 8 9 10 11

13 14 15 12 1 2 3 0 5 6 7  4 9 10 11 8

14 15 12 13 2 3 0 1 6 7 4  5 10 11 8 9

15 12 13 14 3 0 1 2 7 4 5 6 11 8 9 10

 
 
 
 
 
 
 
 
 
 
 
 












 

.












              (18) 

 

Property 4. Sequences obtained by applying the 4-shift operator of the original sequence satisfying the SAC in a 
quaternary sense also satisfies the SAC in a quaternary sense. 

For example, the following 16 sequences that satisfy the SAC in a quaternary sense can be obtained by applying the 
4-shift operator (18) on the basis of the sequence (11) satisfying the SAC in a quaternary sense 

 

 
 
 
 
 
 
 
 

 
 
 

0001023212312133 ; 1231213300010232 ;

0010232023111332 ; 2311133200102320 ;

0100320231123321 ; 3112332101003202 ;

1000202311233213 ; 1123321310002

0232123121330001 ;

2320231113320010 ;

3202311233210100 ;

2023112332131000 ;

 
 
 
 
 

023 ;

2133000102321231 ;

1332001023202311 ;

3321010032023112 ;

3213100020231123 .

                         (19) 
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Table 4 
Cryptographic properties of the proposed set of S-boxes 

 

S-box Algebraic de-
gree of nonlin-
earity deg( )S  

Nonlinearity 
distance 

SNl  

Maximum absolute values of 
the matrix of correlation coeffi-

cients  ,
,

max i j
i j

c  

Compliance with 
the SAC in a binary 

sense 

Compliance with 
the SAC in a qua-

ternary sense 

1 8...S S  3 4 0.5 + + 

 
 
 

On the basis of the obtained 7680 balanced  
4-functions which satisfy SAC in a quaternary sense  
it was possible to construct 245760 bijective S-boxes. 
8192 of them simultaneously satisfy the SAC in a binary 
sense. It was established experimentally that in addition to 
compliance with the SAC in a quaternary and binary 
sense each of the 8192 built S-boxes of length 16N   
has the maximum nonlinearity distance 4SNl  , the al-
gebraic degree of nonlinearity deg( ) 3S  , and the maxi-

mum absolute values of the correlation coefficient matrix 

 ,
,

max 0.5i j
i j

c  . 

Thus, the high cryptographic quality of S-boxes  
simultaneously satisfying the SAC in a quaternary and in 
a binary sense is proven. It seems to us reasonable to rec-
ommend them for practical use in cryptoalgorithms, for 
example, in “Magma”. We present one of the possible 
replacement tables composed of the S-boxes constructed 
by us and satisfying the SAC in a quaternary and binary 
sense 

0 1 3 7 14 2 10 9 6 12 11 4 13 8 15 5

1 0 2 6 15 3 11 8 7 13 10 5 12 9 14 4

3 2 0 4 13 1 9 10 5 15 8 7 14 11 12 6

2 3 1 5 12 0 8 11 4 14 9 6 15 10 13 7

8 9 12 0 3 7 2 1 15 5 13 10 11 6 4 14

9 8 13 1 2 6 3 0 14 4 12 11 10 7 5 15

11 10 15 3 0 4 1 2 12 6 14 9 8 5 7 13

10 11 14 2 1 5 0 3 13 7 15 8 9 4 6 12

S

 
 
 
 
 
   
 



 

.






. (20) 

Tab. 4 shows the cryptographic properties of the set of 
S-boxes proposed for practical use, which are the same 
for the entire set. 

Conclusions. We note the main results obtained in the 
paper: 

1. The strict avalanche criterion is extended to the case 
of functions of q -valued logic for an arbitrary value  

of .q  

2. The S-boxes of the “Magma” cryptographic algo-
rithm were researched. The research showed that they do 
no satisfy the strict avalanche criterion both in terms of 
Boolean functions and in terms of 4-logic functions. 

3. All balanced 4-functions that satisfies the strict ava-
lanche criterion were found experimentally. The class of 
S-boxes which satisfies the strict avalanche criterion both 
in terms of Boolean functions and in terms of 4-logic 
functions is constructed on the basis of the found set of 4-
functions. These S-boxes also have the maximum possible 
distance of non-linearity and the algebraic degree of non-
linearity, as well as an acceptable level of correlation of 

the output and input vectors. Thus, the constructed S-
boxes can be recommended for practical use including the 
use in the “Magma” cryptoalgorithm. 
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LIBRARY OF MATHEMATICAL FUNCTIONS WITH PARALLELISM  
AT THE OPERATIONAL LEVEL IN THE PYTHAGOR LANGUAGE 

 
J. V. Udalova*, D. A. Kuzmin 
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79, Svobodny Av., Krasnoyarsk, 660041, Russian Federation 
*E-mail: judalova@sfu-kras.ru 

 
At present, developed tools and libraries have been designed for imperative and functional programming languages 

that provide parallelism through processes or threads. There are other alternative approaches to the organization of 
parallel computing, one of which is implemented in Pythagor – the language of functional-streaming parallel pro-
gramming, and involves parallelism at the level of operations. 

The tools of the Pythagor programming language are actively developing, and the repository of predefined functions 
is expanding. Many mathematical functions have been designed to provide a developer with no less functionality than 
the math library math.h of the C programming language. A large part of the mathematical functions have been imple-
mented using the Maclaurin’s series. It is both used as an approach of faster and less accurate calculations, in which  
a predetermined number of elements of the series is calculated without cycles and recursions with the substitution  
of pre-calculated coefficients in the function code, and as an approach of less rapid and more accurate calculations, in 
which the elements of the series are calculated dynamically until the desired accuracy is achieved. 

The development of a library of mathematical functions of a programming language is an applied algorithmic task 
already implemented in one way or another for a number of existing programming languages. But in many languages, 
the implementation of algorithms for mathematical functions is hidden from the user, while modern tools of the  
Pythagor language support an open repository of functions. Additional interest is the possibility of parallelism at the 
level of operations in the calculation of mathematical formulas in the Pythagor language. 

 
Keywords: parallelism at the operation levels, functional-stream programming, algorithms of mathematical functions. 
 

РЕАЛИЗАЦИЯ БИБЛИОТЕКИ МАТЕМАТИЧЕСКИХ ФУНКЦИЙ  
С ПАРАЛЛЕЛИЗМОМ НА УРОВНЕ ОПЕРАЦИЙ НА ЯЗЫКЕ ПИФАГОР 

 
Ю. В. Удалова*, Д. А. Кузьмин   

 
Сибирский федеральный университет 

Российская Федерация, 660041, г. Красноярск, просп. Свободный, 79 
*E-mail: judalova@sfu-kras.ru 

 
К настоящему времени параллельное программирование обеспечивается большим объемом развитых инст-

рументов и библиотек, базирующихся на императивном программировании с применением параллельных про-
цессов или потоков (нитей), также развиваются средства распараллеливания и для функциональных языков 
программирования. Вместе с перечисленными инструментами существуют и альтернативные подходы к ор-
ганизации параллельных вычислений, один из которых реализуется языком функционально-потокового парал-
лельного программирования Пифагор, поддерживающим параллелизм на уровне операций. 

И теоретические концепции, и инструментальные средства обозначенного языка программирования ак-
тивно развиваются, расширяется репозиторий разработанных функций. Разработано множество матема-
тических функций, без встроенной реализации которых затруднено комфортное программирование многих 
задач, способное предоставить разработчику не меньшую функциональность, чем математическая библио-
тека math.h языка С. Большая часть математических функций реализована с помощью рядов Маклорена. Ис-
пользуется как подход, предоставляющий более быстрые и менее точные вычисления, при котором без циклов 
и рекурсий вычисляется предопределенное количество элементов ряда с подстановкой в код функции заранее 
вычисленных коэффициентов, так и подход, предоставляющий менее быстрые и более точные вычисления, 
при котором элементы ряда вычисляются динамически до достижения нужной точности. Для части функций 
ряд Маклорена имеет ощутимо разный уровень точности в рамках своей области определения, тогда в окре-
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стностях точек, отрицательно влияющих на точность ряда, искомая функция уточняется с помощью допол-
нительных математических формул, например, формул приведения. 

Задача описания библиотеки математических функций языка является прикладной алгоритмической зада-
чей, уже реализованной тем или иным образом для ряда существующих языков программирования. При этом 
во многих языках реализация алгоритмов математических функций скрыта от пользователя, последнему пре-
доставляется только возможность программного вызова такой функции, тогда как современные инстру-
ментальные средства языка Пифагор поддерживают открытый репозиторий функций. Применительно  
к языку программирования Пифагор интерес представляют особенности и возможности распараллеливания 
на уровне операций при вычислении математических формул, представленные в статье. 

 
Ключевые слова: параллелизм на уровне операций, функционально-потоковое программирование, алгоритмы 

математических функций. 
 
Introduction. The Pythagor language of functional-

stream parallel programming [1–6] maintaining overlap-
ping at the level of operations and assuming the organiza-
tion of architecture-independent parallel calculations 
represents alternative approach to parallel calculations. 
Now the language and its tools are actively developing 
[7–14]. The article is devoted to realization of mathemati-
cal functions library for the Pythagor language and illus-
trates features of stream parallel calculations with over-
lapping at the level of operations. 

Considerable part of mathematical functions is calcu-
lated by means of Makloren's series [15]. Both a faster 
and less accurate calculations, at which the predetermined 
number of elements of a series with pre-calculated coeffi-
cients, and a less fast and more accurate calculations, at 
which elements of series are calculated dynamically be-
fore achievement of the desired accuracy, are used. 

Approximate calculation of mathematical functions 
and their program realization in a number of the known 
programming languages are the tasks that have been 
solved by now. As for the Pythagor language and its 
original calculation pattern the task has been solved for 
the first time. Besides, realization of mathematical func-
tions in many known languages is hidden from the devel-
oper: he can cause function performance, but cannot 
know by means of what method and algorithm the calcu-
lation of result is done. Thus, the basic principles of 
mathematical library design described in the article can be 
useful to those readers who need to solve a similar prob-
lem for their own calculation system. 

Fast approximate calculation of Makloren's series 
on the example of a sine, a cosine and exponent. Mak-
loren's series for the sine is written as: 

sin(x) ≈ x – x3/3! + x5/5! – x7/7! + …, 

where |x| ≤ 1.                        (1) 

In calculation of a sine for a random angle = х radian, 
it is required to give an argument to an interval [–π, π]. In 
case the argument belongs to [–π, -π/2) U (π/2, π], it 
moves to the interval [–π/2, π/2], whereupon remembered 
is the indicator of the subsequent multiplication of the 
result by –1. For the argument x from [–π/2, π/2] calcu-
lated is х’ = 2x/π, approximate formula (1) is written as 
follows: 

sin(x) = sin(πx’/2) ≈ (π/2)x’ – (π/2)3x’3/3! + 

+ (π/2)5x’5/5! – (π/2)7x’7/7! + …, 

where |x|≤π/2, |x’|≤1                (2) 

For fast calculation of an acceptable result the first six 
summands in a series are taken and their numerical coef-

ficients are pre-calculated external to the program  
code: 1) k1 = π/2 = 1.570796326794, 2) k2 = –(π/2)3/3! =  
= –0.645964097505, 3) k3 = (π/2)5/5! = 0.079692626245, 
4) k4 = –(π/2)7/7! = -–0.0046817541, 5) k5 = (π/2)9/9! =  
= 0.00016044118, 6) k6 = –(π/2)11/11! = –0.0000035988432. 

In the course of the function operation, argument de-
grees are calculated; multiplication by coefficients and 
summation of a required formula are performed. Such 
algorithm is comparable to a similar consecutive impera-
tive algorithm except the fact that the Pythagor language 
calculation pattern assumes potential parallel performance 
of all those operations relating to one or different func-
tions with the available input data. Realization of the des-
ignated algorithm by means of the Pythagor language 
forms the following sequences of operators potentially 
available for parallel calculation (fig. 1). 

Fig. 1 shows that a great number of operators of one 
branch, for example, calculation of argument degrees x2, 
x3, x5, etc. can be performed only consistently since they 
need the results of smaller degrees, whereas operators  
of one layer, for example, «(х2, х5):*>>x7», 
«(0.079692626245,x5):*>>p3», «(p1,p2):+>>S1» can be 
potentially available for parallel performance. 

When illustrating the graph in fig. 1 selection of auxil-
iary identifiers was generally used – х2, … х11, р1, … 
р6, S1, … S5. The program code of function can be  
realized in the same style, or by means of combining  
formulas in one expression. For example, calculation  
of the required sum in the code is written as 
«(((((p1,p2):+,p3):+,p4):+,p5):+,p6):+ >> return»,  
whereby the operators calculation pattern remains the 
same (fig. 1). But, for example, selection in the code of 
identifier x2 is desirable, its existence prevents perform-
ing operation 'x*x’ several times when calculating argu-
ment degrees. 

Comparison of results of a sine fast approximate cal-
culation in the Pythagor language and calculations of a 
sine by means of a sin function call from math.h library in 
language C is presented in tab. 1. 

Other trigonometrical functions can be calculated 
similarly via their Makloren's series or by means of sub-
stitution of sine values in reduction formulas, for exam-
ple, of cos (x) =1 – 2sin2 (x/2).  

When realizing the mathematical functions library for 
the Pythagor language, reduction formulas were used. 
Therefore tables of comparison of  cosine and a tangent 
calculations in the Pythagor and C languages accurately 
correlate with tab. 1, i. e. for example, cos(1.2) will be 
closer to a similar call of a cosine from math.h than 
cos(1.6).  
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Fig. 1. Simplified information and control graph of the function sin 
 

Рис. 1. Упрощенный информационно-управляющий граф функции sin 
 
 

Table 1 
Sine calculation in the Pythagor language and С language (library math.h) 

 

Argument х math.h Pythagor Argument х math.h Pythagor 
0.2 0.198668 0.198669 5.2 –0.883455 –0.883455 
0.4 0.389417 0.389418 5.4 –0.772766 –0.772764 
0.6 0.564641 0.564642 5.6 –0.631268 –0.631266 
0.8 0.717355 0.717356 5.8 –0.464604 –0.464602 
1.0 0.841470 0.841471 6.0 –0.279418 –0.279416 
1.2 0.932039 0.932039 10.0 –0.544021 –0.544021 
1.4 0.985450 0.985452 50.0 –0.262375 –0.262375 
1.6 0.999574 0.999578 100.0 –0.506366 –0.506370 

 
 
Under approximate calculation of given functions by 

means of Makloren's series a considerable decrease in 
accuracy in the neighborhood of separate points, lying in 
the series range of definition can be observed, as a rule, it 
is 1 and-1. The arcsine belongs to such functions. For an 
arcsine the range of definition of function and series coin-
cide, it is [-1, 1] therefore argument transformation, simi-
lar to the one performed to the sine, is not required. Under 
approximate calculation of an arcsine the following for-
mula based on its Makloren’s series with the coefficients 
calculated out of the program code is used: 

arcsin(x) ≈ x + 0.166666666666x3 + 0.075x5 +  

+ 0.044642857142x7 + 0.030381944444x9 +  

+ 0.022372159090x11 + 0.017352764423x13 +  

+ 0.01396484375x15 + 0.011551800896x17 +  

+ 0.009666219208x19 + 0.008390335809x21 +  

+ 0.007312525873x23 + 0.000011679728x25,  

where |x| ≤ 1                                   (3) 
 

While for a sine acceptable accuracy it is enough to 
take first six summands, for an arcsine it is desirable to 

calculate not less than twelve. In addition, supposing x  
is located in the neighborhood of points 1 or –1, the accu-
racy of an approximate formula considerably decreases. 
In realization of an arcsine for the Pythagor language  
at x belonging to [–1, –0.93) U (0.93, 1], the auxiliary 
formula arcsin (x) = π/2 – arcsin is used ((1 – x2)1/2). 

Comparison of the arcsine fast approximate calcula-
tion in the Pythagor language and calculations of the arc-
sine by means of the sin function call from math.h library 
in language C is presented in tab. 2. 

When calculating the exponent the following formula 
with preliminary calculated coefficients based on Mak-
loren's series is used: 

ex ≈ 1 + x + 0.5x2 + 0.166666666666 x3 +  

+ 0.041666666666 x4 + 0.008333333333x5 +  

+ 0.001388888888x6 + 0.00019841269841x7, 
where |x|≤0.7                               (4) 

 

Makloren's series of exponent is defined on [–1, 1], 
but as at fast approximate calculation the final small 
number of elements is used, for acceptable accuracy the 
domain [–0.7, 0.7] is chosen. The domain of exponent 
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definition includes all numerical axis, therefore for ran-
dom argument x the exponent property is used ea+b = eaeb. 
The argument x is divided into the integral and fractional 
parts, е in fractional degree is calculated with the help  
of formula (4), е in the integral degree is calculated  
by multiplication of constants е or 1/e, at the same  
time additional values, calculated external the program 
code, are applied to speed up calculations, for example,  
е2 = 7.389056098930649,   е8 = 2980.957987041726,  
е64 = 6.235149080811582e + 027, used in multiplication. 

Comparison of results of fast approximate calculation 
of exponent in the Pythagor language and exponent calcu-
lations by means of an exp function call from math.h li-
brary in language C is presented in tab. 3. 

The accurate recursive calculation of Makloren's 
series on the example of a logarithm. Makloren's series 
for the natural  logarithm  is written as: 

 

ln(x + 1) ≈ x – x2/2 + x3/3 – x4/4 +..., 
where –1 < x ≤ 1.                             (5) 

 

Formula (5) includes higher coefficients than Mak-
loren's series of the above considered functions, therefore 
fast calculation of the natural logarithm is not realized as 
it would demand enumeration of a significant number of 
summands (up to several hundreds or thousands). Instead, 
recursive calculation of formula (5) before achievement 
of the desired accuracy of 10-8 is used, in imperative lan-
guage it could be realized by means of a cycle, in the Py-
thagor language cyclic algorithms are realized by means 
of recursive functions. 

The definition domain of the natural logarithm is  
a set of positive numbers, therefore for any argument x 
the property of the natural logarithm is used ln(b*10a) = 
ln(b) + a*ln(10) = ln(b) + a*2.302585092994046, where b 
can be chosen so as to suit the calculation of ln(b) with 
the help of formula (5). 

Recursive function expects the argument type of 
(number 1, number 2, number 3) where number is b, 
number 2 in the first recursion call coincides with b, 
number 3  is a series denominator, in the first  recursion 
call equals one. One iteration of the recursion calculates 
four summands of Makloren's series. The simplified in-
formation and control graph of the natural logarithm func-
tion is written as (fig. 2).  

The expressions in braces, for example {(S, (b, (b4,b):*, 
(z,4):+):recursion):+} in fig. 2, belong to the delayed cal-
culations and will be carried out only if the condition  
of stop is true: - i.e. when the fourth command s4 in the 
current iteration taken according to module are more than 
10-8. Commands (b, (b4,b):*,(z,4):+) form the argument 
(number1, number2, number3) for the iteration following 
the same recursive function. Presented here recursive  
calculation of formula (5) can be realized via Pythagor 
language tools or other recursion ways, however, when 
realizing the library of mathematical functions the sug-
gested method was chosen. 

Comparison of the natural logarithm in the Pythagor 
language and natural logarithm by means of a log func-
tion call from math.h library in language C is presented  
in tab. 4. 

 
 

Table 2 
Calculation of the arcsine in the Pythagor and C languages (library math.h) 

 

Argument х math.h Pythagor Argument х math.h Pythagor 
0.1 0.100167 0.100167 0.91 1.143284 1.140812 
0.2 0.201358 0.201358 0.92 1.168081 1.164584 
0.3 0.304693 0.304693 0.93 1.194413 1.189442 
0.4 0.411517 0.411517 0.94 1.222630 1.229622 
0.5 0.523599 0.523599 0.95 1.253236 1.258546 
0.6 0.643501 0.643501 0.96 1.287002 1.290796 

 
 

Table 3 
Exponent calculation in the Pythagor and C languages (library math.h) 

 

Argument х math.h Pythagor Argument х math.h Pythagor 
–25 0.000000 0.000000 0.5 1.648721 1.648721 

–13.7 0.000001 0.000001 1.1 3.004166 3.004166 
–9.6 0.000068 0.000068 6.6 735.095093 735.094910 
–7.9 0.000371 0.000371 8.8 6634.245117 6634.240234 
–1.5 0.223130 0.223130 16.3 11994985.0 11994990.0 
–0.8 0.449329 0.449329 25 72004902912 72004902912 

 
 

Table 4 
Calculation of natural logarithm in Pythagor and С languages 

 

Argument х math.h Pythagor Argument х math.h Pythagor 
0.07 –2.659260 –2.659260 15 2.708050 2.708050 
0.15 –1.897120 –1.897120 40 3.688879 3.688879 
0.47 –0.755023 –0.755023 200 5.298317 5.298317 
0.88 –0.127833 –0.127833 400 5.991465 5.991465 
1.85 0.615186 0.615186 10500 9.259130 9.259131 

8 2.079442 2.079442 100000 11.512925 11.512930 
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Fig. 2. Simplified information and control graph of the function ln 
 

Рис. 2. Упрощенный информационно-управляющий граф функции ln 
 

 
Having realization of natural logarithm calculation  it 

becomes possible to calculate a logarithm on a random 
basis, using loga (b) property = ln(b)/ln(a), for a decimal 
logarithm in a denominator a constant 
2.302585092994046 calculated exclusive the code is sub-
stituted. Exponentiation is realized by means of the  
formula xy = ey*ln(x).   

Conclusion. The problem of the Pythagor language  
mathematical library development has been completely 
realized and is one of the subtasks which are successfully 
executed with the RFFI grant  “Architecture-independent 
Development of Parallel Programs on the basis of the 
Functional and Stream Paradigm”. 

The list of the realized mathematical functions. Mod-
ule. Sine. Cosine. Tangent. Cotangent. Arcsine. Arcco-
sine. Arctangent. Arc cotangent. Secant. Cosecant. Square 
root. Cubic root. Rounding. Rounding down. Rounding 
up. Integral and fractional parts of number. Exponent. 
Hyperbolic sine, cosine, tangent, cotangent. Natural loga-
rithm. Decimal logarithm. A logarithm on the specified 
basis. Exponentiation. The integral part from division and 
a remainder of division (arguments of function can be 
numbers, both integral, and material). Mantissa and expo-
nent of the two marking. Multiplication of number to the 
power of two. Number sign. Inverse hyperbolic: cosine, 
sine, tangent, cotangent, secant, cosecant. Rising of the 
two to the power. Maximum from couple of numbers. 
Minimum from couple of numbers. Hypotenuse. 
Difference module. 

All realized functions are included in the open reposi-
tory of the Pythagor language, thus, the developer can not 
only execute and look through their code, but also borrow 
it for creation of own algorithms or alternative realization 
of mathematical functions. 
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The development of digital technology allows continuous improvements in many areas. This paper reflects the 

development of a new fuel measurement method. To measure the fuel, the authors propose three fuel sensors and a 
computational element to simulate the position of the fuel level in space with further calculating the volume of fuel, to 
reduce errors due to the fuel meters operation. The main advantage of this system is the elimination of errors arising 
from the evolution of an aircraft, as well as its uneven movement. 

The paper demonstrates a phased development of a laboratory test bench to study the three-point method to 
measure fuel. In the course of the work, a vessel is assembled to simulate the fuel tank of the aircraft. The vessel is a 
glass container with submersible measuring sensors. Also, the research contains calculation of the bridge electrical 
circuit to compute a voltage value at each sensor. In the test, transformer fluid substitutes fuel, since it acted as a di-
electric. The program code for the microcontroller is recorded. 

The proposed method has several advantages in comparison with traditional methods of measuring the fuel level;  
a mathematical model is presented, on the basis of which the level of fuel in the aircraft fuel tank is measured. 

 
Keywords: laboratory test bench, fuel gauge, fuel tank, error, aviation. 
 
 
РАЗРАБОТКА ЛАБОРАТОРНОЙ УСТАНОВКИ ТРЕХТОЧЕЧНОГО ИЗМЕРЕНИЯ ТОПЛИВА 
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Развитие цифровых технологий позволяет непрерывно производить улучшения во многих сферах деятель-

ности. Данная работа посвящена разработке нового, несуществующего на данный момент метода измерения 
топлива. Для измерения топлива предлагается использовать три топливных датчика и вычислительный эле-
мент для моделирования положения уровня топлива в пространстве с дальнейшим расчетом объёма топлива, 
что позволит уменьшить погрешности, возникающие при эксплуатации топливомеров. Главным преимущест-
вом данной системы будет устранение погрешности, возникающей при эволюциях воздушного судна, а также 
при его неравномерном движении. 

В данной работе проводится поэтапная разработка лабораторного стенда для исследования трехточеч-
ного метода измерения топлива. В ходе работы был собран сосуд, моделирующий топливный бак воздушного 
судна. Сосуд представляет собой стеклянную емкость с погружными измерительными датчиками. Также 
был проведен расчет мостовой электрической схемы, рассчитывающей значение напряжения на каждом дат-
чике. В качестве замены топлива использовалось трансформаторное масло, выступающее в качестве диэлек-
трика. Был записан программный код для микроконтроллера. 

Предложенный способ обладает рядом преимуществ в сравнении с традиционными способами замера 
уровня топлива. В работе представлена математическая модель, на основе которой производилось измерение 
уровня топлива в топливном баке воздушного судна. 

 
Ключевые слова: лабораторная установка, топливомер, топливный бак, погрешность, авиация. 
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Introduction. The main objective of the method is to 
eliminate an error in case the surface of the fuel deviates 
from the position when the fuel is not affected by external 
forces [1]. 

The three-point method of fuel measurement involves 
the use of three fuel meters that determine the coordinates 
of the points located on the surface of the fuel and the 
electronic computing device with the geometric character-
istics of the fuel tank introduced into it [2–4]. 

The obtained spatial coordinates of the three points lo-
cated in the fuel tank in the computing device can be used 
to simulate the plane at the fuel surface (fig. 1). The re-
sulting plane isolates the upper (empty) part of the fuel 
tank [5–8]. Using the mathematical apparatus of the re-
sulting truncated figure (truncated fuel tank), we can cal-
culate its volume. 

The development of the pilot plant includes four 
stages: 

1. Fuel tank model design; 
2. Calculation and installation of electrical circuits of 

the fuel gauge; 
3. Firmware of the microcontroller; 
4. Test and adjustment of the installation. 
Fuel tank model design. The result of the first stage 

of constructing a fuel tank model is a vessel that is a glass 
flask with a square section and a wooden cover with holes 
to install submersible fuel meter sensors [9–11]. We use 
aluminum pipes with a diameter of 10 mm and 16 mm 
assembled in the form of coaxial capacitors as submersi-
ble sensors (fig. 2). 

For the calculation, the inner lower surface of the ves-
sel is divided into similar sectors (fig. 3). 

 
 

 
 

Fig. 1. The cross section of the fuel tank by the plane of the fuel level 
 

Рис. 1. Сечение топливного бака плоскостью уровня топлива 
 
 

    
 

Fig. 2. A vessel to measure liquids     Fig. 3. Selected sectors of the surface 
 

Рис. 2. Сосуд для измерения жидкости               Рис. 3. Выделенные сектора поверхности 
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The second stage consists of the calculation and instal-
lation of the measuring bridge generating a misalignment 
signal from 0V to 5V. 

Calculation and installation of electrical circuits  
of the fuel gauge. For the calculation and simulation  
of the scheme, we use an “online electric” resource  
for the interactive calculations of power supply systems 
(fig. 4). 

Based on the modeled scheme, we install three 
schemes of the measuring bridges for each sensor sepa-
rately to a prototyping board. Further, elements are con-
nected to the submersible sensor as a capacitive element 
[12; 13]. 

Firmware of the microcontroller. Microcontroller 
“WAVGAT” (fig. 5) is chosen to be a computing device 
due to its docile computing performance and ease of 
firmware. 

Microcontroller firmware is performed according to 
the following code; and an integrated development envi-
ronment Arduino is used as the development environ-
ment. 

Fig. 6 shows a part of the code, responsible for creat-
ing a program code with unchanged values to be used for 
the future mathematical calculations of the fuel level.  

Fig. 7 demonstrates a section of the program code, de-
signed to indicate the analog inputs, which are supplied 
with an analog signal in the form of voltage from 0 V  
to 5 V. This signal comes from the bridge circuit of the 
measuring unit. 

At this stage (fig. 8) analog-to-digital conversion of 
the input signal is performed to facilitate further mathe-
matical calculations [14; 15]. The calculated values as 
well as the constant values are used to continuous compu-
tation of the secant plane. 

 
 

 
 

Fig. 4. Electrical diagram of the measuring bridge 
 

Рис. 4. Электрическая схема измерительного моста 
 
 
 

 
 

Fig. 5. Microcontroller WAVGAT 
 

Рис. 5. Микроконтроллер WAVGAT 
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Fig. 6. The designation of the model vessel dimensions  
and the position of the submersible sensors 

 
Рис. 6. Обозначение размеров модели сосуда  

и положение погружных датчиков 
 
 

 
 

Fig. 7. Designation in the code of analog inputs 
 

Рис. 7. Обозначение в коде аналоговых входов 
 

 
 

 
 

Fig. 8. Analog-to-digital conversion and computation  
of the secant plane equation 

 
Рис. 8. Аналогово-цифровое преобразование  
и вычисление уравнения секущей плоскости  
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Nested loop (fig. 9) calculates the height of the fuel 
level in each sector of the fuel tank model. 

 

 
 

Fig. 9. Nested loop 
 

Рис. 9. Вложенный цикл 
 
After the firmware, the output channels of bridge cir-

cuit rectifiers are connected to the microcontroller analog 
inputs and the operation of this system is tested. Trans-
former oil is used as a dielectric to replace aviation fuel; 
this eliminates the need to do insulation for submersible 
sensors. 

Conclusion. By applying these corrections in the cal-
culations, it becomes possible to perform computations 
with higher accuracy. It is possible to notice, the virtual 
truncated model corresponds to the real level of fuel tank 
filling factor, and the error in case of external forces does 
not occur, since the section plane will tilt in the virtual 
model while maintaining the volume. 

The system shows some deviations during the meas-
urements, but in general, the reliability of this measure-
ment method has been confirmed and has got prospects 
for further development with more accurate measuring 
devices for better measurement accuracy. 
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A two-level system of data transmission in the optical range is considered between a low-orbit spacecraft located in 

a sun-synchronous orbit and a repeater satellite located in a geostationary orbit. This topic is rather relevant due to the 
fact that the rapid development of remote sensing satellites resulted in the increase of the amount of transmitted infor-
mation, which in consequence introduced new requirements for communication systems. The increase of data transmis-
sion rate and severization of requirements for communication systems contributed to the development of one of the most 
promising areas of space communications, based on the information transmission via a laser channel, due to a high 
energy concentration and a much higher carrier frequency. The prospects for the application of optical communication 
systems are designated by lower power consumption, dimensional specifications and the mass of the transceiver equip-
ment of the optical range (compared to radiofrequency range systems). 

The article describes the solution of application of optical communication link between a low-orbit spacecraft and a 
repeater satellite. The main factors that contribute to the attenuation in the process of signal propagation along the 
route are presented and analyzed. A model of a communication channel between a low-orbit spacecraft and a repeater 
satellite is provided for a visual image. Two different approaches of mutual guidance and tracking of laser terminals 
are described for using beacons and without ones. EDRS foreign system is considered as an analogue. The estimation 
of the main parameters of the communication link is given. 

The communication system considered in the article will allow for greater carrier capacity of the data transmission 
in the optical range between the low-orbit spacecraft and repeater satellite. The application of this system will allow 
solving problems, including in the interests of any departments and structures of the Ministry of Defense of the Russian 
Federation, for which the rate of obtaining information is one of the basic requirements for a satellite communication 
system. The tasks of precise targeting of receiving and transmitting devices arising as a result of narrow beam patterns 
can be solved with current technical means. 

 
Keywords: optical communication, low-orbit spacecraft, repeater satellite, channel parameters. 
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Рассмотрена двухуровневая система передачи данных оптического диапазона между низкоорбитальным 

космическим аппаратом (НКА), находящимся на солнечно-синхронной орбите, и спутником-ретранслятором 
(СР), находящимся на геостационарной орбите. Данная тема является весьма актуальной в связи с тем, что 
стремительное развитие спутников дистанционного зондирования земли привело к повышению объемов пере-
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даваемой информации, что в следствии привело к новым требованиям к системам связи. Увеличение скорости 
передачи данных, повышение требований к системам связи способствовало развитию одного из перспектив-
ных направлений космической связи, основанного на передаче информации по лазерному каналу благодаря  
высокой концентрации энергии и гораздо более высокой частоте несущей. Меньшее энергопотребление, габа-
ритные размеры и масса приемопередающей аппаратуры оптического диапазона (по сравнению с  системами 
радиодиапазона) определяют перспективы применения оптических систем связи. 

В статье описано решение использования между НКА и СР оптической линии связи. Приведены и проана-
лизированы основные факторы, вносящие ослабление в процессе распространения сигнала на трассе. Приведе-
на модель для наглядного отображения канала связи между НКА и СР. Описаны два разных подхода взаимного 
наведения и сопровождения лазерных терминалов с использованием маяков и без маяков. В качестве близкого 
аналога рассмотрена зарубежная система EDRS. Приведена оценка основных параметров линии связи. 

Рассмотренная в статье система связи сможет обеспечить большую пропускную способность при пере-
даче данных в оптическом диапазоне между НКА и СР. Применение данной системы позволит решать задачи, 
в том числе в интересах любых ведомств и структур МО РФ, для которых скорость получения информации 
является одним из основных требований, предъявляемых к системе спутниковой связи. Задачи точного наведе-
ния приемных и передающих устройств, возникающие как следствие узких диаграмм направленности, можно 
решить современными техническими средствами. 

 
Ключевые слова: оптическая связь, низкоорбитальный космический аппарат, спутник ретранслятор, 

параметры канала. 
 
Introduction. One of the promising areas for the de-

velopment of space communication systems is the appli-
cation of an optical communication system (OCS). These 
systems allow for greater carrier capacity with less power 
consumption, dimensional specifications and weight of 
transceiver equipment than the radiofrequency range sys-
tems currently in use. Wireless laser communication is a 
type of optical communication using electromagnetic 
waves of the optical range (light) generated by a laser 
source transmitted in free space. 

Potentially, optical communication systems can provide a 
high rate of information flow – up to 1–10 Gbit/s and higher, 
with onboard equipment weight of 35–70 kg [1]. 

These advantages of optical communication systems 
in comparison with radiofrequency range systems cause a 
growing interest to transmitting data between spacecraft 
in the optical range in the space industry. 

At the same time, the application of optical antennas 
with narrow radiation patterns in laser terminals of low-
orbit spacecraft (LOS) and repeater satellites (RS) defines 
firm requirements for the mutual guidance of antennas 
axes, which results in a number of technical difficulties. 

System description. Fig. 1 shows a schematic image 
of the considered communication system, which solves 
the problem of delivering the information from a low-
orbit spacecraft (LOS) to a ground information receiving 
station (GIRS) via a repeater satellite (RS). Information is 
delivered from the LOS to the RS in the optical range, and 
from the RS to the GIRS – in the radiofrequency range. 

An Earth remote sensing satellite is considered in the 
function of a LOS. The Earth remote sensing satellite 
receives the information about the Earth’s surface and 
objects on it, the atmosphere, the ocean, and the upper 
layer of the earth's crust by means of noncontact methods, 
when the data recorder is distant from the object under 
study. 

Requests of military departments serve as an effective 
stimulus for the development of Earth remote sensing 
systems [2; 3]. In this case, the speed of information  
delivery to the consumer plays a particularly important 
role. 

The system in question operates in a session mode. 
The duration of communication sessions is limited by the 
time of a line-of-sight coverage of laser terminals. In ad-
dition, the time of communication sessions is limited by 
the possible exposure of a solar radiation into the optical 
receivers, as well as by arrangement features of the com-
munication terminal on the LOS. 

Ensuring of mutual detection and guidance of LOS 
and RS is carried out by using lasers-beacons installed on 
each spacecraft. These lasers-beacons emit at a wave-
length close to 800 nm, ensuring a high visibility of the 
spacecraft. The use of this wavelength is due to the con-
venience of recording by means of widely available 
charge coupled device (CCD) matrices, as well as the 
possibility of application of spectral separation of the tar-
get information (TI) transmitter signal and the beacon 
signal [4; 5]. 

During the procedure of mutual detection, the anten-
nas axes of both laser terminals are turned to the calcu-
lated angles, the RS laser terminal switches on a beacon 
radiation source. The LOS laser terminal generates  
a response in the RS direction during the registration of 
the beacon beam from the RS at a wavelength close to 
800 nm as well. This signal is received by the RS and the 
system entries into a tracking mode. The tracking mode 
requires using beacons to maintain the spatial orientation 
of both spacecraft [6; 7]. 

The use of beacons is not always necessary, thus in a 
foreign EDRS system, spatial guidance is performed by 
means of a collimated beam (TI at 1.06 µm) with using  
of quadrature detectors instead of an additional beacon  
[8; 9]. The application of such an approach imposes some 
limitations – the measurement of the spacecraft orienta-
tion requires a very high accuracy. 

The system under consideration uses an amplitude 
modulation of the radiation, which makes it possible to 
apply the methods of incoherent signal reception. This 
approach allows reducing the requirements for the applied 
component base, since it eliminates the need for a device 
that compensates for the Doppler shift of the carrier wave 
of the optical range. 
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In the mutual tracking mode, the LOS laser terminal 
starts transmitting the TI via the transmitting optical sys-
tem at a wavelength of 1.55 μm.  

At the RS, the optical signal is fed to the avalanche 
photodetector, then data processing takes place, the useful 
signal is extracted and formed for delivering to the ground 
station (GS) in a radiofrequency range. The schematic 
block diagram of the LOS laser terminal is presented  
in fig. 2. 

The presented parameters of the communication link 
(table) are calculated for the case when the LOS moves in 
a sun-synchronous orbit of 700 km in altitude, and the RS 
is at an altitude of 35.786 km. 

Below there are the calculated formulas of the com-
munication channel of LOS – RS. 

The power supplied to the receiver is calculated by 
formula (1) [10]: 

Рrec = Ptr Gtr Grec Lweak Lsist,                             (1) 

where Ptr is the transmitter power, Grec is the effective 
gain of the receiving antenna, Gtr is the effective gain of 

the transmitting antenna, Lweak is the signal attenuation 
coefficient in free space, Lsist is the path loss of the trans-
mitting and receiving equipment.  

The diagram of the radiation power and the power 
supplied at the receiver input (taking into account the 
attenuation of the communication link) is presented in 
fig. 3 

The effective gain of the receiving antenna is calcu-
lated by formula (2) and depends on the wavelength, and 
the diameter of the receiving telescope [10]: 

2

rec
D

G
    

,                          (2) 

where λ is the wavelength, D is diameter of the receiving 
telescope. 

The effective gain of the transmitting antenna: 

2

32
trG 


,             (3) 

where θ is the width of the angular pattern.  

 

 
 

Fig. 1. Schematic block diagram of a transmission channel 
 

Рис. 1. Структурная схема канала передачи 
 
 

 
 

Fig. 2. Schematic block diagram of the LOS laser terminal 
 

Рис. 2. Структурная схема лазерного терминала НКА 
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Channel parameters of low-orbit spacecraft – repeater satellite 
 

Parameters Designation Value Units 
Wavelength λ 1.55 um 
Transmitting antenna diameter Dtr 0.05 m 
Receiving antenna diameter Drec 0.25 m 
Link length of LOS-RS R 35086 – 41000 km 
Transmitter power Ptr 3 dbw 
Radiation power at the receiver Рrec –79.8 dbw 
Effective gain of transmitting antenna Gtr 114.4 w 
Effective gain of receiving antenna Grec 105.5 db 
Attenuation caused by link length Lweak –289.08/ –290.4 db 
Path loss of receiver, transmitter Lsist 5 db 
Receiver bandwidth dF 200 MHz 
Angular pattern width θ 6.18 sec 
Noise power equivalent NEP –86.4 db 
NEP M 6.6 db 
Number of photons studied in 1 sec Nstud 3.89·1018 amount 
Number of photons arriving at the receiver in 1 sec Nrec 1.09·1011/ 8.04·1010 amount 
Number of photons in 1 bit N 549.5/402.4 amount 

 
 

 
 

Fig. 3. Diagram representing a communication channel 
 

Рис. 3. Диаграмма представления канала связи 
 
 
Attenuation in free space depends only on the length 

of the link [10]: 
2

4weakL
R

    
,                                (4) 

where R is the length of the communication link. 
For a complete analysis of the system, we calculate 

the number of photons emitted by the transmitter and re-
ceived by the receiver per unit of time. 

The number of emitted photons is calculated by for-
mula (5) [10]: 

bm
A

N
E

 ,                         (5) 

where A = Ptr · t, t is time, E is a quantum energy, calcu-
lated by formula (6) [10]: 

hc
E 


,               (6) 

where h is Planck's constant (h = 6,63·10-34 J·с), c is the 
speed of light (с = 3·108  m/s). 

The number of photons received during the time t is 
calculated as follows [10]: 

rec
rec

P t
N

h f





,                (7) 

where f is a radiation frequency. 
Since the relative velocity of a low-orbit spacecraft 

and a geostationary spacecraft can reach 8 · 103 m/s, and 
the distance between them is 3.086 · 107 m, it becomes 
necessary to take into account such effects as light aberra-
tion and the Doppler effect [11; 12].  

Light aberration. Light aberration refers to the dif-
ference in a visible direction of a light source from the 
real direction to it which is caused by the finiteness of 
light speed [13]. Let us consider fig. 4, which shows the 
exchange of signals by LOS and RS. Suppose, at time A, 
the LOS emits a signal in the direction of the RS. At time 
B, when the RS receives a signal from the LOS, the latter 
will have time to move some distance l, and at time B, 
when the signal from the RS reaches the LOS orbit, it will 
have time to move from position A to 2l. In order to “get” 
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into the LOS, the RS must send a response at a certain 
angle θ with respect to the direction of the received sig-
nal. The angle θ can be calculated as: 

2arcsin
l

R
    
 

,                            (8) 

where R is the distance between the LOS and RS at time B. 
 

 
 

Fig. 4. Aberration of the speed of light 
 

Рис. 4. Аберрация скорости света 
 
When the LOS is moving along a sun-synchronous 

orbit, its relative speed can be estimated from above as 8 
km/s, and the angle which the transmitting antenna of the 
RS should be deflected at, relative to the visible direction 
to the LOS, is 11 arc/s. To account for this effect, it is 
necessary to install a high-speed corrector for light aberra-
tion, which is an additional device. 

Doppler effect 
Let us consider the longitudinal “linear” Doppler ef-

fect as the strongest [14; 15], which is described by for-
mula (9): 

1 /

1 /

V c

V c

  


,                      (9) 

where v׳ and v are radiation frequencies in fixed and mov-
ing coordinate systems, V is the velocity of a mutual mo-
tion of the coordinate systems, c is the speed of light. 

The change in wavelength caused by the longitudinal 
Doppler effect can be written as: 

с с
  

 
.          (10) 

For an optical channel using a wavelength of 1.55 μm, 
the calculated change in wavelength caused by the Dop-
pler effect was 0.04 nm. 

Conclusion. The considered two-level communication 
system will provide greater carrier capacity, with less 
power consumption, dimensional specifications and 
weight of the transceiver equipment, than the radiofre-
quency range systems being currently in use. The applica-
tion of this system will allow solving problems, including 
in the interests of any departments and structures of the 
Ministry of Defense of the Russian Federation, for which 
the rate of obtaining information is one of the basic re-
quirements for a satellite communication system. 

The communication channel of LOS – RS is a homo-
geneous medium, where signal attenuation is determined 
by the length of the communication link in the process of 
propagation. 

However, there is a number of technical problems 
which have to be solved for the implementation of laser 
communication channels between LOS and RS: 

– high guidance accuracy, mutual tracking at long dis-
tances and at space velocities of carriers are necessary; 

– electrooptical equipment is becoming more com-
plex: precision optics, micrometrical mechanics, semi-
conductor and fiber lasers, highly sensitive receivers. 

The following conditions are to be considered as well: 
– the influence of solar illumination, resulting from 

exposure of sun beams directly into the viewing sector of 
the optical receiver; 

– ensuring the thermal mode of antennas. 
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INVESTIGATION OF THE METROLOGICAL CHARACTERISTICS OF THE PULSESPI SYSTEM  
APPLIED TO THE PRECISION INSPECTION OF THERMAL DEFORMATIONS 
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High-precision and reliable inspection of thermal deformations is necessary in terms of simulating the effects of 

space in the ground-based experimental processing of antennas and mirror systems of spacecrafts. Inspection of objects 
up to 1.5 m in size is considered in the paper. In practice, it can reach sizes up to 10 m. Requirements for thermal de-
formation are in range of 10–200 micrometers. The deformable surface is rough (Ra » λoptic). The measurement error, 
however, should not exceed ± 1 micron. 

The electronic speckle pattern interferometry (ESPI) method is the most suitable for solving this problem. The 
method allows to inspection objects with a randomly inhomogeneous surface. The method assumes that it is necessary 
to calculate the wave phase values from the recorded picture by the digital matrix. It is the phase that contains informa-
tion about the deformation, and the spatial phase shift method is used to calculate it. 

One of the measuring systems based on this method is the measuring system PulsESPI (Carl Zeiss Optotechnik 
GmbH production, Germany). It has a high sensitivity which is about 50 nm. However, this measuring system is de-
signed for single measurements. In this regard, an additional software module for processing and visualization the re-
sult of a series of several hundred measurements has been developed. 

The experimental test bench with a test object has been developed to research the metrological characteristics of the 
PulsESPI system in accordance with thermal deformations measurements (multiple determinations). The PulsESPI sys-
tem and the Renishaw XL-80 interferometer introduced into register of measuring instrumentation of Russian Federa-
tion were located on different sides of the object 1.5 m in size. As a result of measuring the surface displacement meas-
ured by the Renishaw XL-80 interferometer and its corresponding point from the PulsESPI system deformation map are 
compared. Three types of tests were carried out at the developed bench. The root-mean-square deviation of single 
measurements was no more than ± 0.2 μm. Error was no more than ± 1 μm when the series of measurements was con-
ducted in which a total strain of 200 μm was obtained. The results obtained suggest the possibility of using this system 
for high-precision inspection of thermal deformations of large objects. 

 
Keywords: electronic speckle pattern interferometry, method of spatial phase shift, measurement system for thermal 

deformations, thermal deformations measurement. 
 

ИССЛЕДОВАНИЕ МЕТРОЛОГИЧЕСКИХ ХАРАКТЕРИСТИК СИСТЕМЫ PULSESPI  
ПРИМЕНИТЕЛЬНО К ПРЕЦИЗИОННОМУ КОНТРОЛЮ ТЕРМОДЕФОРМАЦИЙ 
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В условиях имитации воздействия космического пространства при наземной экспериментальной обработ-

ке антенн и зеркальных систем космических аппаратов необходим высокоточный и надёжный контроль тер-
модеформаций. В работе рассматривается контроль объектов размером до 1,5 м, но на практике размер 
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может достигать 10 м. Требования по величине измеряемой термодеформации находится в пределах  
10–200 мкм. Деформируемая поверхность обычно является шероховатой (Ra » λоптич.). Погрешность измерений 
при этом должна быть порядка 1 мкм. 

Методом, отвечающим требованиям данной задачи, является метод электронной спекл-
интерферометрии (ESPI). Данный метод позволяет контролировать объекты со случайно-неоднородной по-
верхностью. При использовании данного метода вычисляют значение фазы волнового фронта, регистрируемо-
го цифровой матрицей камеры. Фаза содержит информацию о деформации, а для ее вычисления используется 
метод пространственного фазового сдвига. 

Одной из измерительных систем, основанных на данном методе, является измерительная система Puls-
ESPI (производство Carl Zeiss Optotechnik GmbH, Германия). Она обладает высокой чувствительностью, ко-
торая составляет порядка 50 нм. Однако данная измерительная система предназначена для выполнения еди-
ничных измерений. В связи с этим разработан дополнительный программный модуль для обработки и визуали-
зации серии из нескольких сотен измерений. 

Для исследования метрологических характеристик системы PulsESPI, применительно к измерению термо-
деформаций (многократные измерения), разработан экспериментальный стенд с тестовым объектом разме-
ром 1,5 м. С разных сторон объекта размещались система PulsESPI и интерферометр Renishaw XL-80,  
внесенный в Госреестр средств измерений РФ. В качестве результатов сравнивались смещение поверхности, 
измеренное интерферометром Renishaw XL-80, и соответствующая ей точка с карты деформаций системы 
PulsESPI. На разработанном стенде проведено три вида испытаний. Среднеквадратическое отклонение еди-
ничных измерений составило не более ± 0,2 мкм. При проведении серии измерений, в которых получена суммар-
ная деформация 200 мкм, ошибка составила не более ± 1 мкм. Полученные результаты позволяют говорить  
о возможности применения данной системы для высокоточного контроля термодеформаций крупногабарит-
ных объектов. 

 
Ключевые слова: электронная спекл-интерферометрия, метод пространственного фазового сдвига, сис-

тема измерения термодеформаций, измерение термодеформаций. 
 
Introduction. To determine the temperature effect on 

the geometrical parameters of spacecraft elements under 
conditions of simulation influence of space factors, high-
precision and reliable inspection of thermal deformations 
of objects about 1.5 m in size is necessary. Special atten-
tion is paid to reflectors and mirror systems, which ther-
mal deformations should be measured with an accuracy of 
1 micrometers. The maximum deformation for the entire 
test period is about 200 μm, and the error of its measure-
ment should be no more than 1 μm. 

The objects to be used in tests to determine thermal 
deformations of surfaces are carbon fiber reflectors, the 
surface of which is usually rough (Ra » λoptic). The diame-
ter of the objects does not exceed 1.5 m, and the depth of 
its central part relative to the edges is no more than 0.5 m. 
At the same time, the distance between the object and the 
measurement system is in the range from 1 to 6 m. Hori-
zontal vacuum installation unit with the capacity size of 
600 m3 will be used to simulate the effects of space. Tests 
are conducted under conditions of simulation influence of 
space factors (p ≈ 1.333 * 10–3 Pa; t ± 150 ° C). 

The measurements of a test object made of aluminum 
with dimensions of 1.5 x 1.5 m and having thickness  
of 5 mm were made as part of this work. The surface of 
the object was rough. Tests were conducted under normal 
conditions. 

Method of measurement. A review of contactless 
methods for measuring large-sized objects with a rough 
surface showed that the required metrological characteris-
tics of the inspection are provided by the speckle-
interferometry method [1–3]. In order to inspection the 
thermal deformations of spacecraft elements, it is neces-
sary to use the modification of the method with the use of 
electronic image registration devices – the method of 
electronic speckle pattern interferometry (ESPI). This 

method has been widely used for non-destructive testing 
of deformations [4], displacements [5], vibrations [6] of 
various kinds of the studied environments, and also, 
unlike standard methods of interferometry, this method 
makes it possible to inspection objects with an optically 
rough surface (randomly heterogeneous), which most of 
the elements of the apparatus in the aerospace industry 
possess. 

The method of speckle interferometry makes relative 
measurements, at which changes in the surface shape be-
tween the initial and final states are recorded. Wherein, 
the shape of the object can be arbitrary. The interference 
pattern is obtained both on flat and on volumetric objects. 
At the same time, the depth of the object should not ex-
ceed the value of half the coherence length of the laser 
interferometer. 

In the optical scheme of a speckle interferometer, the 
coherent radiation of the laser 1 is guided by the mirror 3 
and scattered by the lens 4 on the surface of the object 7 
(fig. 1) [7]. 

The spatial separation of the reference and object arm 
occurs on the beam splitter 2. Then, the addition of the 
reference wave passing through the lens 5 and directed by 
the beam splitter 8 is performed with the object scattered 
by the object formed by the lens 6. The intensity of final 
speckle pattern distribution depends on relative phase 
shift of these waves formed as a result of the deformations 
on the object 7.  

Digital camera 9 registers the initial and deformed 
state of the object in the form of speckle images, which 
are described by formula (1) [8]. The difference of the 

illumination vector оk


 and the observation vector нk


 

gives the sensitivity vector s


 of the whole system. De-
formations are recorded in the direction of this vector. As 
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a result of performing a number of arithmetic operations, 
computer 10 forms a picture of interference fringes (fig. 
2), which is decoded and transformed into the field of 
displacements of the test surface. 

 

result obj refer obj refer2 cos( )I I I I I     .       (1) 
 

Information about the change in the surface of the ob-
ject carries a change in the phase φ of the object wave. To 

calculate it from formula (1), it is also necessary to know 
two other unknowns: the intensity of the reference Irefer 
and the intensity of the subject Iobj waves. 

Thus, to determine these three variables, it is neces-
sary to register two more images that will have a known 
phase shift  . At the same time, during the acquisition 

of all three images, the object must remain stationary and 
not undergo any changes (fig. 3).  

 
 

 
 

Fig. 1. Key diagram of the speckle interferometer 
 

Рис. 1. Принципиальная схема спекл-интерферометра 
 
 

 
 

Fig. 2. Interference fringes 
 

Рис. 2. Интерференционные полосы 
 
 

 
 

Fig. 3. Temporal phase shift method 
 

Рис. 3. Метод временного сдвига 
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Fig. 4. Spatial phase shift method 
 

Рис 4. Метод пространственного сдвига 
 
For the π/3 shift, we obtain a system of three equa-

tions 1. Solving it, we obtain formula (2) for determining 
the phase. This is the time shift method. In practice, the 
sequential acquisition of three images with a motionless 
object is often impossible. 

 

result 1 result 2

result 1 result 2 result 3

arctan 3
2

I I

I I I


 

 
.           (2) 

 

Another way to obtain a system of three equations for 
calculating the phase is the spatial phase shift method [9]. 
Reference wave Irefer. is projected onto the matrix at a cer-
tain angle, thereby setting the known phase shift between 
adjacent pixels. As a result, you can get one image and, 
moving it pixel-by-pixel, get the values of Iresult 1, Iresult 2, 
Iresult 3. Substituting the obtained values of illumination in 
expression 2, we obtain the phase φ (fig. 4). 

The composition of the measuring system. One of 
the measuring systems based on this method is the system 
for measuring thermal deformations of surfaces PulsESPI 
(hereafter – PulsESPI), manufactured by Carl Zeiss Op-
totechnik GmbH, Germany (fig. 5). Its work is based on 
the spatial phase shift method. The sensitivity of this sys-
tem is less than the value of the wavelength of optical 
radiation and is about 50 nm. It shows good results in the 
quantitative analysis of the correlation fringes of high 
contrast obtained using a pulsed laser [10; 11]. Moreover, 
for work in conditions of a thermal pressure chamber 
simulating the climatic conditions of a spacecraft, it is not 
always possible to create ideal conditions for the stability 
of the base. In this case, the application of the double-
pulse laser mode [12–14] is also important. It is also 
known that the PulsESPI system was used to measure the 
deformations of the reflector in the thermal vacuum 
chamber in the DLR in Berlin [15; 16]. 

The main components of the PulsESPI system are: 
synchronization unit 1, data analysis system 2 
(FRAMESplus), HLS-R20 ruby pulsed laser 3 (wave-
length 694 nm, pulse energy 1 J, pulse duration 20 ns, 
coherence length 1 m), optics 4, CCD camera 5 (resolu-
tion 1280 × 1024 pixels, pixel size 6.7 x 6.7 microns). 

The data analysis system (FRAMESplus) is designed 
to work with a single measurement of deformation. Cycle 
processing from several single measurements is possible 
using additional software packages. At the same time, this 
processing takes a long time. Therefore, for processing 
and analyzing a series of measurements, an additional 
software module has been developed that allows one to 

load source data into FRAMESplus automatically and 
save the results in a separate file. With this software mod-
ule it is possible to process and visualize a series of sev-
eral hundred measurements with minimal operator in-
volvement. 

System testing. To test the PulsESPI system in order 
to determine its metrological characteristics, a bench has 
been developed, the scheme of which is shown in fig. 6. 

An aluminum sheet 2 with dimensions of 1.5 × 1.5 m 
and a thickness of 5 mm is used as the test object. The 
elements of the spacecraft, in turn, may have a reflectivity 
different from aluminum. Therefore, in the process of 
setting up the PulsESPI system, one of the stages of ad-
justment is to adjust the brightness of the object beam. 
The reference beam in all experiments has a similar inten-
sity, and the object beam is adjusted to it. For this, the 
possibility of changing the object beam diameter and the 
diameter of the aperture diaphragm of the camera lens is 
provided. 

The PulsESPI 1 system is placed at a distance of no 
more than 6 m on one side of the object, and on the other 
side of the sheet a reflector 3 and the Renishaw XL-80 4 
displacement interferometer are placed. The object is rig-
idly fixed to the inflexible columns 5, thereby providing 
the necessary rigidity. The surface area measured by the 
Renishaw XL-80 is deformed by the actuator 6. The 
measurement results compare the displacement readings 
recorded by the Renishaw XL-80 and the corresponding 
point from the deformation map obtained by the PulsESPI 
system. This is possible due to the fact that the sensitivity 
vector s


 of the PulsESPI system and the direction of 

measurement of the linear movement of the Renishaw 
XL-80 coincide. 

The Renishaw XL-80 interferometer and object col-
umns are mounted on a massive base 7, which ensures 
their immobility relative to each other during the tests. To 
ensure the accuracy of measurements, external sources of 
vibrations and fluctuations of the measuring point were 
eliminated, optical paths were isolated, the synchronicity 
of reading registration and the PulsESPI system at the 
level of not more than 0.01 s. was provided. 

Three types of tests were carried out: 
1. Determination of measurement error between adja-

cent frames. In the process of testing the object is station-
ary, it has no effect. One hundred and twenty frames are 
recorded. Fig. 7 shows an example of a decoded interfer-
ence pattern and a color matching scale in the image of 
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the deformation value. It can be seen that the right, left 
and lower parts of the object are not deformed. These 
areas correspond to the columns and the area measured by 
the Renishaw XL-80 (indicated by a white mark), which 
is stressed by the actuator. The upper and central parts of 
the object are free and can oscillate, which can be ob-
served on the deformation map. 

Fig. 8 shows a histogram of the measurement error 
distribution frequencies: the difference in measurements 
at a point obtained from the deformation map of the Puls-
ESPI system and measured by the Renishaw XL-80 inter-
ferometer. The standard deviation was 0.17 µm. 

2. Determination of the measurement range between 
two adjacent frames. The object is stationary, the area 
measured by the Renishaw XL-80 is deformed (indicated 
by a white mark). The magnitude of the deformation dur-
ing the test is constantly increasing. It starts with a value 
of 0.5 μm between adjacent frames and ends with a value 
of 10 μm. It is necessary to determine at what amount of 
deformations the interferograms will be correctly proc-
essed. 

Fig. 9 shows an example of a decoded interference 
pattern and a color matching scale in the image of the 
deformation value. 

It can be seen that the right and left parts of the object 
corresponding to the columns, are not deformed. At the 

same time, the area measured by the Renishaw XL-80 is 
deformed by an actuator by a value of about 10 μm. Be-
cause of this, there is a pass of the fringes in the lower 
part of the object when decoding the deformation map 
(areas are marked with white rectangles). When an object 
is deformed by an actuator of about 5 μm, no pass of the 
friges is observed (fig. 10). 

Fig. 11 shows the difference between the readings of 
the Renishaw XL-80 interferometer and the PulsESPI 
system. The difference is random up to a deformation 
value of 6 μm, and its value is similar to the error value of 
test 1. However, with a deformation of 7 μm or more, 
when a pass of the fringes occurs, the error increases and 
begins to be systematic. 

3. Determination of the total range of deformation 
measurements at which the measurement error does not 
exceed 1 μm. The object is stationary, the area measured 
by the Renishaw XL-80 is deformed (indicated by a white 
mark). The value of the deformation during the test is 
constant and equal to 5 μm (fig. 10). Seventy frames are 
registered and thus the total deformation obtained for the 
entire test is of about 350 microns. 

Fig. 12 shows the difference between the accumulated 
readings of the Renishaw XL-80 interferometer and the 
PulsESPI system. It can be seen that the difference in 
readings is less than 1 μm up to a value of 230 microns.  

 
 

 
 

Fig. 5. General view of the PulsESPI System 
 

Рис. 5. Общий вид системы PulsESPI 
 
 
 

 
 

Fig. 6. Test bench layout of the PulsESPI 
 

Рис. 6. Схема стенда для испытаний системы PulsESPI 
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Fig. 7. Object deformation map. Test 1 (deformation at point 0 microns) 
 

Рис. 7. Карта деформаций объекта (деформация в точке 0 мкм) 
 
 

 
 

Fig. 8. Error frequency histogram. Test 1 
 

Рис. 8. Гистограмма частот ошибок 
 
 
 

 
 

Fig. 9. Object deformation map. Test 2 (deformation at point 10 microns) 
 

Рис. 9. Карта деформаций объекта (деформация в точке 10 мкм) 
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Fig. 10. Object deformation map. Test 3 (deformation at point 5 microns) 
 

Рис. 10. Карта деформаций объекта (деформация в точке 5 мкм) 
 
 

 
 

Fig. 11. The difference between the measurements of the Renishaw XL-80  
interferometer and the PulsESPI System. Test 2 

 
Рис. 11. Разница показаний интерферометра Renishaw XL-80 и системы PulsESPI 

 
 

 
 

Fig. 12. Difference of total measurements of the Renishaw XL-80  
interferometer and the PulsESPI System. Test 2 

 
Рис. 12. Разница суммарных показаний интерферометра Renishaw XL-80  

и системы PulsESPI 
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A possible reason for the appearance of an accumulat-
ing error is the instability of the temperature of the room 
in which the tests were conducted. 

When tested in conditions simulating the impact fac-
tors of outer space two changes will occur in the optical 
measurement scheme: a window will be added, by means 
of which optical radiation will be brought inside the vac-
uum unit and the refractive index of the medium will 
change.  

The presence of a vacuum has a positive effect on the 
measurements, since there will be no air flow, and the 
change in the temperature of the medium will not affect it. 
Due to the relativity of measurements, the window will 
not introduce an error in the measurement results. Error 
will occur only if there is a temperature gradient on the 
window [17]. 

Conclusion. As part of this work, the study of the 
PulsESPI measuring system was carried out, based on the 
method of electronic speckle pattern interferometry. This 
method performs the inspection of changes of the object 
surface relative to the initial state. To test the PulsESPI 
system for the purpose of studying the metrological char-
acteristics, a test bench has been developed. As a result of 
testing, the following data were obtained: the maximum 
deformation between two consecutive measurements 
(frames) is of no more than 5 μm (with a larger step, the 
fringes gap occurs and, accordingly, the deformation 
value is calculated incorrectly); the maximum total de-
formation for the entire test period, at which the error 
does not exceed ± 1 μm, is no more than 200 μm. The 
results obtained and the chosen measurement method al-
low us to speak about the possibility of using this system 
for high-precision inspection of thermal deformations of 
large-sized objects, such as reflectors and elements of 
mirror systems of spacecraft under conditions of simula-
tion of space impact factors. 
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Low mass flow centrifugal pumps are currently widely used in the energy supply system of liquid rocket engines, the 

engines of correction, docks, consisting of on-Board power sources on-Board sources power supply system of fuel com-
ponents in the in gas generator systems for inflating fuel tanks, and in temperature control systems of aircraft and 
spacecraft. 

When designing low mass flow centrifugal pumps for aerospace purposes, methods for calculating and optimizing 
the flow rate are often used corresponding to the design methods of full-size centrifugal pumps, which limits the mode 
and design potential of pumps and affects their energy characteristics and reliability. Reliability requirements often 
lead to the need to reserve units and fuel-supply systems. 

Despite the large amount of research works, the issues of reliable design of low mass flow centrifugal pumps with 
high energy and operational parameters for spacecraft and aircraft remains an urgent task. 

The article analyses the operational parameters of low mass flow centrifugal pumps used in aircraft and spacecraft 
power systems. Taking into account working fluid used and the temperature range, it was found that a laminar rota-

tional flow with Reynolds number characteristic 3 5Re 10 3 10    is realized in the lateral cavity between the impeller 
and the pump housing. 

The determination of power losses on disk friction of the impeller technique is developed taking into account design 
features and the applied schemes. Equations for determining the disk friction coefficients are consistent with the de-
pendencies obtained by other authors. The obtained equations for the laminar rotational flow made it possible to de-
termine the dependences for the resistance moment and the disk friction power of the impeller determining of a low 
mass flow centrifugal pump. 

 
Keywords: disk friction, power balance, low mass flow centrifugal pump, dynamic spatial boundary layer. 
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Малорасходные центробежные насосы в настоящее время находят широкое применение в системах топ-

ливоподачи жидкостных ракетных двигателей малой тяги, двигателях коррекции и ориентации космических 
аппаратов, в составе бортовых источников мощности, газогенераторных системах надува топливных баков, 
системах терморегулирования летательных и космических аппаратов. 
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При проектировании малорасходных центробежных насосов аэрокосмического назначения зачастую ис-
пользуют методы расчета и оптимизации проточной части в большей степени соответствующие расчет-
ным методикам полноразмерных центробежных насосов, что ограничивает режимный и конструктивный 
потенциал насосов и влияет на их энергетические параметры и надежность. Требования обеспечения надеж-
ности зачастую приводят к необходимости резервирования агрегатов и систем топливоподачи. 

Поэтому, несмотря на большой объем проведенных научно-исследовательских работ, разработка методи-
ки проектирования малорасходных центробежных насосов с высокими энергетическими и эксплуатационными 
параметрами аппаратов остается актуальной задачей ракетного двигателестроения. 

В статье проведен анализ режимных параметров малорасходных центробежных насосов, используемых  
в энергетических системах летательных и космических аппаратов. С учетом используемых рабочих тел и диа-
пазона температурного режима выявлено, что в полости между рабочим колесом и корпусом насоса реализу-

ется ламинарное вращательное течение с характерными числами Рейнольдса в диапазоне 3 5Re 10 3 10   . 
С учетом конструктивных особенностей и применяемых схем разработана методика определения потерь 

мощности на дисковое трение рабочего колеса. Выражения для определения коэффициентов дискового трения 
согласуются с результатами, полученными другими авторами. Полученные выражения для ламинарного вра-
щательного течения позволили определить математические зависимости для определения момента сопро-
тивления и мощности дискового трения рабочего колеса малорасходного центробежного насоса. 

 
Ключевые слова: дисковое трение, баланс мощности, малорасходный центробежный насос, динамический 

пространственный пограничный слой. 
 
Introduction. A lot of research works [1–9], includ-

ing low-flow centrifugal pumps [10–20], are devoted to 
methods of calculating, modelling, and designing cen-
trifugal pumps for liquid rocket engines (LRE). In [1], an 
experimental characteristic of the rotational speed effect 
on the impeller speed is considered. In [4–7], the effect of 
the blade channel on the centrifugal pump performance is 
researched. The article [9] is devoted to design methods, 
as well as to the influence of geometrical and operational 
parameters on the velocity fields and performance distri-
bution of low mass flow centrifugal pumps. 

In research works by A. V. Bobkov [10–14], an analy-
sis of the miniaturization of centrifugal-type supercharg-
ers on the kinematic parameters of the working fluid, 
which allow taking into account the factors of small size 
of the structure, has been carried out; the possibilities of 
increasing the efficiency of small-sized centrifugal elec-
tric pump units by reducing the rotor friction losses and 
the possibility of the pressure characteristics increasing 
were considered. In the works of V. V. Dvirny [15; 16] 
methods for improving supply units and the need to en-
sure a long life of low-flow blowers are considered. In the 
studies of M. V. Kraev and E. M. Kraeva [17–19], meth-
ods for calculating the energy parameters of low mass 
flow pumps units are given, the main operational factors 
are identified, areas of semi-open rational use and open-
type impellers that provide high values of energy parame-
ters low flow systems are defined. 

However, despite the large amount of research, the 
method development for designing low mass flow cen-
trifugal pumps with high energy and operational parame-
ters for spacecraft and aircraft remains an urgent task in 
the field of rocket engine building. 

Design and operating parameters characteristics. 
Low mass flow centrifugal pumps are currently widely 
used in the energy supply system of liquid rocket engines, 
the engines of correction, docks, consisting of on-Board 
power sources on-Board sources power supply system of 
fuel components in the in gas generator systems for inflat-
ing fuel tanks, and in temperature control systems of air-
craft and spacecraft. 

Low mass flow centrifugal pumps are characterized by 
the following parameters: 

–  working fluid consumption does not exceed 
6300 10V   м3/с; 

–  low discharge coefficient (the absolute velocity ra-
tio of the meridional component to the circumferential 
component at the exit of the impeller) 

2

2

0.1mc

u
 ; 

–  rotor speed of the pump from 3000 to 10000 rpm; 
–  impeller diameter does not exceed 0.05 m; 
–  speed ratio is in the range 40 80sn    [20]. 

As a rule, an electric drive is used as a drive for low 
mass flow centrifugal pumps (including thermal control 
systems (TCS)). The electric drive uses brushless DC 
motors. The frequency of the drive shaft rotation is char-
acterized by the rotation speed 314 1047   с–1. The 
required resource of low-flow pumps with ball-bearing is 
40000–155000 hours of operation (from 4.5 to 18 years). 
To ensure the required resource, the design schemes of 
low-flow electric pump units (EPU) with supply elements 
redundancy are being developed [16]. 

The working fluids of EPU are various technical flu-
ids: water-glycerine solvents, RM distillate oils, LZ-TK-2 
coolant, etc. [19]. The temperature range of thermal con-
trol systems operability with LZ-TK-2 coolant is from -90 
to +60 °C, and for immersed pumps which supply RM 
distillate oil is from +2 to 220 °C. Due to the wide range 
of working fluids used and operating temperatures, the 
kinematic viscosity of the fluids varies within 

3 61 10 0.7 10      m2/s. 
Setting a research problem. Known methods of de-

signing centrifugal pumps do not provide conditions for 
the similarity of the processes implemented in the flow 
parts of the EPU and full-size turbopump units (TPU) of 
liquid-propellant rocket engines (LRE). In order to in-
crease the reliability of the energy characteristics calcula-
tion, a refinement of the used calculation dependencies 
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and the development of EPU design methods for the con-
sidered standard sizes are required. 

Further, the EPU power balance will be considered. 
The output power of a low mass flow centrifugal pump is 
defined as 

e ,O r q mech D leak hydrN N N N N N      

where reqN  – required power, mechN  – mechanical power 

loss, ДN  – impeller disk friction power, leakN  – leakage 

power of the working fluid through the seals and hydrN  – 

hydrodynamic power loss. 
It is important to note that disk losses for low mass 

flow centrifugal pumps can reach 10% and depend on the 
type of working fluid and operating temperatures signifi-
cantly. 

Further, in the article, the methodology for determin-
ing the ratio of disk loss and power loss to disk friction 
and the EPU disk resistance moment will be considered. 

Disk friction coefficient determination. The turbu-
lent flow regime between the rotating impeller disk and 

the pump housing meets Reynolds criterion 5Re 5 10  , 

for laminar mode Re < 510 . The Reynolds criterion for 
the lateral cavity between the impeller and the pump 
housing is defined as 

2
2Re

4

D



, 

Taking into account the geometrical and regime pa-
rameters and working fluid physicomechanical character-
istics for thermal control systems, the range for the Rey-

nolds criterion will be defined as 3 5Re 10 3 10   , which 
corresponds to the laminar flow regime. 

In the implementing laminar flow process the velocity 
distribution in the dynamic boundary layer is determined 
as 

1 1
m

u y

U
     

, 

for laminar flow, the profile degree is 2 5m   . 
Fig. 1 shows the distribution of laminar flow velocity 

profiles. 
Fig. 2 shows a photograph of the laminar boundary 

layer. From fig. 1 and 2 it can be concluded that the pre-
sented velocity distribution function in the laminar 
boundary layer agrees well with experiment. 

Depending on the degree of the velocity profile m  
there is a need to redefine the dependence of the friction 
induced shear stress near the wall surface in the boundary 
conditions of the laminar boundary layer 0 . The equation 

for the law of friction of the gradient profile of the distri-
bution of the velocity component in the boundary layer 
for laminar flow is written as 

0.5**
0

2
0.293

U

U


  

     
. 

When considering the pulse thickness loss equation 
for the gradient velocity distribution profile 

**

( 1)(2 1)

m

m m


 

 
, 

the friction induced shear stress for a rectilinear uni-
form flow is defined as 

0.5
2

0 0.293
( 1)(2 1)

U m
U

m m


 

       
. 

 
 

 
 

Fig. 1. Distribution of laminar flow velocity profiles 
 

Рис. 1. Распределение профилей скорости  
ламинарного течения потока 
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Fig. 2. The velocity distribution profile  
of the laminar boundary layer 

 
Рис. 2. Профиль распределения скорости  

ламинарного пограничного слоя 
 
When considering the case of the working fluid flow 

in the channel between the rotating disk and the fixed 
wall, it is necessary to take into account the stream core 
angular velocity and the disk. If the circumferential com-
ponent of the absolute flow velocity on the wall is 

w cU R  , 

then the circumferential friction stress on the wall is de-
fined as 

0.5
2 **

0 0.293 ( )w c
c w

R
R



 
       

. 

If the circumferential component of the flow velocity 
on the disk is 

( )D D cU R   , 

then the circumferential friction stress on the disk will be 
equal to 

 
0.5

2 **
0

( )
0.293 ( )D D c

D c D
R

R


 
         

. 

The considered case refers to the flow at which the 
distribution of the circumferential velocity component 

corresponds to the equation const
U

R
   . 

The thickness of the pulse loss in the circumferential 
direction with an arbitrary profile degree for the laminar 
flow wall can be defined as 

0.4 0.8 0.22
** 0.64 7 2 1

0.04535
1w

M L
R

H J L
                  

. 

After transforming this equation, the thickness of the 
loss of momentum in the circumferential direction on the 
wall for laminar flow is obtained 

4
** 5

1

5

1
1

Re
w

c

D R  , 

where 
 

 
   

  
      

   
  

      
 

2

2

4 3 2

4 3

8 47 12 1

3 1 5 1

14 1 7032 2602 413 32 1

3 1 4 1 5 1 6 1 7 1 8 1
1 0.04535

2 1
1

2 3 1 4 1 5 1

1 47 1

3 1 4 1 5 1 6 1 7 1 8 1

2 1 7032 2602 4

m m m

m m

m m m m m m

m m m m m m
D

m
m

m m m

m m

m m m m m m

m m m m

  
 
  
 
     
 

      
     

  
 
 
 
 
 
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
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

     


   
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2

.

13 32 1m m

 
 
 
 
 
   

 
The thickness of the momentum loss in the circumfer-

ential direction with an arbitrary degree of profile for a 
disk with a laminar flow is 

 

 
 

0.8

0.2
** 0.65 0.01256 2 1

3 1

3 4 2

D R
J LH J

LJ L K J



 
 

               
   
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Further, the thickness of the momentum loss in the 
circumferential direction on the disk is obtained as 

4
** 5

1

5

1
2

Re
D

D c

D R



  , 

where 

   
  

      
4 3 2

2

4

2 3 1 4 1 5 1

1 47 1
0.0185

3 1 4 1 5 1 6 1 7 1 8 1

2 ( 1)(7032 2602 413 32 1
2

2 1
( 1) 1 (47 1)

8 ( 1) ( 1)(47 1) 2 (47 12 1

(3 1)(5 1) (4 1) (3 1)

7032

m m m

m m

m m m m m m

m m m m m m
D

m
m m

m

m m m m m m m

m m m m

m

    
   

      
 

      
    

 
     

      

  

0,8

3 2

2 4 3 2

.

2602 413 32 1

(6 1)(7 1)(8 1)

6 ( 1) (47 1)(7032 2602 413 32 1
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m m m

m m m
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 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
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The velocity distribution profile m  for practically im-
portant cases (which are realized with laminar flow in the 
cavity between the impeller and the pump) is summarized 
in tab. 1. 

Taking into account the obtained equations for the im-
pulse loss thickness in the circumferential direction, the 
tangential friction stresses on the wall for laminar flow 
are defined as 

 

8
2 5

0 1
2

2

0.293 Re

1

w c

D R



  , 

and the laminar disk is defined as 

 

8
2 5

0 1
2

2

0.293 Re

2

D D c

D R





  . 

The velocity profile distribution m  for practically im-
portant cases is summarized in tab. 2 for the frictional 
stresses of the laminar flow. 

The friction coefficient equation for the wall and disk 
of the impeller with a laminar flow is expressed as 

2

2 2Re
fr

R
С



 

. 

Then the friction coefficient for the wall in the circum-
ferential direction with a laminar flow is defined as 

 
21
52

0.293

1 Re

w
fr

c

С

D
  , 

and the friction coefficient for a disk in the circumferen-
tial direction with a laminar flow is 

 
21
52

0.293

2 Re

D
fr

D c

С

D




 . 

Tab. 3 is for coefficient determining of the disk fric-
tion and the wall in the circumferential direction with a 
laminar flow depending on the degree of the velocity dis-
tribution profile. This table can be used for engineering 
calculations convenience m . 

The loss coefficient of disk friction during laminar 
flow is defined as 

w D
М fr frС С С   . 

For the working fluid flow case in the lateral cavity 
between the working disk and the centrifugal pump hous-
ing, the angular core velocity is determined as 

0,5c D   . Then the loss of disk friction coefficient 
laminar flow with laminar flow is defined as 

 
2 1 1

5 2 2

1 0.293 0.293

0.5Re ( 1) ( 2)
М

D

С

D D

 
   
 
 

. 

Tab. 4 is for determining the laminar flow disk friction 
loss rate and it demonstrates the analysis of the obtained 
dependence and comparison with obtained results by 
other authors. 

Fig. 3 presents the disk friction coefficient dependence 
for the laminar flow of the working fluid at Re < 105.  

 
Table 1 

Thickness of impulse loss on the wall and disk in the circumferential direction,  
for practically important cases in laminar flow 

 

№ m  **
w  **

D  

1 2 4

5
1

5

0.13612

Rec

R  
4

5
1

5

0.27349

ReD c

R



 

2 3 4

5
1

5

0.20609
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R  
4

5
1

5

0.44887

ReD c

R



 

3 4 4

5
1

5

0.2708
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R  
4

5
1

5

0.6382

ReD c

R



 

4 5 4

5
1

5
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R  
4

5
1

5

0.83828

ReD c

R
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Table 2 
Tangential friction stresses on the wall and disk in the circumferential direction,  

for practically important cases in laminar flow 
 

№ m  
0
w
  0

D
  

1 2 8
2 5

2

0.794158 Rec

R


 

8
2 5

2

0.560269 ReD c

R


 

2 3 8
2 5

2

0.645415 Rec

R


 

8
2 5

2

0.437328 ReD c

R
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3 4 8
2 5

2

0.563045 Rec

R


 

8
2 5

2

0.366766 ReD c

R


 

4 5 8
2 5

2

0.508432 Rec

R


 

8
2 5

2

0.320017 ReD c

R


 

 
 

Table 3 
Friction coefficient on the wall and disk in the circumferential direction,  

for practically important cases with laminar flow 
 

№ m  w
frС   D

frС   

1 2 
2

5

0.794158
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2
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2 3 
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5
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5
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3 4 
2

5

0.563045
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2

5

0.366766
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4 5 
2

5

0.508432
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2

5

0.320017

ReD c

 

 
 

Table 4 
Disk friction coefficient, for practically important cases with laminar flow 

 

№ m  G. Shlikhting Cimbus, 
K. Smiden 

F. SHul’tc-Grunov 
МС  

1 2 
2

5

1.78784

Re

4
 

2 3 
2

5

1.42922

Re

1
 

3 4 
2

5

1.22735

Re

1
 

4 5 

 
 
 
 

1

2

3.87

Re

 

 
 
 
 

3.14

Re

R

z
, 

R

z
= 0.02 (radius to gap ratio) 

 
 
 
 

1

2

2.67

Re

 

2

5

1.09355

Re

3
 

 
 

If 2m   and the gradient function of laminar flow 
agrees well with the dependence of G. Shlikhting [21], 
then the maximum deviation of the disk friction parameter 
does not exceed 7 %. If Re = 103 the difference is 5 %, 
and if Re = 105 the difference is 7 %. In general, all de-
pendencies are in the region of the confidence span  

defined by various authors and are in the parameter do-
main for disk friction coefficients from 0.113 to 0.027, 
depending on the Re criterion (fig. 3). It is important to 
note that when designing flow parts it is necessary to 
choose the turbulence transition which depends on the 
boundary conditions of the flows. 
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Fig. 4 shows the dependence on the disk friction 
coefficients, the friction coefficient for the wall in the 
circumferential direction and the friction coefficient for 
the disk in the circumferential direction of the laminar 
flow required for the flow parts design and for the 
power balance of low mass flow centrifugal pumps 
determining. 

The radial element of the tangential friction stress is 
formed by the circumferential and consumable compo-
nents taking into account the bottom lines slope and leaks 
through the sealing elements. 

Radial stress of friction on the wall is 

0 0 0
w w w

R Rр R      

and radial friction stress on the disk is 

0 0 0
D D D

R Rр R     . 

Radial stress of friction from the circumferential com-
ponent is 

0 0R    , 

where   – tangent of the bottom slope angle. 
The radial friction stress will be determined depending 

on the flow rate associated with the amount of leakage 
through the sealing elements, and the dependence on the 
structure is similar to straight linear flow 

0.25
2

0 0.01256
( 1)( 2)

r
r

V m
V

m m


 

       
, 

where рV  – flow rate.  

The one side resistance moment of the low mass flow 
centrifugal pump working disk is defined as 

2
2 5 2

0 2
1

2
R

D М D
R

M r dr С R      . 

 
 

 
 

Fig. 3. Coefficient of disk friction laminar flow 
 

Рис. 3. Коэффициент дискового трения ламинарного течения 
 
 
 
 

 
 

Fig. 4. Coefficient of disk friction 
 

Рис. 4. Коэффициент дискового трения 
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Then the impeller disk friction power on one side of 
the low mass flow centrifugal pump is defined as 

frD D DN M  . 

Conclusion. The analysis of low mass flow centrifu-
gal pump operating parameters used in aircraft and space-
craft power systems was carried out. After analysing the 
working fluid characteristics and the temperature range, it 
was revealed that a laminar rotational flow with Reynolds 

numbers 3 5Re 10 3 10    is conducted in the cavity be-
tween the impeller and the pump. 

The method for determining the power losses due to 
disk friction of the impeller with design features and the 
applied schemes was developed. The equations for disk 
friction coefficient determining are consistent with the 
results of other authors. The obtained equations for the 
laminar rotational flow established mathematical depend-
encies to determine the resistance moment and power of 
the impeller disk friction of a low mass flow centrifugal 
pump. 
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The article gives an analysis of special characteristics of ground-based experimental evaluation of on-board radio-

electronic equipment, taking the control unit of up-to date spacecraft on-board control complex as the test objective. 
The focus is the problem of providing testing procedures of the specific software employed in design and manufacture 
process. A solution of the problem is worked out on the basis of performance of a hardware-software complex which 
emulates interface modules for the computing module of control unit. According to the general operation algorithm of 
the control unit, the developed complex is regarded as a multi-user system. The main functional requirements for 
hardware-software emulator, regarded as the corresponding queuing system, are also defined. The results of the 
experiments with the computer module operation prompted the requirements for the emulator response time from the 
point of view of its operation stability in real strict-time mode. In order to ensure the required efficiency of operation, 
the emulated functions of the interface modules are classified according to the severity level of their execution 
determinacy. The results of experimental evaluation оf the service channel hardware design variants when applying 
multi-functional reconfigurable input-output digital devices allowed to develop a hardware-software emulator 
structural circuit based on operation parallelism of programmable integrated logic circuits and flexibility of software 
reconfiguration. The realization of emulated functions of selected classes within the available architecture was carried 
out using the corresponding hardware blocks and software module. The presented analysis of the emulator response 
limits was performed with the application of National Instruments technologies. The results of the developed hardware-
software emulator evaluation and practical application, as well as other possible ways of applying the proposed 
approach for tests of spacecraft on-board radio-electronic equipment and space system components were also 
analyzed. 

 
Keywords: practical evaluation, spacecraft electronic equipment, multi-user system, software- hardware modeling. 
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СИСТЕМ ЖИЗНЕОБЕСПЕЧЕНИЯ КОСМИЧЕСКИХ АППАРАТОВ 
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Рассмотрена специфика наземной экспериментальной отработки бортовой радиоэлектронной аппарату-
ры на примере блока управления бортового комплекса управления современных космических аппаратов. Сфор-
мулирована проблема обеспечения процесса тестирования его программного обеспечения в процессе проекти-
рования и изготовления. Предложено решение обозначенной проблемы на основе аппаратно-программного 
комплекса, эмулирующего работу интерфейсных модулей сопряжения для вычислительного модуля блока 
управления. В соответствии с обобщенным алгоритмом функционирования блока управления разрабатывае-
мый комплекс рассмотрен в виде многопользовательской системы. Определены основные функциональные 
требования к аппаратно-программному эмулятору как к соответствующей системе массового обслуживания. 
На основе проведенных экспериментальных исследований процесса функционирования вычислительного модуля 
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сформулированы требования к времени реакции эмулятора с точки зрения обеспечения его работы в режиме 
жесткого реального времени. В целях обеспечения требуемой оперативности функционирования проведена 
классификация эмулируемых функций интерфейсных модулей сопряжения в соответствии со степенью кри-
тичности детерминированности их выполнения. По результатам экспериментальной апробации вариантов 
технической реализации канала обслуживания на основе многофункциональных устройств реконфигурируемо-
го цифрового ввода/вывода разработана структурная схема аппаратно-программного эмулятора, основанная 
на возможностях параллелизма выполнения операций в программируемых логических интегральных схемах  
и гибкости программного реконфигурирования. Реализация имитируемых функций выделенных классов в рам-
ках предложенной архитектуры выполнена на основе соответствующих аппаратных блоков и программного 
модуля. Проведен анализ предельных значений времени реакции эмулятора на примере его реализации с исполь-
зованием технологий National Instruments. Рассмотрены результаты апробации и внедрения разработанного 
аппаратно-программного эмулятора, а также дальнейшие направления прикладного применения предложен-
ного подхода в процессе испытаний бортовой радиоэлектронной аппаратуры космических аппаратов и ком-
понентов космических систем. 

 

Ключевые слова: испытания, бортовая радиоэлектронная аппаратура, многопользовательская система, 
программно-аппаратное моделирование. 

 
Introduction. Hardware-software complex for life 

support systems control of up-to date long-life spacecraft 
(SC) are subject to strict requirements concerning their 
trouble-free operation under destabilizing effects of the 
open space. One of the units of spacecraft (SC) on-board 
control complex designed at JSC “Academician  
M. F. Reshetnev “Information Satellite Systems” features 
a control unit (CU) comprising a processor module (PM) 
with a set of interface modules (IM) controlling the corre-
sponding SC systems, components and/or assemblies  
(reaction-control system, thermal control system,  
electrical power system, pyro control units, actuators, 
etc.). 

Problem description. Сomplexity of the PM software 
operation algorithm and several operating mode options 
(regular mode, on-board attitude control, etc.) required 
development of a specialized test complex applicable for 
ground testing and evaluation [1]. As a rule, the CU PM is 
a unified module, and the interface modules are made 
with regard for specific configuration of the correspond-
ing SC service systems; that accounts for significant di-
vergence of the software versions. Data exchange of the 
SC onboard central computer complex and CU PM is 
possible, for example, via a multiplex exchange channel, 
and the exchange of PM and IM is supported by a special 
internal data exchange interface (IDEI) [1; 2]. This ex-
change attachment operates special microcircuits or IP-
cores, installed in field-programmable gate arrays (FPGA) 
of IM and performing the functions of the corresponding 
internal data exchange interface controllers (IDEIC). Fig. 
1 presents general block diagram of the control unit. 

The PM software testing procedure provides for  
the possibility of issuing external commands for the PM 
and the need to ensure two-way data communication of 
the PM and the corresponding IMs (fig. 1). This dictates 
the need for ready-made IM units connected to PM, usu-
ally featuring many hardware design and operation algo-
rithm variants aimed for different SC. Meeting these re-
quirements in PM software evaluation at the design stage 
is sometimes impossible, and cost-ineffective anyway, as 
it induces high expenses for supplying additional IMs [1]. 

Problem solving description. The problem of provid-
ing PM software advanced testing without IM can be 
solved by applying a special hardware-software complex  

emulating their performance within the CU. Here are the 
requirements for the emulator under development. 

When the control unit installed in the spacecraft on-
board control complex operates at time intervals and in 
sequence determined by the online leg of PM software 
algorithm, and by external command sources (OCCC, test 
instrument system, etc.), processor module of the control 
unit supports data exchange with corresponding interface 
modules through internal data exchange interface. Data 
exchange is performed by calling the corresponding soft-
ware modules which in their turn call the IMs. Normally, 
calling each IM involves data recording in control regis-
ters – control data words, followed by reading the content 
of IM status register – status data words, displaying the 
issued control inputs execution and current SC systems 
and components status. Analysis of the state data words is 
followed by the execution of the corresponding leg of PM 
software algorithm. Let the control data words generated 
by the PM software be denoted by the set: 

 DW 1,iK i I K ,   (1) 

where I – the number of IM installed in CU; Ki – control 
data words subset, generated by the respective software 
module for i IM. 

IM-generated status data words are presented in the 
form of the set: 

 DW 1,iZ i I Z ,   (2) 

where Zi – status data words subset, generated by i IM. 
Thus, conversion of IM control data words subset Ki 

into status data words subset Zi can be generally ex-
pressed as follows: 

 i i iZ f K ,            (3) 

where fi – ratio function, generally describing the corre-
sponding conversion ( :i i if K Z ). The type of  fi func-
tion and the form of its presentation is determined by the 
functional purpose, hardware design and logic of the cor-
responding IM. 

The collection of ratio functions fi forms the set: 

 DW 1,if i I F ,     (4) 

where FDW – set of control data words conversions, real-
ized by the corresponding interface modules installed in 
the control unit. 
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In accordance with the introduced designations  
(expressions (1)–(4)), the developed interface module 
emulator must ensure the realization of FDW conversion 
functions set for control data words set KDW generated by 
the corresponding software modules of the PM software 
and entering through the internal data exchange interface 
at random times (fig. 1). In this case, according to the PM 
software general logic, new control data words are not 
transferred to the corresponding IM until the status data 
words generated on the results of the execution of the 
previous ones are read, or their generation waiting time is 
not exceeded [2]. 

In view of the above, the developed IM hardware-
software emulator can be regarded as a multi-user system 
operating in an interactive dialogue mode [3–5]. In this 
system: 

– user terminals (sources of requests) are PM software 
modules that generate and exchange data with the corre-
sponding interface modules; 

– requests are control data words recorded in the cor-
responding registers; 

– request processing means performing the conversion 
of control data words into status data words; 

– response means status data words generated in the 
corresponding registers. 

General block diagram of the developed interface 
module emulator as a corresponding closed queuing sys-
tem is shown in fig. 2 [3; 4]. 

The main objectives of the queuing system design the 
article deals with (fig. 2) is the development of its struc- 
ture and analysis of the main approaches to realization  
of a service channel aimed at ensuring the required  

response time r
t . The emulator response time r

t  is the 
sum of the in-coming control data words queuing time 

(KDW set) – q
t  and the generation time of status data 

words (ZDW set) – s
t  in correlation with conversion func-

tions set FDW (fig. 2). 
The results of experiments with operation of the con-

trol unit processor module carried out on the basis of the 
ground-based debugging complex of onboard electronic 
equipment [1] helped to determine the following charac-
teristic features of the queuing system shown in fig. 2. 

1. The presence of several types of control data 
words Ki (see expression (1)), generated by the corre-
sponding software modules, and the related time con-
straints imposed on the generation efficiency of the state 
data words Zi. 

2. Large-scale change of the time intervals between re-
transmitted calls to IM (for example, from 10 us to 200 
ms), the probable values of which depend on: the online 
leg of the PM software algorithm; hardware design and 
current configuration of the corresponding IM; the current 
status of SC systems, components, assemblies; CU opera-
tion mode [1; 2].  

 
 

 
 
 

Fig. 1. General block diagram of the control unit of the on-board control complex: 
PM – processor module; IDEI – internal data exchange interface; IDEIC – internal data exchange  

interface controller; I – number of control unit interface modules;  OCCC – onboard central  
computer complex; MEC – multiplex exchange channel 

 
Рис. 1. Обобщенная структурная схема блока управления бортового комплекса управления:  
ВМ – вычислительный модуль; ВПИ – внутриприборный интерфейс обмена данными; КВПИ –  
контроллер внутриприборного интерфейса обмена; I – число интерфейсных модулей сопряжения 

блока управления; БЦВК – бортовой центральный вычислительный комплекс; МКО – мультиплекс-
ный канал обмена 
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Fig. 2. General block diagram of the interface module emulator as a queuing system 
 

Рис. 2. Обобщенная структурная схема эмулятора интерфейсных модулей  
сопряжения как системы массового обслуживания 

 
 
The analysis of the initial data for IM design, and also 

for PM software design, helped to determine the follow-
ing integrated classes of control data words KDW: 

– Class № 1. The time required by the emulator for 
generating status data words in the corresponding regis-

ters is not more than 12 us (
К1
r
t ≤ 12 us ); 

– Class № 2. The time required by the emulator for 
generating status data words in the corresponding  
registers exceeds 12 us, but is not more than 150 ms  

(12 us < 
К2
r
t < 150 ms). 

Thus, in accordance with the determined special char-
acteristics, hardware-software emulator of interface mod-
ules as a closed queuing system must ensure the  
in-coming request processing determinacy specified by 
К1
r
t  and 

К2
r
t  values, i. e. realization of real strict-time 

mode related to PM internal processes in the situation  
of incomplete empirical data on the incoming traffic pa-
rameters [6]. 

Preliminary evaluation of the service channel based on 
the programmable integrated logic circuit of the recon-
figurable digital input-output device in the form of func-
tional hardware registers linked to the IP- core of the in-
ternal interface controller revealed its low processing 
speed of class No.1 control data words. The correspond-
ing time the control computer requires for reading KDW, 
program conversion DW DW DW: F K Z , and recording 

ZDW values into respective FPGA registers, designed with 
account for breaks formed with entry of new KDW values, 

made 10–15 ms (i. e. s
t = 10–15 ms) regardless of control 

data words queuing time. 
To ensure the required performance efficiency, a 

combined emulator architecture based on the features of 
FPGA operational parallelism and program reconfigura-
tion flexibility was worked out [2; 7]. With the account 
for the revealed discontinuity of control data words gen-
erated by PM and the given classification of speed re-

quirements for status data words generation, KDW and ZDW 
sets can be presented as follows: 

К1 К2
DW DW DW K K K ,  К1 К2

DW DW DW Z Z Z , 

where К1
DWK  and К2

DWK  – IM-emulated control data words 

sets, belonging to the selected classes № 1 and № 2;  
К1
DWZ  and К2

DWZ  – IM-emulated status data words sets, 

belonging to the selected classes №1 and №2. Respec-
tively: 

К1 К1
DW

1

I

i
i

K


K ,  К1 К1
DW

1

I

i
i

Z


Z  

К2 К2
DW

1

I

i
i

K


K ,  К2 К2
DW

1

I

i
i

Z


Z  

where К1
iK , К2

iK  and К1
iZ , К2

iZ – control data words sub-

sets and generated on their basis state data words subsets, 
belonging to the selected classes № 1 and № 2 for each i 

IM. At that К1 К2,i i iK K K ; К1 К2,i i iZ Z Z  (see expres-

sions (1), (2)). 
In a similar way, functional separation of conversion 

functions set FDW of the selected classes of the processed 
control data words is performed: 

К1 К2
DW DW DW F F F , 

К1 К1 К1
DW

1

,
I

i i i
i

f f f


 F , 

К2 К2 К2
DW

1

,
I

i i i
i

f f f


 F .                    (5) 

The developed block diagram of the interface modules 
hardware-software emulator, taking into account the ex-
perimentally revealed discontinuity of the processed con-
trol data words, is shown in fig. 3; it comprises a multi-
functional unit for reconfigurable digital input-output 
from FPGA, controlled by the respective industrial com-
puter [8]. 
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Fig. 3. General block diagram of the interface modules hardware-software emulator  
of SC life support system 

 
Рис. 3. Обобщенная структурная схема аппаратно-программного эмулятора интерфейсных  

модулей сопряжения систем жизнеобеспечения космического аппарата 
 
 
General representation of the developed hardware-

software interface modules emulator as queuing systems 
used in processing the corresponding requests (control 
data words) of № 1 and 2 classes is shown in fig. 4 and 5 
respectively [3; 4]. 

In accordance with the chosen approach, individual 

service channels realizing ratio functions К1
if  for class 

No. 1 control data words (see expression (5)) come in the 
form of hardware conversion units making use of FPGA 
resources (see fig. 3). This approach ensures determinacy 

of К1
iZ generation delays and possibility of setting up  

parallel individual service channels for several emulated 
interface modules within a single FPGA of the applied 
reconfigurable digital input-output device. 

Ratio functions conversions specified by the К2
DWF  set 

(see expression (5)) are realized by the application of the 
top-level program module SAК2, installed in an industrial 

computer (see fig. 3). When new К2
iK  values enter the 

control registers, a single interrupt queue is formed for all 
emulated IMs; in the order of their generation, interrupts 
are processed in the general software module SAК2 by way 

of reading К2
iK , their conversion and recording К2

iZ in 

the corresponding hardware registers of FPGA linked 
with SWUI IP-cores.  

The analysis of the probabilistic and temporal charac-
teristics of queuing systems presented in fig.4 and 5 can 
be performed on the basis of standard approaches [3–5; 9; 
10]. Taking into account the necessity of ensuring the 
developed emulator performance in real strict-time mode 

(
К1
r
t ≤ 12 us, 12 us < 

К2
r
t  < 150 ms) we analyze the worst 

situation of delays in status data words К1
DWZ  and К2

DWZ  

generation through the example of the developed emula-
tor approbation in IROBO-4000 industrial computer and 
PCI-7813R device [2; 8]. 

Class № 1 requests service (performing 
К1 К1 К1

DW DW DW: F K Z  conversion) is carried out by means 

of already developed parallel service devices, the number 
of which equals the IM number (see fig. 4). 

Here the service device is thought of as SWUI IP -
core with the corresponding hardware conversion unit 
making use of FPGA resources. The number of service 

devices for К1
DWK  equals the number of IMs in the control 

unit; that excepts the accumulation of entering requests in 
the queue; thus, the emulator response time is determined 
by their service time. For the queuing system presented in 
fig. 4, the service time of requests is determined only by 
the time of the corresponding data words generation in 
status registers, and for the given hardware-software emu-
lator implementation variant based on the results of the 
corresponding FPGA project development the time equals 
2 clock-cycles [11–13]: 

К1 К1 9
r s 6

cs

1 1
2 2 50 10 s

40 10f
      


 t t , 

where fcs – operational clock speed of FPGA project. 

When new control data word values К2
iK  of No. 2 re-

quest class enter the corresponding hardware registers, a 
unified queue of hardware interrupts is formed for all 
emulated IMs. The interrupts data are processed in the 
SAК2 software module in the order of their generation 

(conversion К2 К2 К2
DW DW DW: F K Z ). Maximum delay of 
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state data words К2
iZ generation when I = 8, caused by 

control data words К2
iK  accumulation due to queuing in 

interrupt processing (see fig. 5) may be determined on 
account of the above evaluation results of the service 
channel implementation; the resulting expression is [3–5]: 

 

     
   

К2 К2 К2
r q s

К2 К2 3 3
s s

max max max

( 1) max max 8 15 10 120 10 s.I  

  

        

  

 

t t t

t t
 

Thus, the maximum values of response time in status 

data words generation for К1
DWK  and К2

DWK  obtained in use 

of the specified hardware-software IM emulator architec-
ture meet the requirements formulated according to the 
experimental evaluation of PM CU performance. The 
suggested emulator architecture allows for modification 
of the implemented in SAК2 program module ratio sets 

К2
DWF  avoiding the FPGA project recompilation, thus pro-

viding its flexibility and unification for further industrial 
application.  

 

 
 

Fig. 4. Representation of the hardware-software interface modules emulator  
as a queuing system for processing of class No. 1 control data words 

 
Рис. 4. Представление аппаратно-программного эмулятора интерфейсных модулей 

сопряжения в виде системы массового  
обслуживания при обработке слов данных управления класса № 1 

 
 
 

 

 
 
 

Fig. 5. Representation of the hardware-software interface modules emulator as a queuing 
system for processing of class No. 2 control data words 

 
Рис. 5. Представление аппаратно-программного эмулятора интерфейсных модулей 
сопряжения в виде системы массового обслуживания при обработке слов данных 

управления класса № 2 
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Conclusion. The proposed know-how (fig. 3) has 
been evaluated and successfully put into operation at the 
department of astrionics design and test operations  
of spacecraft control systems in SC “Academician  
M. F. Reshetnev “Information Satellite Systems” within 
the ground-based debugging complex of onboard elec-
tronic equipment [1; 2; 14; 15]. The debugging complex 
facilities emulating control unit interface modules of the 
SC onboard control complex with application of the pro-
posed approach feature a set of unified devices (hardware 
modules) and the corresponding “FPGA firmware” (de-
veloped IMs) that can be independently modified and then 
compiled in arbitrary order within the corresponding de-
vice [11–13]. 

Application of the PCI-7813R reconfigurable digital 
input-output board allowed emulation of eight interface 
modules of the control unit; that reduced the cost of PM 
software evaluation by several times and shortened its 
testing time. Further operation of the developed hardware-
software emulator proved that the used approaches and 
developed techniques were correct and efficient [11–15]. 
The developed hardware-software emulator provides for 
practical evaluation of regular PM software in the envi-
ronment simulating real operating conditions of SC; that 
was achieved by applying certain methods simulating 
inflight contingency situations for onboard radio-
electronic equipment and spacecraft: a number of faults, 
such as internal interface exchange errors, one of the IMs 
partial malfunction or failure, SC unit/component/ assem-
bly malfunction, etc. [14; 15]. 

In general, the evaluated approaches to the method of 
software and hardware modeling with FPGA application 
can also be valid for analysis of space systems operation 
when using special units (components) of ground-based 
and / or onboard electronic equipment for simulating the 
changing conditions of transmitting signals via communi-
cation channels that depend on the propagation medium, 
payload characteristics, SC path, etc. [16–18]. 
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The aim of this work is to consider solving complex of tasks focused on fulfilling the complicated tactical and tech-

nical requirements for regulation and monitoring equipment (RME) of electric power supply system (EPS) for a pro-
spective spacecraft. These requirements are imposed due to the need to ensure high reliability of the equipment during 
operation under the influence of external factors (vacuum, vibro-impact loads, radiation, absence of convective cool-
ing), as well as to achieve high mass-dimensional parameters of the equipment and its high functionality 

The complexity of problem solving lies in the need to ensure conflicting requirements – high levels of energy density, 
weight and size characteristics, reliability and durability. 

These problems fully apply to the RME of the EPS for a prospective piloted transport system (PPTS) which design 
example shows ways of solving abovementioned problems. 

The most rational way of solving these contradictions is to increase the specific energy indicators of the main com-
ponents of the RME devices – power converters, which can be achieved by using modern power electronic elements, 
using new materials and semi-finished products, for example, printed circuit boards with a metal heat sink, as well as 
increasing the layout density design. 

Determining solution is to select an optimal structure of the power converter, which provides the best efficiency. 
An additional way to reduce the mass-dimensional indicators of the RME is the use of a digital control method, the 

collection of telemetric information, and the receiving and processing of commands. 
At the same time, on the contrary, to ensure the specified reliability of the equipment, it is necessary to use excess 

reservation at the element level – for power components, and the principles of majority reservation at the functional 
block level – for control and telemetry schemes. 

Using the example of RME, developed by CJSC “Orbita”, the main EPS parameters of a new generation spacecraft 
are shown and most important power supply subsystems are considered in the article: the solar energy control subsys-
tem and the power storage subsystem, ways to build them for meeting specified requirements, taking into account the 
proposed solutions. 

As a result of this work, the optimal structures of power converters – the current regulator of the solar battery and 
the current regulator of the battery – were selected, the basic principles of power components reservation ensuring the 
operability of the equipment in case of a single failure of any component without loss of performance and deterioration 
of RME parameters as a whole are shown. 

Block-modular construction method is used for optimal layout and high reliability of the RME, it ensures uniform 
heat removal from electronic components, which is especially important in vacuum conditions, minimum dimensions 
and mass optimization of the RME, as well as high mechanical strength of the structure. 

The implemented principles of building the RME for PPTS using this approach will allow to increase the active life-
time (ALT) and reliability of the spacecraft with a simultaneous decrease in mass and dimension parameters. 

 
Keywords: prospective transport spacecraft, regulation and control equipment, power supply system. 
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ПЕРСПЕКТИВНОГО ПИЛОТИРУЕМОГО ТРАНСПОРТНОГО КОРАБЛЯ 
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Российская Федерация, 394038, г. Воронеж, ул. Пеше-Стрелецкая, 88 
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Целью работы является решение комплекса задач, направленных на выполнение сложных тактико-

технических требований, предъявляемых к аппаратуре регулирования и контроля (АРК) систем электропита-
ния (СЭП) перспективных космических аппаратов, обусловленных необходимостью обеспечения высоких пока-
зателей надежности аппаратуры при эксплуатации в условиях воздействия внешних воздействующих факторов 
(вакуум, виброударные нагрузки, радиация, отсутствие конвективного охлаждения), а также достижения 
высоких массогабаритных показателей аппаратуры и ее высокой функциональности. 

Сложность решения задач обусловлена необходимостью обеспечения противоречивых по физической сути 
требований – высоких показателей энергетической плотности, массогабаритных характеристик, надежно-
сти и долговечности. 

В полной мере указанные проблемы относятся и к аппаратуре регулирования и контроля системы элек-
тропитания перспективного пилотируемого транспортного корабля (АРК ППТК) нового поколения, на приме-
ре проектирования которого показан вариант решения указанных задач. 

Наиболее рациональным способом устранения указанных противоречий можно назвать повышение удельных 
энергетических показателей основных составляющих устройств АРК – силовых преобразователей, которого 
возможно достичь путем использования современной силовой электронной компонентной базы, применения 
новых материалов и полуфабрикатов, например, печатных плат с металлическим теплоотводом, а также 
повышения плотности компоновки при проектировании. 

В свою очередь, определяющим решением является выбор оптимальной структуры силового преобразова-
теля, обеспечивающего наилучшую энергетическую эффективность. 

Дополнительным путем уменьшения массогабаритных показателей АРК является применение цифрового 
способа управления, сбора телеметрической информации, приема и обработки команд. 

В то же время, напротив, для обеспечения заданных показателей надежности аппаратуры необходимо ис-
пользовать избыточное резервирование на уровне элементов (для силовых компонентов) и принципы мажори-
тарного резервирования на уровне функциональных блоков  (для схем управления и телеметрии). 

На примере разработанной предприятием ЗАО «Орбита» АРК представлены основные параметры СЭП 
космического корабля нового поколения, рассмотрены важнейшие подсистемы электропитания: подсистема 
регулирования солнечной энергии и подсистема хранения электроэнергии, способы их построения для реализа-
ции заданных требований с учетом предложенных решений. 

В результате проведенной работы выбраны оптимальные структуры силовых преобразователей – регуля-
тора тока солнечной батареи и регулятора тока аккумуляторной батареи, представлены основные принципы 
резервирования силовых компонентов, обеспечивающих работоспособность аппаратуры в случае единичного 
отказа любого компонента без потери работоспособности и ухудшения параметров АРК в целом. 

Для оптимальной компоновки и высокой надежности АРК использованы блочно-модульный способ построе-
ния, обеспечивающий равномерный отвод тепла от электронных компонентов, что особенно важно в условиях 
вакуума, минимизация габаритов и массы АРК, а также высокая механическая прочность конструкции. 

Реализованные принципы построения АРК для ППТК с использованием указанного подхода позволят увели-
чить срок активного существования (САС), повысить надежность КА с одновременным снижением массога-
баритных показателей. 

 
Ключевые слова: перспективный транспортный корабль, аппаратура регулирования и контроля, система 

электропитания. 
 
Introduction. The development of the RME for a 

spacecraft (SC) is a multicriteria task, the successful solu-
tion of which depends on many factors. At the same time, 
at this stage of development of the converter and digital 
circuitry, it is almost impossible to build a single univer-
sal design of the RME, which would be easily integrated 
into the EPS of the SC for various purposes, due to the 
fact that the EPS of the SC has different voltage levels 
(EPS with low voltage – up to 50 V, EPS with high volt-
age – over 100 V) and power levels of the payload (from 
hundreds of watts to tens of kW). 

These factors largely determine the structure, man-
agement methods and design features of the RME. 

As a rule, the RME of the piloted SС provides with 
electric power EPS of the SC with a low voltage of 28.5 V  
or 32.5 V, which is due to the high safety requirements  
of the crew during the flight, maintenance and repair 
work, and scheduled tasks carried out with the RME in 
full-scale space flight. On the other hand, the ARK of the 
piloted spacecraft is subjected to strict requirements for 
mass and size, which forms the problem of improving the 
energy performance of RME power converters, first of all, 
increasing their efficiency. 

The RME is the main link in the electrical power sup-
ply system of a prospective reusable piloted transport 
spacecraft [1], which should replace the piloted space-
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ships of the Soyuz series and automatic cargo ships of the 
Progress series. 

Big active lifetime (SAS) (up to 1.5 years), high re-
quirements for reliability (probability of trouble-free op-
eration of the RME is not less than 0.998), multifunction-
ality, determined the need to choose the optimal structure 
of the RME for the PPTS and implement unique design 
solutions in it. 

Application of the RME. Together with rechargeable 
batteries (AB), solar batteries (SB), and onboard cable 
network the system must provide [2]: 

– joint work of SB and AB on the total load; 
– power supply of onboard equipment of the PPTS 

with a constant voltage of 32.5 V of the required quality; 
– autonomous charge of each battery with a charging 

current of a value corresponding to the levels of charge 
current settings generated by the commands of on-board 
computer systems (OCS); 

– alignment of discharge currents to the total load of 
parallel operating ABs, with limited discharge current 
levels; 

– the exchange of information with the OCS in terms 
of receiving and processing commands and transmitting 
telemetric information via the serial interface bus (SIB) 
GOST R 52070; 

– information exchange via the CAN interface with 
the AB control module in terms of receiving commands 
for switching on / off the charge of the battery and transmit-
ting telemetry information from the battery to the RME. 

The structure and basic parameters of the RME. 
The period of active existence of a PPTS is within the 
limits of 1–1.5 years, while the resource of PPTS must 
provide its operation both in near-earth orbit and as a part 
of the near-moon infrastructure. 

In this regard, the peculiarities of the operation of 
PPTS determine rather strict technical requirements for 
PPTS subsystems, including the RME for: 

– weight and size indicators; 
– reliability; 
– radiation resistance; 
– effectiveness; 
– energy density. 
As a rule, to implement high technical requirements 

for the RME, the developer of the equipment has to solve 
many contradictory tasks. For example, increasing of reli-
ability of the RME by reducing the load factor of elec-
tronic components (ERI) and redundancy of nodes lead to 
increase in mass, and increase in efficiency and radiation 
resistance reduce the energy density and, consequently, 
worsens mass and dimension parameters of the RME [2–4]. 

The electrical power supply of the onboard equipment 
in the PPTS should be provided by a low-voltage EPS 
with a voltage in the range from 28 V to 32.5 V and with 
a total power of up to 4000 W. 

The implementation of the requirements of the techni-
cal specifications in terms of ensuring high reliability and 
energy density of the RME for the PPTS is performed by 
applying a block-modular method of building, backup of 
power elements and nodes, microcontrollers, digital logic. 
At the same time, the national radiation-resistant element 
base is used in the construction  of the RME for the PPTS 
[2; 5]. 

The block diagram of the RME for the PPTS and its 
connection with the EPS of the PPTS is shown in fig. 1. 

The block diagram of the ARK for the PPTS contains: 
4 current regulators RT1 ... RT4, 4 charge-discharge de-
vices ZRU1 ... ZRU4 (AB current regulators), a voltage 
regulator SN 32.5 V, 2 filters (one for each independent 
power bus), a controller. 

Subsystem for regulating solar energy. To ensure 
high energy efficiency requirements, a gallium-arsenide 
solar battery was used as the primary source of energy 
with the following main characteristics: the power of one 
SB at the beginning of a flight is 1800 W, the open-circuit 
voltage is 100 V, and the short-circuit current is 37 A. 

To regulate the current of the solar battery, a parallel 
type regulator is used, and since a special feature of the 
chosen type of solar battery compared to silicon-based 
batteries is an increased electrical capacitance (up  
to 1 μF), current-limiting circuits are used in the power 
switch to ensure a smooth current rise trajectory. 

The block diagram of the SB current regulator is 
shown in fig. 2 

The current regulator contains: a sensitive element, a 
feedback signal adder (OS), a PWM signal comparator,  
a 25 kHz sawtooth voltage generator, a current limiting 
throttle, a current shunt for measuring the current teleme-
try signal of the SB, PWM signal drivers (PWM signal 
amplifiers), the power elements of the regulator presented 
by field-effect transistors (with series-parallel redun-
dancy) and Schottky diodes. 

The regulators are structurally combined by 2 items  
in 2 power modules with a capacity of 1800 W each, with 
each current controller having a series-parallel redun-
dancy of the most critical power and control elements. 
The specific power of each module is 703 W/kg. Each 
module contains a regulator capable of switching the en-
ergy of the SB to two independent power supply buses 
with the help of switching elements SE (see fig. 1). 

The power delivered to the load by each SB current 
regulator is 900 W. 

Energy storage subsystem. The lithium-ion re-
chargeable battery with the following parameters was 
used in the energy storage subsystem: operating voltage 
range – (16.2… 29.5) V; maximum discharge current –  
45 A; charging current is steppable, reduced during charg-
ing, having six setting levels (20.0; 10.0; 5.0; 2.5; 1.0; 0 A). 

The AB current regulator is a charge-discharge device 
based on direct converters of the raising and lowering 
types with  PWM regulation [6–12]. 

The block diagram of the AB current regulator is 
shown in fig. 3 

The AB current regulator is a charge-discharge device 
that contains: a sensitive element, a feedback (OS) adder, 
a current regulator with current limit, a voltage and cur-
rent feedback (OS) signals adder, a PWM “CHARGE” 
comparator, a PWM “DISCHARGE” comparator, a 
sawtooth voltage generator for PWM – “CHARGE” and 
PWM – “DISCHARGE” comparators, an electronic fuse 
on the power field-effect transistor, PWM-signal drivers 
(PWM-signal amplifiers), power elements of the regulator 
– field-effect transistors (with parallel redundancy) and 
Schottky diodes, a current shunt for measuring the current 
of the AB. 
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Fig. 1. Block diagram of the RME for the PPTS and its connection with the EPS of the PPTS: 
АB1…АB4 rechargeable batteries; SB1, SB2 – solar batteries; G1…G4 – solar generators, SUBK –onboard 
complex control system of PPTS; MKU LIAB – lithium-ion battery monitoring and control module; SH1, 
SH2 –independent power lines of PPTS; ELOI –lunar orbital infrastructure elements; EZOI – Earth orbital 

infrastructure elements; SNE – ground power system 
 

Рис. 1. Структурная схема АРК ППТК и её связи с СЭП ППТК: 
АБ1…АБ4 аккумуляторные батареи; СБ1, СБ2 – солнечные батареи; G1…G4 – солнечные генерато-
ры; СУБК – система управления бортовым комплексом ППТК; МКУ ЛИАБ – модуль контроля  

и управления литий-ионной аккумуляторной батареи; Ш1, Ш2 – независимые шины электропитания 
ППТК; ЭЛОИ – элементы лунной орбитальной инфраструктуры; ЭЗОИ – элементы земной орби-

тальной инфраструктуры; СНЭ – система наземного электропитания 
 
 

 
 

Fig. 2. Block diagram of SB current regulator 
 

Рис. 2. Блок-схема регулятора тока СБ 
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Fig. 3. Block diagram of AB current regulator 
 

Рис. 3. Блок-схема регулятора тока АБ 
 
 
The design contains 4 pieces of charge-discharge 

power module, by 2 pcs. of charge-discharge devices 
each. The module provides 700 W of power, while one 
device is redundant in each module. The specific power of 
each charge-discharge module is 284 W/kg. 

Control of current power converters of SB and AB is 
carried out automatically depending on the energy bal-
ance on board in accordance with the description given in 
[13–17]. 

Constructive and functional features of the RME, 
ensuring high reliability of the EPS. To increase the 
reliability of the EPS for the PPTS two independent 
power supply buses are provided in the RME. In case of 
failure of any device connected to one bus (for example, 
as a result of a short circuit), the second bus remains op-
erational, providing power to onboard critical loads up to 
2800 W, while part of the solar battery powering the 
failed bus is switched by one of the current regulators 
using the SE for a working bus. 

The high reliability of the RME for the PPTS is also 
provided by the use of high-speed electronic short-circuit 
protection (SC), which may occur in power supply buses 
described in [12]. In case of a short circuit in the bus, the 
protection acts in less than 10 µs. In this case, the protec-
tion remains active until the cause of the short-circuit 
fault is completely eliminated. 

The use of a digital information transmission channel 
based on CAN and MPI protocols for transmitting tele-
metric and control information has significantly reduced 
the number of electrical connections between the RME 
and the OCS, on the one hand, and the RME and the AB 
control module, on the other. 

To increase the energy density in the RME, the opti-
mal configuration of power ERI was implemented on the 

basis of printed circuit boards with a metal base and ERIs 
were applied, including power, surface mounted ones. 

The applied modern electronic component base, the 
developed constructive and circuit solutions have pro-
vided the optimal operational, energy and mass-
dimensional characteristics of the RME. The mass of the 
RME is 25 kg. 

Fig. 4 shows a general view of the ARP for the PPTS. 
Conclusion. When constructing the RME for the 

PPTS of a new generation, the main criteria were consid-
ered, allowing to realize the specified characteristics of 
the EPS for the PPTS. It has been demonstrated that the 
main points in ensuring the specified technical require-
ments of the Customer in the development of the RME 
are: the choice of the optimal structure and circuit design 
of the RME power converters, the use of modern radia-
tion-resistant components, excessive redundancy of indi-
vidual elements and majorization of the main functions, 
active protection from dangerous states (for example, a 
short circuit in power circuits), a block-modular method 
of construction of the RME. 

As a result, to meet the needs of the development re-
quirements specification, based on many years of experi-
ence in creating equipment for regulation and control of 
EPS systems of spacecraft for various purposes, the de-
sign of the ARP for the PPTS was developed, featuring 
unique circuit design and construction solutions that sig-
nificantly improved mass and dimensional characteristics 
of the equipment and increased energy density and effi-
ciency of power converters, ensure good heat dissipation 
at the same time ensuring high reliability. 

The development and application of innovative solu-
tions in building the structure of the ARP for the PPTS 
allowed to ensure the specified requirements in full measure.  
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Fig. 4. General view of the RME of the PPTS 
 

Рис. 4. Общий вид АРК ППТК 
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MODELING OF THE STRESS-STRAIN STATE OF ROCKET-SPACE TECHNOLOGY STRUCTURAL 

ELEMENTS MANUFACTURED BY USING ADDITIVE TECHNOLOGIES 
 

E. S. Ushakova 
 

Bauman Moscow State Technical University 
5, 2-ya Baumanskaya St., Moscow, 105005, Russian Federation 

E-mail: ellizaweta@gmail.com 
 
One of the promising areas for improving the methods of manufacturing structural elements of rocket and space 

technology is the use of selective laser melting technology which represents a unique opportunity to manufacture metal 
products by melting powder and producing a one-piece solid phase structure. However, pores and other structural de-
fects can appear in the formed element during laser sintering which causes a decrease in the strength characteristics of 
the parts produced. An important step in the additive technologies introduction is the development of methodology for 
the preliminary prediction of the strength characteristics of manufactured structural elements under the influence of 
mechanical loads with the help of mathematical modeling. The methodology for estimating the material strength reduc-
tion of a rocket-space technology element obtained using additive technologies by simulating a porous structure and 
calculating the characteristics of the stress-strain state is presented. 

The proposed mathematical model and the methodology for calculating the specimen loading on the basis of the dis-
tortion energy theory allow calculating the stress-strain state in the process of numerical simulation for different values 
of the pore diameter. The reduction in yield strength due to the material porosity of the part is estimated using a coeffi-
cient equal to the ratio of equivalent stresses arising when a load is applied to a specimen manufactured using tradi-
tional and additive technologies. The value of the introduced coefficient characterizes the structure of the grown prod-
uct and is considered as a function of the random arrangement of pores in the specimen under study. The appearance of 
pores is the result of a combination of factors: the composition and dispersion of the original metal powder, feed rate, 
removal distance and laser power during sintering, part orientation and sintering direction, the height of the level of 
powder deposited on a special base before sintering, etc. 

The paper evaluates the reduction in strength for the working part of a series of tensile test specimens grown from 
metal powder of different dispersity. The non-linear nature of the dependence of the yield strength on the particle di-
ameter of the original metal powder is established. The maximum value of the yield strength corresponds to the speci-
men with the minimum value of the total surface area of the pores. 

 
Keywords: additive technologies, liquid rocket engine, combustion chamber, porosity, stress-strain state, yield 

strength. 
 

МОДЕЛИРОВАНИЕ НАПРЯЖЕННО-ДЕФОРМИРОВАННОГО СОСТОЯНИЯ  
КОНСТРУКЦИЙ РАКЕТНО-КОСМИЧЕСКОЙ ТЕХНИКИ, ИЗГОТОВЛЕННЫХ  

С ИСПОЛЬЗОВАНИЕМ АДДИТИВНЫХ ТЕХНОЛОГИЙ 
 

Е. С. Ушакова 
 

Московский государственный технический университет имени Н. Э. Баумана 
Российская Федерация, 105005, г. Москва, 2-я Бауманская ул., 5 

Е-mail: ellizaweta@gmail.com 
 
Одним из перспективных направлений совершенствования методов изготовления конструктивных элемен-

тов ракетно-космической техники является применение технологии селективного лазерного плавления, кото-
рая дает уникальную возможность изготавливать изделия из металла посредством расплавления порошка и 
получения сплошной твердофазной структуры. Однако при лазерном спекании в формируемом элементе могут 
образовываться поры и прочие дефекты структуры, что вызывает снижение прочностных характеристик 
изготавливаемых деталей. Важным этапом при внедрении аддитивных технологий является разработка ме-



 
 
 

Сибирский журнал науки и технологий.  Том 20,  № 2 
 

 244

тодов предварительного прогнозирования прочностных характеристик изготавливаемых элементов конст-
рукции в условиях воздействия механических нагрузок с помощь математического моделирования. Представ-
лена методика оценки снижения прочности материала элемента конструкции ракетно-космической техники, 
полученного с использованием аддитивных технологий с помощью моделирования пористой структуры и рас-
чета характеристик напряженно-деформированного состояния. 

Предложенные математическая модель и методика расчета нагружения образца, основанная на теории 
энергии формоизменения, позволяют провести расчёт напряженно-деформированного состояния в процессе 
численного моделирования для разных значений диаметра пор. Снижение предела текучести в связи с порис-
тостью материала детали оценивается с помощью коэффициента, равного отношению эквивалентных на-
пряжений, возникающих при приложении нагрузки к образцу, изготовленному посредством традиционных  
и аддитивных технологий. Значение введенного коэффициента характеризует структуру выращенного изде-
лия и рассматривается как функция случайного расположения пор в исследуемом образце, появление которых 
является результатом влияния совокупности факторов: состав и дисперсность исходного металлического 
порошка, скорость подачи, расстояние выведения и мощность лазера при спекании, ориентация детали и на-
правление спекания, высота уровня порошка, нанесенного на специальное основание перед спеканием и др. 

В работе проведена оценка снижения прочности для рабочей части серии образцов для испытаний на рас-
тяжение, выращенных из металлического порошка различной дисперсности. Установлен нелинейный харак-
тер зависимости предела текучести от диаметра частиц исходного металлического порошка. Максимальное 
значение предела текучести соответствует образцу с минимальным значением суммарной площади поверхно-
сти пор. 

 
Ключевые слова: аддитивные технологии, жидкостной ракетный двигатель, камера сгорания, порис-

тость, напряженно-деформированное состояние, предел текучести 
 
Introduction. Currently, improving manufacturability 

and reducing the cost of manufacturing rocket-space 
technology (RST) structural elements are important scien-
tific and technical challenges. The disadvantage of tradi-
tional methods of manufacturing the most heavily loaded 
units of a liquid-propellant rocket engine (LRE) – com-
bustion chambers (CCs) – is the problem of ensuring the 
reliability of structures and controlling their quality due  
to the use of a large number of soldered joints in manu-
facturing as well as the need to manufacture expensive 
tooling. For example, only the process of electroerosive 
deposition of the “artificial” roughness creating turbu-
lence in the coolant flow on the bottom of the cooling 
tract channels of the CC inner shell lasts 900 n / h [1]. 

One of the promising directions of improving the 
methods of manufacturing the rocket-space technology 
structural elements is the use of additive technologies 
(AT) [2]. Their main advantages include: manufacturing 
objects of complex shape with high accuracy, optimizing 
time spent on manufacturing, using a combination of 
metal powders (for example, BrH08 + stainless steel) in 
order to obtain strength characteristics corresponding to 
the operating conditions of the grown product [3]. 

The development of additive technologies, in particu-
lar, the technology of selective laser melting (SLM), 
represents a unique opportunity to manufacture metal 
products by melting powder and obtaining a one-piece 
solid phase structure [4]. The use of SLM technology 
allows increasing the material utilization rate to almost  
99 % and, thereby, reducing the cost of production [5]. 
However, during SLM pores and other structural defects 
(non-melts, cracks, inclusions, etc.) may appear in the 
formed element, which causes a decrease in the strength 
characteristics of the parts produced. One of the objects of 
RST where the introduction of AT seems to be promising 
is the LRE chamber. 

Since the working process in the LRE is characterized 
by relatively large values of pressure and temperature in 

the CC [6], an important step in the introduction of AT is 
the development of methods for preliminary prediction of 
the strength characteristics of manufactured structural 
elements under the influence of mechanical loads using 
mathematical modeling. 

The purpose of this work is to develop a methodology 
for evaluating the strength reduction of the material ob-
tained using additive technologies by modeling the porous 
structure and calculating the characteristics of the stress-
strain state (SSS). 

Mathematical model. The methodology for assessing 
the strength reduction of parts manufactured using addi-
tive technologies on the basis of the SSS determination in 
the process of numerical simulation using the distortion 
energy theory (Mises-Huber-Genki theory) [7] has been 
developed. According to this methodology it is assumed 
that the specimen begins to break (or to become unac-
ceptably deformed) under the condition σeq ≥ σyield, where 
σeq is von Mises equivalent stress arising in the part under 
the action of a given load, σyield is the yield strength of the 
material of the part. 

A safety factor – the ratio of yield strength to equiva-
lent stress σyield determined, for example, according to 
Mises [7] – can be used as a characteristic of the strength 
reliability of a RST product: 

.yield
s

eq

K =



 

The reduction of the yield strength σyield.add of the RST 
structural element material grown from metal powder  
is taken into account using the coefficient n (<1): 

.yield add yield= n .   

Then the safety factor for parts made using additive 
technology will be determined by the formula: 

.
.

 yield add yield
s add

eq eq

n
K = = .

 

 
                     (1) 
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In this formulation, the value of the coefficient n char-
acterizes the structure of the grown product and is consid-
ered as a function of the random arrangement of pores in 
the specimen under study. The appearance of pores is the 
result of the influence of a combination of factors: the 
composition and dispersion of the original metal powder, 
feed rate, removal distance and laser power during sinter-
ing, part orientation and sintering direction, the height of 
the level of the powder deposited on a special base before 
sintering, etc. [8–12]. 

Pores (as well as cracks, non-melts, etc.) in the struc-
ture of any material are local sharp changes in the uni-
formity of shape and rigidity of the product structure and 
lead to local increase in the value of internal stresses. 
Consequently, the value of the equivalent stress σeq.pore 
caused by a given load for a part with pores will be higher 
than the value for a monolithic part σeq made of material 
with the same physical and mechanical properties. The 
safety factors for the cases considered are determined by 
the formulas: 

. ;yield
s solid s

eq

K = K =



 

.
.

;yield
s pore

eq pore

K =



                          (2) 

. .s solid s poreK > K .  

By presenting a part grown from metal powder  
as a monolithic one with the presence of local inhomoge-
neities in the material structure it is possible to consider 
the values of safety factors from formulas (1) and (2): 
Ks.add  = Ks.pore to be equal. Then, in accordance with the 
idea of the physical meaning of the coefficient n, its value 
will be equal to the ratio of equivalent voltages: 

.

;yield yield

eq eq pore

n
=

 

 
 

.

eq

eq pore

n = .



 

Consequently, the decrease in the tensile strength of a 
metal part made by the method of SLM is due to increase 
in the value of equivalent stresses as compared to a metal 
part made using traditional methods. 

The porosity of the part material is determined by the 
formula: 

1 ,pore lay= k   

where: 1 pore
lay

V
k =

V
 is the packing factor, V is part  

volume, Vpore  is the pore volume in the part material. 
Calculation model of the specimen loading. Struc-

tural cryogenic steel AISI 316L the mechanical properties 
[13] of which are listed in Table 1 is considered as a ma-
terial of the structural RST element. 

The porous structure of the specimen created by the 
method of selective laser sintering from ASIS 316L steel 
was studied in [14]. The relationship between the struc-
ture of the grown material and the sintering and the dis-
persion modes of the original metal powder was experi-
mentally established in this work. A complex configura-
tion of pores can be approximated by a set of spherical 
surfaces on the basis of a number of images obtained on 
the surface of thin sections of material specimens. In the 
first approximation we will consider the diameter and 
distance between pores commensurate with the diameter 
of a metal particle dp (fig. 1): 

2 ,pore pd d   2 .pore poreh d   

In this paper it is expedient to evaluate the reduction 
in strength for a specimen of a material and not for the 
design of a LRE chamber as a whole. For this purpose a 
series of specimens for tensile test were modeled accord-
ing to GOST 1497–84 [15]. The dimensions the speci-
mens correspond to type 3, number 9 (fig. 2). 

The results of the stress-strain state calculations. 
Assuming that the applied load is evenly distributed over 
the cross section the strength calculation was carried out 
directly for a cylindrical fragment of the specimen work-
ing part (h = 0.5 mm, V = 3.534 mm3, fig. 2) grown from 
AISI 316L powder of the following series of diameters: 
dpi = 60; 90; 120; 150; 180; 210; 240; 270; 300 microns 
(fig. 3). The calculated values of the packing factors klayi 
for each element are presented in tab. 2 A fragment of the 
working part was fixed on the surface of the rear end; a 
tensile load was applied along the normal to the surface of 
the front end. An example of a finite-element model of a 
calculation object with dp = 60 μm in the form of a com-
putational grid using tetrahedral elements with a total 
number of ~ 6 · 104 is shown in fig. 4. Verification of the 
calculated diagram of porous specimens tension (fig. 5) 
was carried out using an experimental diagram for steel 
[15]. Comparison of dependences shows satisfactory co-
incidence of the qualitative nature of the calculated and 
experimental diagrams for elastic and the beginning of 
plastic deformations.  

 
 
 

Table 1 
Steel AISI 316L mechanical properties at T = 20 oC 

 

Density Yield strength Tensile strength Young’s modulus Poisson’s ratio 

3
ρ,

kg

m
 σ , MPayield   σ , MPatens  , GPaE  μ  

7860 300 570 200 0,26 
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Fig. 1. Scheme of distribution (a) and geometrical characteristics (b) 
of pores in the object under study 

 
Рис. 1. Схема распределения (а) и геометрические характеристики пор (b) 

в объекте исследования 
 

 
 

 
 
 

Fig. 2. 3D-model of the object under study 
 

Рис. 2. 3D-модель объекта исследования 
 



 
 
 

Авиационная и ракетно-космическая техника 
 

 247

 
 

1                                         2                                         3                                        4 
 
 

 
 

5                                         6                                         7                                        8 
 

Fig. 3. 3-D models of porous specimens grown from metal powder with dpi:  
60 μm (1), 90 μm (2), 150 μm (3), 180 μm (4), 210 μm (5), 240 μm (6), 270 μm (7), 300 μm (8) 

 
Рис. 3. 3-D модели пористых образцов выращенных из металлического порошка с dpi:  

60 мкм (1), 90 мкм (2), 150 мкм (3), 180 мкм (4), 210 мкм (5), 240 мкм (6), 270 мкм (7), 300 мкм (8) 
 

 
Fig. 4. A finite-element model in the form of a structured grid  

of the calculation object at dp = 60 μm 
 

Рис. 4. Конечно-элементная модель в виде структурированной  
сетки объекта расчета при dp = 60 мкм 
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The value of the equivalent stress σeq.porei (tab. 2)  
arising from the application of tensile load equal to  
F = 2000 N is obtained as a result of a series of calcula-
tions for each specimen. The values of the coefficient ni 
and the yield strength σyield.porei are presented in tab. 2.  
The dependence of the value of the yield strength on the 
particle diameter (hence, on the pore diameter) is non-
linear (fig. 6). The existence of an extremum can be ex-
plained by the opposite influence of geometrical parame-
ters on the value of the surface area of the pores in the 
entire volume of the specimen. The total area of spherical 
surfaces is proportional to the number of pores in the 

specimen and at the same time to the diameter of each 
pore dporei. The smaller the specified diameter of the initial 
metal powder particle is, the smaller the diameter and 
surface area of the pore formed in the SLM are, but the 
smaller the distance between the pores (hpore ≈ 2·dpore) is, 
the greater their number is, and, therefore, the larger the 
total surface area of pores is.  

The maximum value of the yield strength (σyield.p.max =  
= 291.9 MPa) corresponds to the specimen with the high-
est value of the packing coefficient (klay max = 0.956), that 
is, the specimen with the minimum total surface area of 
pores.  
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Fig. 5. The calculated diagram of the specimen stress-strain state with: 
1 – dp = 0 µm; 2 – dp = 180 µm; 3 – dp = 300 µm 

 
Рис. 5. Расчетная диаграмма напряженно-деформированного состояния образца при: 

1 – dp = 0 мкм; 2 – dp  = 180 мкм; 3 – dp  = 300 мкм 
 

 
 

Table 2 
The results of the yield strength calculation for porous specimens 

 

№ pid  .eq porei  in  .yield porei  layik  

 mkm MPa – MPa – 

1 60 254.4 0.917 275.0 0.929 

2 90 251.3 0.928 278.4 0.929 

3 150 240.8 0.968 290.4 0.955 

4 180 239.6 0.973 291.9 0.956 

5 210 240.7 0.969 290.7 0.944 

6 240 244.5 0.954 286.2 0.939 

7 270 249.1 0.936 280.9 0.929 

8 300 255.1 0.914 274.2 0.914 

 0 (monolithic) 233.2 1 300.0 1 
 

σ,
 M

Pa
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Fig. 6. The dependence of the specimen yield strength value  
on the metal powder particle diameter 

 
Рис. 6. Зависимость значения предела текучести образца  

от диаметра частиц металлического порошка 
 
 
Conclusion. The paper considers the methodology of 

evaluating the reduction of the strength of the RST struc-
tural element material obtained by the SLM method by 
modeling the porous structure and calculating the charac-
teristics of the stress-strain state. During the calculation it 
was found that the value of the total surface area of the 
pores in the material due to the size of the original metal 
powder particles is directly proportional to the value of 
the equivalent stress σeq.porei arising in the object under 
study when tensile load is applied. 

The dispersion value of the metal powder dp is deter-
mined using tensile testing of a series of metal specimens. 
The value determined provides the minimum total surface 
area of pores in the material structure resulting from laser 
beam sintering, thereby causing greater value of the yield 
strength σyield.pore of the part. The optimum value of the 
powder dispersion for steel AISI 316L in the preparation 
of specimens for tensile is dp opt = 150...200 microns. 
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SOLAR THERMAL PROPULSION SYSTEMS WITH VARIOUS  
HIGH-TEMPERATURE POWER SOURCES 
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Moscow Aviation Institute (National Research University) 

4, Volokolamskoe shosse, А-80, GSP-3, Moscow 125993 Russian Federation 
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The paper provides an overview of space thermal propulsion (STP) systems using concentrated solar energy as the 

main source of power. The paper considers solar thermal rocket engines of various configurations including those with 
afterburning of hydrogen heated in the “concentrator – absorber” system (CAS) with various oxidizers. Together with 
hydrogen the oxidizers form high-energy fuel compositions with a high value of ratio of components mass flow-rates 
which allows reducing the dimension of the CAS. The extreme dependences of the engine thrust on the specific impulse 
are shown for various values of the hydrogen heating temperature and the oxidizer-to-fuel ratio. The coefficients of the 
regression dependencies for the efficiency of a two-stage absorber and an absorber with the maximum non-isothermal 
heating having the highest possible energy efficiency are presented. The algorithms for calculating the main design 
parameters of the STP system as a part of a spacecraft (SC) are given, taking into account the ballistic parameters of 
the multi-turn transfer trajectory with multiple active segments applied to the STP systems having an energy-efficient 
non-isothermal CAS. The engine configurations with thermal heat accumulation and possible afterburning of heated 
hydrogen are also considered. Thermal accumulation allows accumulating energy in the solar-absorber during passive 
movement in the illuminated portions of the transfer orbits regardless of the lighting conditions of the apsidal orbit 
portions where the engine is turned on. Suitable heat-accumulating phase transition materials (HAM) such as the 
eutectic alloy of boron and silicon as well as refractory beryllium oxide are selected for different phases of the 
interorbital transfer to the geostationary Earth orbit (GEO). The main characteristics of different configurations of the 
STP systems in the problem of placing a spacecraft (SC) into high-energy GEO orbits are shown. A model of the SC-
STP system operation is given taking into account ballistic parameters and the possibility of accumulating thermal 
energy. It is shown that the oxidizer-to-fuel ratio in STP systems with thermal energy storage (TES) increases with the 
decrease of the interorbital transfer time. The STP configurations with a two-stage TES showing a large energy-mass 
efficiency at moderate values of the solar concentrator accuracy parameter are considered. 

 
Keywords: solar thermal propulsion, solar high-temperature heat source, concentrator-absorber system, thermal 

energy storage, hydrogen afterburning, ballistic efficiency. 
 
 

СОЛНЕЧНЫЕ ТЕПЛОВЫЕ РАКЕТНЫЕ ДВИГАТЕЛИ  
С РАЗЛИЧНЫМИ ВЫСОКОТЕМПЕРАТУРНЫМИ ИСТОЧНИКАМИ МОЩНОСТИ 
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В статье приводится обзор космических тепловых ракетных двигателей, использующих концентрирован-

ную солнечную энергию как основной источник мощности. Рассматриваются солнечные тепловые ракетные 
двигатели (СТРД) разных схем, в том числе с дожиганием нагретого в системе «концентратор – приемник» 
(КП) водорода различными окислителями, образующими с водородом высокоэнергетические топливные пары с 
высоким значением соотношения массовых расходов компонентов, что позволяет уменьшить размерность 
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системы КП. Показаны экстремальные зависимости тяги двигателя от удельного импульса при различных 
значениях температуры нагрева водорода и коэффициента избытка окислителя. Приводятся коэффициенты 
регрессионных зависимостей для КПД двухступенчатого приемника и приемника с предельной неравнотемпе-
ратурностью нагрева, обладающим предельно возможной энергетической эффективностью. Приведены алго-
ритмы расчета основных проектных параметров СТРД в составе космического аппарата (КА) с учетом бал-
листических параметров многовитковой переходной траектории с множественными активными сегментами 
применительно к СТРД с энергетически выгодной неравнотемпературной системой КП. Также рассматрива-
ются схемы двигателя с тепловым аккумулированием тепла и возможным дожиганием нагретого водорода. 
Тепловое аккумулирование позволяет накапливать энергию в светоприемнике-аккумуляторе во время пассивно-
го движения на освещенных участках переходных орбит вне зависимости от условий освещенности апсидаль-
ных участков орбиты, на которых осуществляется включение двигателя. Для различного времени межорби-
тального перелета на геостационарную орбиту (ГСО) выбираются целесообразные теплоаккумулирующие 
фазопереходные материалы (ТАМ) типа эвтектического сплава бора и кремния, а также тугоплавкого оксида 
бериллия. Показаны основные характеристики разных схем СТРД в задаче выведения КА на высокоэнергетиче-
ские орбиты типа ГСО. Приведена модель операции системы «КА-СТРД» с учетом баллистических парамет-
ров и возможностью аккумулирования тепловой энергии. Показано, что коэффициент избытка окислителя  
в СТРД с тепловым аккумулятором (ТА) возрастает при уменьшении времени межорбитального перелета. 
Рассмотрены схемы СТРД с двухступенчатым ТА, показывающим большую энергомассовую эффективность 
при умеренных значениях параметра точности солнечного концентратора. 

 
Ключевые слова: солнечный тепловой ракетный двигатель, солнечный высокотемпературный источник 

тепла, система «концентратор – приемник», тепловой аккумулятор, дожигание водорода, баллистическая 
эффективность. 

 
Introduction. Modern cosmonautics is characterized 

by the requirements to reduce the cost of placing SC into 
high working orbits by developing new energy-efficient 
interorbital transportation vehicles (ITV). Currently there 
is a steady global trend of increasing the mass and 
dimensional resources of a geostationary SC associated 
with the payback period of equipment. Therefore the 
development of highly efficient engines for ITV using 
alternative energy sources including solar energy is a 
highly topical problem. 

Nowadays the levels of energy-mass perfection of 
traditional chemical rocket engines (liquid-propellant 
rocket engine (LPRE), solid-propellant rocket engine 
(SPRE)) are close to the limit in many respects, and 
engines with high specific impulses (nuclear rocket 
engine (NRE), electric jet engine EJE) have restrictions 
on the conditions of their use. One of the ways to increase 
the efficiency of thermal rocket engines is to increase the 
enthalpy of the fuel due to solar radiation as the most 
accessible source of energy in near-Earth space. STP 
systems can have a fairly simple configuration and better 
energy characteristics compared to chemical rocket 
engines.  

Taking into account the high energy efficiency of 
direct conversion of solar radiation into the enthalpy of 
the working fluid it seems appropriate to study the energy 
possibilities of using STP systems with a high-
temperature “concentrator-absorber” system (CAS). 

The construction of a STP system requires the solution 
of complex scientific and technical problems, such as the 
development of an efficient high-temperature solar heat 
source (CAS and thermal accumulation capability) with 
the required energy-mass characteristics, optimal 
matching of its characteristics with SC parameters and 
ballistic parameters, ensuring engine orientation 
conditions including CAS tracking for the Sun, and a 
number of other tasks. 

On the basis of the analysis of Russian and foreign 
works it has been shown that STP systems are considered 
primarily as systems including an isothermal CAS [1–6]. 
Particular solutions and approximation formulas that do 
not fully reflect the appropriate parameters of the CAS 
when matching engine characteristics with the main SC 
design parameters and ballistic parameters are given for 
non-isothermal solar absorbers [7]. Only oxygen is 
considered as an oxidizer for STP with afterburning. 
Graphite [5] is primarily considered as a heat-
accumulating material (HAM) for a STP system TES; the 
expedient characteristics of such an engine when it is 
integrated into the SC are not shown and the 
configurations with hydrogen afterburning with various 
oxidizers are not considered in the works with the 
proposed phase transition batteries [4; 8]. 

Simple hydrogen STP system. Let us consider the 
issues of creating a single-component hydrogen STP 
system with a CAS as a source of power. An STP system 
is considered as an engine for ITV from a low orbit to a 
high-energy one using the example of a geostationary 
Earth orbit (GEO). The mathematical formulation of the 
problem of placing a SC with a STP system to high 
working orbits is presented. The main relevant parameters 
of the STP system having the greatest impact on the 
efficiency criterion, that is, on the maximum mass of the 
payload (PL) PLM on the GEO are selected. It is shown 

that the relevant parameters include the tolerance  
of the  mirror concentrator (accuracy according to  
O. I. Kudrin [7]) and the heating temperature of the high-
temperature part of the absorber oT  assumed to be equal 

to the hydrogen heating temperature 
2HT . It is shown that 

they significantly depend on the interorbital transfer time, 
while the optimum temperature 

2HT  decreases with a 

decrease in the interorbital maneuver time, and the 
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optimal parameter  increases. The optimal ratios of 
these parameters are revealed. 

The CAS of three main configurations is 
considered: an isothermal one-stage system (OSS); a 
system with two stages of heating hydrogen in the 
absorber (TSS); a multistage system with non-uniform 
heating of hydrogen (MSS). Formally the problem 
statement is as follows: 

0
,

arg max ( )PL

к

T fix

M x fix

x fix



 

 
     
  

,                   (1) 

where ;oT     is the vector of the STP relevant 

parameters belonging to the set of alternative values   
and Z and subject to optimization to ensure the maximum 

PLM  at fixed values of the interorbital transfer time T  

and phase coordinates of the initial and final orbits 0 , кx x . 

The algorithm for selecting the relevant parameters for 
maximizing the mass of PL is considered in detail in [9]. 
The model takes into account the masses of SC and the 
engine according to known regression dependencies [10]. 
The accuracy of determining the PL mass is sufficient to 
make a decision on the choice of the preferred alternative 
among competing ITVs. The results of calculations on the 
example of various solar absorbers are shown  in fig. 1–6  

[11] as applied to the “Soyuz-2-1b” launch vehicle (LV). 
Here the conventional diameter of a mirror means its 
full dimensions (mid-mirror) collecting solar radiation 
into a focal light spot falling on a radial-type solar  
absorber. 

If the efficiency of the isothermal (one-stage) absorber 
is determined simply by using the well-known formulas 
given in [7; 12], then for engineering calculations of the 
two-stage absorber efficiency the regression dependencies 
are proposed which are determined by the power series 
coefficients ai  = f(

2HT ): 

 = aii,   i = 0...k.                           (2) 
 

The values of the coefficients of the series depending 
on the heating temperature of hydrogen are presented in 
tab. 1. 

STP systems with a non-isothermal CAS. The 
uneven heating of hydrogen in a non-isothermal absorber 
corresponds to a Gaussian diagram of the solar energy 
distribution in the focal light spot. For extremely uneven 
heating of the coolant in the absorber in the absence  
of radial heat transfer an assumption was made about  
the axisymmetric exponential distribution of the radiant 
flux in the focal light spot, which corresponds to the 
experimental aberrograms of real parabolic mirrors  
[7; 12–14].  

 
 

Table 1 
Coefficients for determining the two-stage absorber efficiency 

 

TH2, К 2000 2200 2500 2800 3000 3200 
a0 0.9160 0.8269 0.7877 0.7369 0.6891 0.6432 
a1 –0.3210 –0.9587 –0.0803 –0.3021 –0.4621 –0.2234 
a2 0.6896 –0.2633 –0.4654 0.0623 0.7874 1.1895 
a3 –0.0013 0.0362 0.2233 –0.0955 –0.7816 –2.7105 
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Fig. 1. The dependence of PL mass on the GEO 
on the concentrator tolerance for an isothermal absorber 

 
Рис. 1. Зависимость массы ПН на ГСО  
от параметра точности концентратора  
для равнотемпературного приемника 

 

Fig. 2. The dependence of the mirror conventional diameter  
on the concentrator tolerance for an isothermal absorber 

 
Рис. 2. Зависимость условного диаметра зеркала  
от параметра точности для равнотемпературного  

приемника 
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Fig. 3. The dependence of PL mass on the GEO  
on the concentrator tolerance for a two-stage absorber 

 
Рис. 3. Зависимость массы ПН на ГСО  
от параметра точности концентратора  
для двухступенчатого приемника 

 

Fig. 4. The dependence of the mirror conventional diameter  
on the concentrator tolerance for a two-stage absorber 

 
Рис. 4. Зависимость условного диаметра зеркала  

от параметра точности для двухступенчатого приемника 
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Fig. 5. The dependence of a two-stage absorber efficiency  
on exit temperature for different values of  (denoted as Da) 

 
Рис. 5. Зависимость КПД двухступенчатого приемника  
от температуры на выходе для различных значений   

(обозначен как Da) 
 

Fig. 6. The dependence of the absorber first stage  
temperature on final hydrogen temperature 

 
Рис. 6. Зависимость температуры первой ступени  
приемника от конечной температуры водорода 

 

 
 
The temperature distribution over the radius of such 

an absorber can be described by a differential equation 
according to O. I. Kudrin [7]: 

4
cond

2
cond
2 2

2 ( )

1.2
2.4 exp ,

cos cos
s

dT BT rT r
dr

a T r
r

 

 
     

                  (3) 

where T is the temperature of the absorber (assumed to be 
equal to the heating temperature of hydrogen); r is the 
relative radius of the absorber; aS is the effective 
absorption coefficient of solar radiation; B is a complex 
that takes into account the reciprocal self-radiation of the 
absorber, the optical parameters of the concentrator and 
the characteristics of solar radiation: 

2
eff o

2
o

sin ( )

sin (2 )
o

r

B
    


  

.            (4) 

Here eff is the effective emissivity of the absorber;  
o = 32’ is the apparent angular size of the Sun at the  
level of the Earth’s orbit; o is the Stefan-Boltzmann 
constant; Q is the opening angle (aperture) of the mirror; 
o  = 1360 Вт/м2 is the surface power of solar radiation 
(solar constant) at the level of the Earth's orbit; r is the 
reflection coefficient of the mirror surface of the 
concentrator. 

The boundary conditions are written as T(r = 1) =  
= Tstart  = 20 К, that is, the temperature at the periphery of 
the absorber is equal to the temperature of the hydrogen 
evaporated in the tank. Then T(r = 0) = Toutput is the exit 
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(final) temperature of heated hydrogen achieved in the 
central part of the absorber. 

In equation (3) there is a “conventional temperature” 
Tcond characterizing the ratio of the increase in the 
hydrogen temperature provided that all the concentrated 
solar energy is used to heat it. The ratio of the actual 
temperature of hydrogen at the outlet (minus the 
temperature of the hydrogen coming from the tank) to the 
conventional temperature determines the efficiency of the 
heating process. Conventional temperature depends on the 
area of the mirror concentrator and the mass flow rate of 
gas. The area of the mirror is determined, in its turn, by 
the efficiency of the CAS, which depends on temperature 
and its optical-geometric parameters including the 
parameter . Therefore, the determination of the 
absorber efficiency and the final gas temperature is an 
iterative process requiring the specification of the initial 
conventional diameter of the concentrator and the flow 
characteristics of the engine. 

Differential equation (3) in the general case has no 
analytical solution. In his work O. I. Kudrin [7] shows 
only two particular solutions restricted by a narrow 
application scope. In the present work equation (3) is 
solved numerically by Runge – Kutta – Fellberg method 
of order 4 and 5. 

Comparing the approximate formulas for the 
efficiency of a non-isothermal CAS mentioned in the 
works of O. I. Kudrin [7] with the results of numerical 
integration one can note that the approximate formulas 
give a good result only for sufficiently accurate mirrors 
and not too high absorber temperatures. However, such 
values are not optimal from the standpoint of maximum 
PL mass when using stepped absorbers and they depend 
on the flight time. To determine the efficiency of the non-
isothermal absorber one can propose more accurate 
dependences based on the results of the numerical 
integration of equation (3). Approximation formulas that 
allow simple determining the efficiency of a non-
isothermal absorber depending on the tolerance at 
different hydrogen heating temperatures 

2HT  are 

determined by the coefficients ai  = f(
2HT ) of the power 

series (2) (tab. 2). 
Fig. 7 presents the results of numerical simulation of 

the process of heating hydrogen to 3000 K. The 
dependences of the conventional temperature on the 
tolerance  are shown in fig. 8. It can be seen that the 
allowable value of the parameter  decreases with 
increasing the final hydrogen heating temperature. The 
excess of this parameter leads to a substantially non-linear 
increase in the conventional temperature and, as a result,  

to sharp decrease in the efficiency of the CAS 
accompanied by the increase in the size of the 
concentrator and its mass. 

Fig. 9 presents the absorber efficiency values 
depending on the initially specified temperature refined 
during the iterative recalculation when integrating 
equation (3) for different values of the parameter . 
The nature of these curves depends, among other 
things, on the conventional temperature indirectly 
determined by the parameter  . Under the condition 
of the STP system thrust constancy the increase in  
leads to decrease in the hydrogen temperature at the 
outlet (fig. 10).  

In tab. 3–5 [11] it is shown that the optimal hydrogen 
temperature and the optimal accuracy of the solar 
concentrator decrease, and the size of the solar 
concentrator increases with decrease in the time of the 
interorbital transfer. 

At the same time, the requirements for the angular 
accuracy  of the dynamic tracking of the Sun position by 
the CAS which can be provided with modern technical 
means are reduced. 

Fig. 11 shows a flowchart of the algorithm for optimal 
matching the STP characteristics with a non-isothermal 
absorber with the main design SC parameters (upper 
stage) and trajectory parameters that provide the 
maximum PL mass at a given interorbital transfer  
time [13]. 

STP systems with afterburning of heated 
hydrogen. Let us consider a STP system where hydrogen 
heated in the considered CAS is afterburnt by oxidizers 
which together with hydrogen form high-energy fuel 
compositions with a large stoichiometric mass flow rate 
of the components, which makes it possible to reduce the 
consumption of heated hydrogen for a given thrust and 
thereby reduce the required mirror size [15]. In addition to 
oxygen, fluorine (stoichiometric ratio with hydrogen  
Kmo = 18.86) and hydrogen peroxide (Kmo = 12.09) are 
considered as oxidizers.  

Such a STP system with afterburning can be 
considered as a liquid rocket engine with increased 
enthalpy of fuel. In contrast to a purely chemical engine 
in a STP system the thermal energy of heated hydrogen 
accounts for a significant proportion in the total enthalpy 
of fuel, therefore the heating value of the fuel affects the 
specific impulse to a lesser extent, and the choice of 
oxidizer can be carried out with better reason taking into 
account the value of the ratio of the components mass 
flow rates. In addition, the increased density of the fuel  
H2 + F2 or H2 + H2O2 facilitates placing the spacecraft into 
the original reference orbit.  

 
 

Table 2 
Coefficients for definition of non-isothermal absorber efficiency 

 

TH2, К 2500 2800 3000 3200 3500 3800 

a0 0.8304 0.8189 0.8149 0.8108 0.8047 0.7935 

a1 –0.0233 –0.0209 –0.0487 –0.0919 –0.1978 –0.3459 

a2 –0.0723 –0.1549 –0.1988 –0.2426 –0.2875 –0.3045 

a3 0.0024 0.0207 0.0311 0.0435 0.0573 0.0624 
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Fig. 7. The dependence of hydrogen heating temperature  
on the absorber relative radius 

 
Рис. 7. Зависимость температуры нагрева водорода  

от относительного радиуса приемника 
 

Fig. 8. The dependence of conventional temperature  
on concentrator tolerance 

 
Рис. 8. Зависимость условной температуры  
от параметра точности концентратора 
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Fig. 9. The dependence of extremely non-isothermal  
absorber efficiency on the specified outlet temperature 

 
Рис. 9. Зависимость КПД предельно-

неравнотемпературного приемника от заданной  
температуры на выходе 

 

Fig. 10. The dependence of hydrogen temperature  
on concentrator tolerance for different specified initial  

heating temperature 
 

Рис. 10. Зависимость температуры водорода  
от параметра точности для разных заданных  

начальных температур нагрева 
 

 
Table 3 

Characteristics of spacecraft with a STP system for an isothermal absorber 
 

Mission 
Time, 
days 

Absorber 
Temperature, 

K 

Concentrator 
Tolerance 
,  deg. 

Conventional 
Mirror 

Diameter, 
meter 

Payload Mass 
on GEO, 

kg 

Angular 
accuracy  , 

degrees 

60 2200 0.64 20.8 1640 1.25 
40 2100 0.7 23.7 1510 1.3 
20 1900 1.0 33.0 1270 1.6 

 
 

Table 4 
Characteristics of spacecraft with a STP system for a two-stage absorber 

 

Mission 
Time, 
days 

Absorber 
Temperature, 

K 

Concentrator 
Tolerance 
,  deg. 

Conventional 
Mirror 

Diameter, meter 

Payload Mass 
on GEO, 

kg 

Angular 
accuracy  , 

degrees 
60 3000 0.77 24.0 2180 1.39 
40 2800 0.9 27.6 2050 1.53 
20 2600 1.1 37.9 1810 1.74 
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Table 5 
Characteristics of spacecraft with a STP system for non-isothermal absorber 

 

Mission 
Time, 
days 

Absorber 
Temperature, 

K 

Concentrator 
Tolerance 
,  deg. 

Conventional 
Mirror 

Diameter, 
meter 

Payload Mass 
on GEO, 

kg 

Angular 
accuracy  , 

degrees 

60 3800 0.86 25.4 2600 1.48 
40 3600 1.0 30.4 2480 1.64 
20 3200 1.4 41.9 2230 2.0 

 
 
 
 

 
Fig. 11. The algorithm of optimal agreement of STP characteristics with SC 

 
Рис. 11. Алгоритм оптимального согласования характеристик СТРД с КА 

 
Opportunities of using oxygen and fluorine as 

oxidizers for a STP system as applied to the “Proton-M” 
launch vehicle are compared. As it can be seen from  
fig. 12, the mass efficiency of the space stage with the 
fluorine-hydrogen STP provides a gain in PL mass  
of more than 25 % with an oxidizer-to-fuel ratio  = 0.1 
(Km = 0.19) in the case of an isothermal absorber, when 
appropriate values of  < 0.15 compared with the use of 
an oxygen-hydrogen booster with an oxygen-hydrogen 
liquid-propellant rocket engine KVD-1 when using light 
inflatable film mirrors. The use of an extremely non-
isothermal absorber allows increasing the mass efficiency 
of the engine and significant expanding the range of  

values at which a steady gain in the PL mass is 
maintained. 

The graphs in fig. 13 show noticeably smaller 
paraboloid concentrator sizes in the case of a fluoride-
hydrogen STP compared to an oxygen-hydrogen one. The 
difference may be over 25 %. 

The calculations show a lower mass efficiency of the 
STP use with H2 + H2O2 fuel in comparison with the use 
of fluorine or oxygen. The area  where the gain of STP 
with hydrogen peroxide over LPRE remains depends on 
the type of a CAS. The choice of the appropriate value of 
the oxidizer-to-fuel ratio at which the concentrator size is 
significantly reduced with an acceptable decrease in mass 
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efficiency is very important. This takes into account the 
degree of temperature non-uniformity of the absorber and 
the type of the concentrator. 

STP optimal thrust. On the basis of M. S. Kons- 
tantinov’s works [16; 17] it is shown that the values of the 
characteristic velocity for each pair (j;Iу) with optimized 
3-segment many-revolution transfer can be used for 
further calculations for reactive accelerations j from 2.5  
to 12.5 mm/s2 with Iy from 600 to 900 s, which is typical 
for SC with STP. 

However, in the case of STP with afterburning the 
same specific impulse can be provided by various 
combinations of the hydrogen heating temperature and the 
ratio of its mass flow rate to the flow rate of the oxidizer 
[18]. The energy-mass efficiency of a SC with such an 
engine can vary greatly. High-temperature heating (up  
to 2600–2800 K) is more advantageous with components 
mass flow-rate ratios in the range Km = 3.2–4 in order  
to achieve a moderate value of the specific impulse  
Iу = 600 s. The nominal mirror diameter can be 
significantly (up to 40 %) reduced and the PL mass can be 
increased by 35 % for a low-temperature CAS (heating is 
not higher than 2000 K). In this case, the possible PL 
mass equal to 1950 kg is more than 1.8 times greater than 
that for the liquid-propellant booster of the “Fregat” type 
(the SC mass on the GEO is 1060 kg). Refined mass 
calculations of PL on the GEO were carried out for the 
optimized trajectory (fig. 14).  

Taking into account the minimized (each time) values 
of the characteristic velocity it is possible to find the local 
maximum of the PL mass for each specific impulse value. 
For example, the specific impulse Iу = 600 s corresponds 
to the optimal thrust of 100 N, and for Iу = 900 s the 
optimal thrust is 70–80 N. 

STP with TES. Let us consider a STP system with a 
CAS including TES which accumulates heat energy in the 
illuminated passive portions of each transfer orbit and 
gives it to hydrogen when the engine is turned on in the 
apsidal portions of the transfer orbits. This simplifies the 
task of selecting powered portions regardless of the light 
conditions and simplifies the desired guidance of the CAS 
to the Sun. The analysis [8; 19] showed that the feasible 
HAM should be searched between high-temperature 
HAM such as beryllium oxide and less refractory 
substances such as the eutectic 3BeO*2MgO. The eutectic 
boron alloy with silicon B*Si [8] belongs to such 
substances with an intermediate melting point and a high 
energy intensity. 

A mathematical model of SC with STP operation has 
been developed to calculate and optimally match the 
engine characteristics with the “CA-TES” system, the 
main design SC parameters and orbital parameters [20] 
taking into account the thermophysical properties and 
transient processes in HAM [12; 21]. The mathematical 
model is designed as a software package and consists of 
five blocks (fig. 15). 

The block (A) includes deterministic external factors. 
The ballistic block (Б) includes algorithms for solving the 
ballistic problem of determining the total flight time and 
the dynamic problem of determining the cost of the 
characteristic speed of the maneuver. Block (B) 
determines the main design SC parameters and 

calculation of the PL mass. Block (Г) includes calculation 
of energy-mass and geometric characteristics of STP with 
the “CA-TES” system and the possibility of hydrogen 
afterburning. Block (Д) includes coordination of the main 
design parameters of the STP and the SC and their 
optimization together with the parameters of motion 
control for identifying the extremum of the objective 
function of the operation (maximizing the PL mass) under 
the restriction of flight time. 

The analysis of the operation of a SC with STP 
showed that the following parameters of the “CA-TES” 
system can be chosen as relevant ones at the stage of 
exploratory research: (a) the ratio of the energy intensity 
TES Qa to the area (or mass) of the mirror Fз (or the ratio 
of the masses of the concentrator and TES /К ТАM M ) 

and (b) the accuracy parameter of the mirror . 
Formally the problem of choosing the optimal relevant 
parameters of STP with TES in a SC is as follows: 

0

,

0

arg max ( )PL
U к

T fix

x fix
M

x fix

T fix





  
     
 

  

,                     (5) 

where  =< , /к ТАM M > is the vector of optimized 

relevant parameters of STP with TES, 0T  is the 

temperature of the absorber-accumulator taken to be equal 
to the melting temperature of the HAM under 
consideration, /к ТАM M  is the ratio of masses of the 

concentrator and TES, 0 , кх х are the phase coordinates of 

the SC, T  is the interorbital transfer time,  , U is the 

set of alternatives. The mathematical model of 
optimization of the main design parameters of the “SC-
STP” technical system with the TES is shown in fig. 16. 

The optimal mass ratios of the concentrator and TES 
are different for different HAMs, and they increase as 
their melting temperature increases. For example, for the 
eutectic 3BeO*2MgO the optimum /к ТАM M  is 0.2, 

while for the B*Si alloy the optimum value /к ТАM M is 

0.3–0.4, and for the refractory beryllium oxide 
/к ТАM M = 0.9 (fig. 17). The effect the concentrator 

tolerance on the PL mass is shown in fig. 18, whence it 
follows that there exist ranges of the parameter  
optimal values depending on the melting point of 
particular HAM [19]. As the melting temperature of 
HAM increases, the optimum parameter  decreases 
(the optimum concentration of solar radiation increases), 
since greater accuracy dramatically augments the specific 
mass of the mirror reducing the PL mass due to the 
increase in engine mass, and the decrease in accuracy 
diminishes the efficiency of the CAS which requires 
larger area and mass of the mirror and also leads to a drop 
in the PL. 

Reducing the time of the mission trip leads to a sharp 
decrease in the mass efficiency of the upper stage with the 
STP which is explained by significant increase in the 
mass of the CA and TES systems (fig. 19, 20).  

STP with TES and hydrogen afterburning. Let us 
consider the effectiveness of the use of STP with TES and 
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afterburning of hydrogen heated in TES with oxygen and 
fluorine. The problem has the following formalized 
formulation: 

0

, ,

0

arg max ( )PL
U к

T fix

x fix
M

x fix

T fix



 

  
     
 

  

,               (6) 

where  =< , ,M /к ТАM  > is the vector of optimized 

relevant parameters of STP with TES, 0T is the 

temperature of the absorber-accumulator taken to be equal 
to the melting temperature of the HAM under 
consideration, 0 , кх х are the phase coordinates of the SC, 

T  is the interorbital transfer time,  , U,   is the set of 

alternatives.  
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Fig. 12. The dependence of PL mass  
on oxidizer-to-fuel ratio when using different oxidizers  

for hydrogen afterburning 
 

Рис. 12. Зависимость массы ПН от коэффициента  
избытка окислителя при использовании различных  

окислителей для дожигания водорода 
 

Fig. 13. The dependence of the convention concentrator  
diameter on oxidizer-to-fuel ratio when using different  

oxidizers for hydrogen afterburning 
 

Рис. 13. Зависимость диаметра параболоидного  
концентратора от коэффициента избытка окислителя  

при использовании различных окислителей  
для дожигания водорода 
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Fig. 14. The dependence of PL mass on the GEO on STP thrust: 
hydrogen temperature is 2800К, concentrator tolerance is  = 1,  

time of placing on the GEO is 30 days 
 

Рис. 14. Зависимость массы ПН на ГСО от тяги СТРД: 
температура водорода – 2800 К, параметр точности –  = 1,  

время выведения на ГСО – 30 суток 
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Fig. 15. The block-diagram of a mathematical model of a “SC-STP” technical system operation 

 
Рис. 15. Блок-схема математической модели операции технической системы «КА-СТРД» 

 
 

 
Fig. 16. The mathematical model of optimization of the main design parameters  

of the “SC-STP” technical system with TES 
 

Рис. 16. Математическая модель оптимизации основных проектных параметров  
технической системы «КА-СТРД» с ТА  
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Fig. 17. The dependence of the PL mass on the mass ratio  
of the concentrator and TES for high-temperature HAM 

 
Рис. 17. Зависимость массы ПН от соотношения масс  
концентратора и ТА для высокотемпературных ТАМ 

 

Fig.18. The dependence of the PL mass  
on the concentrator surface tolerance 

 
Рис. 18. Зависимость массы ПН от параметра  

точности зеркала 
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Fig. 19. The dependence of the TES mass  
on the time of placing into the GEO 

 
Рис. 19. Зависимость массы ТА от времени  

выведения на ГСО 

Fig. 20. The dependence of the PL mass on the time  
of placing into the GEO 

 
Рис. 20. Зависимость массы ПН от времени выведения  

на ГСО 
 
 
The results of calculations according to the presented 

mathematical model (fig. 16) showed that when choosing 
an eutectic alloy of boron and silicon as HAM the 
appropriate value of the ratio Qa/Fз is about 3.2 MJ/m2 
with the optimum value of the accuracy parameter  
 = 0.5 and the selected rational value of the angular 
aperture of the mirror paraboloid Θ = 60 [20; 22]. This 
corresponds to the ratio of the energy intensity Qa to the 
mirror mass of about 2.8 MJ/kg which ensures the 
maximum of the operation objective function – the PL 
mass. The quantitative estimation of the allowable 
reduction in the dimension of the “CA-TES” system is 
clearly demonstrated in fig. 21, 22 in the coordinates 
{ PLM ; Dк} (from right to left according to the indicated 

points – the increase of  from 0 to 1 in increments  
of 0.1). 

It is shown that there are various ranges of reasonable 
values of  for the considered oxidizers corresponding to 

the largest PL (fig. 23). The results of similar calculations 
for the case of using beryllium oxide as HAM [2] are 
given as a comparative example in fig. 24. 

Here the ratio Qа/Nabs = 22–24 MJ/kW (Qа/Fк  =  
= 7,5 MJ/m2) corresponds to the optimal interorbital 
transfer with the choice of the concentrator tolerance  
 = 0.25. The results of the comparison show higher 
efficiency of the boron-silicon alloy with the same values 
of the oxidizer-to-fuel ratio over the entire considered 
time interval of the interorbital transfer. Compared to the 
promising combined ITVs that use high and low thrust 
engines for “raising” a SC on the GEO the gain in PL 
mass can be up to 450 kg with the same interorbital 
transfer time of 60 days.  

STP with two-stage TES. In order to reduce the TES 
mass it may be advisable to use TES with two heating 
stages [8]. The efficiency of such a system is greater than 
that of an isothermal system; therefore in such a STP 
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system it is possible to use, for example, refractory 
beryllium oxide BeO in a high-temperature stage with a 
significantly less accurate mirror having lower specific 
mass. Combinations of phase transition HAM with high 
latent heat of melting, for example, lithium hydride LiH 
in the low-temperature stage (melting point is 961 K, 
latent heat of melting is about 2540 kJ/kg* K) and BeO 
(melting point is 2804 K, latent heat of melting is  

2840 kJ/kg*K) [3] are selected for construction of such an 
STP system. As it follows from the graphs in fig. 25–27, 
the PL mass on the GEO does not have an extremum 
within the ratio of the mirror mass to the TES mass  
0.05–1 for the range Km = 0–1.6 and for the case  
Km = 0 it has a significant gain in PL mass on the GEO 
over other types of STP when the time of interorbital 
transfer is 60 days.  
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Fig. 21. The PL mass and the concentrator conventional 
diameter for different time of placing into the GEO while 

afterburning hydrogen with fluorine 
 

Рис. 21. Масса ПН и условный диаметр концентратора  
для различного времени выведения на ГСО  

при дожигании водорода фтором 
 

Fig. 22. The PL mass and the conventional diameter  
of the concentrator for different time of placing into  
the GEO while afterburning hydrogen with oxygen 

 
Рис. 22. Масса ПН и условный диаметр концентратора  

для различного времени выведения на ГСО  
при дожигании водорода кислородом 

 
 

 
 

1500

1600

1700

1800

1900

2000

2100

2200

2300

2400

2500

20 25 30 35 40 45 50 55 60 65 70 75 80 85 90

Mission Trip Time, days

P
ay

lo
ad

 m
as

s,
 k

g

B*Si H2+O2 alpha=0
B*Si H2+O2 alpha=0,1
B*Si H2+O2 alpha=1
B*Si H2+F2 alpha=0,1
B*Si H2+F2 alpha=0,3
B*Si H2+F2 alpha=0,6
B*Si H2+F2 alpha=0,9

 

1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400

30 35 40 45 50 55 60 65 70 75 80 85 90

Mission Trip Time, days

P
a

yl
o

a
d

 m
a

ss
, k

g
 

BeO, alpha=0
BeO, alpha=0,1
BeO, alpha=0,2
BeO, alpha=0,3
BeO, alpha=0,5

 
  

Fig. 23. The dependence of the PL mass on the time  
of placing into the GEO while afterburning hydrogen  

with oxygen and fluorine. HAM is the alloy B*Si 
 

Рис. 23. Зависимость массы ПН от времени выведения  
на ГСО при дожигании водорода кислородом и фтором.  

ТАМ – сплав B*Si 
 

Fig. 24. The dependence of the PL mass on the time  
of placing into the GEO when using beryllium oxide  

as HAM and afterburning hydrogen with oxygen 
 

Рис. 24. Зависимость массы ПН от времени выведения  
на ГСО при использовании в качестве ТАМ оксида  

бериллия и дожигании водорода кислородом 
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Fig. 25. The dependence of PL mass on the GEO 
on the ratio of the mirror mass to the TES mass 

for the values of Km = 0–1.6 
 

Рис. 25. Зависимость массы ПН на ГСО 
от отношения массы зеркала к массе ТА 

для значений Km = 0–1,6 

Fig. 26. The dependence of the concentrator 
conventional diameter on the ratio of the mirror mass 

to the TES mass for the values of Km = 0–1.6 
 

Рис. 26. Зависимость условного диаметра концентратора 
от отношения массы зеркала к массе ТА 

для значений Km = 0–1,6 
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Fig. 27. The dependence of the ratio of TES energy  
intensity to the absorber thermal power on the ratio  

of the mirror mass to the TES mass 
 

Рис. 27. Зависимость отношения энергоемкости ТА  
к тепловой мощности приемника от отношения  

массы зеркала к массе ТА 
 
Conclusion. Rocket engines of configurations using 

solar energy in the CA system are considered. Numerical 
solutions are obtained for the problem of temperature 
distribution over the radius of the extremely non-
isothermal absorber which made it possible to compile 
refined regression dependencies to determine its 
efficiency. The authors also obtained regression 
dependences for determining the efficiency of a two-stage 
absorber convenient for engineering calculations. The 
possibilities of improving the engine performance while 
using such absorbers to improve the flight efficiency of 
the SC are determined. Techniques for optimal matching 
the STP characteristics with various types of CAS and the 
main design SC parameters and ballistic parameters in the 
problem of interorbital transfer to high working orbits 
using the example of a GEO for different homing time 
have been developed. The dependences of the optimal 
temperature of hydrogen heating in the CAS on the time 
of SC placing into the GEO are revealed. It is shown that 
the optimal temperature of hydrogen and the optimal 
accuracy of the solar concentrator decrease, and the size 
of the solar concentrator increases with the reduction of 
the multi-turn interorbital transfer time. 

Besides oxygen, fluorine and hydrogen peroxide are 
also proposed to be used as expedient oxidizers. Together 

with hydrogen they form high-energy fuel compositions 
with a large stoichiometric ratio of components flow-rates 
as applied to the STP configuration with afterburning. It is 
shown that when afterburning with these oxidizers the 
dimension of the CAS can be significantly reduced. The 
authors present the analysis of the flight characteristics of 
the SC with STP with hydrogen afterburning, including 
those with heating in a stepped CAS. It is shown that 
there are extremal dependences of the STP thrust on the 
specific impulse. 

The expedient combinations of the concentrator 
accuracy parameter and the ratio of the solar concentrator 
mass to the TES mass for the HAMs considered are 
shown. It is shown that the ratio of the mirror mass to the 
TES mass can be expressed by the ratios of the TES 
energy intensity to the thermal power of the absorber or to 
the concentrator diameter as determining the time of the 
interorbital transfer. The optimal values of these 
parameters providing the maximum possible PL mass are 
given. The problems of optimal coordination of the 
characteristics of the STP with TES and the main design 
SC parameters and ballistic parameters in the transfer to 
high working orbits are posed and solved using the 
example of the GEO for different transfer time. 

Mathematical models and software algorithms have 
been developed for the operation of the “STP with TES – 
SC” technical system and the optimization of its main 
design parameters. The expedient values of the 
concentrator tolerance and the ratio of the TES energy 
intensity to the absorber thermal power or the 
concentrator diameter when afterburning the heated in 
TES hydrogen with oxygen or fluorine were selected as a 
result of the calculation using the proposed model. The 
problems of optimal coordination of the characteristics of 
STP with TES and afterburning hydrogen with various 
oxidizers together with the main design parameters of the 
spacecraft and ballistic parameters in the transfer to high 
working orbits have been posed and solved. It is shown 
that the expedient values of the oxidizer-to-fuel ratio for 
the considered variants of STP with TES increase with 
decreasing time of the interorbital transfer. 

Mass-geometric and energetic parameters of STP with 
a two-stage system “CA-TES” are considered. They show 
the possibility of using high-temperature TES such as 
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beryllium oxide to provide a high specific impulse at 
moderate values of the solar concentrator tolerance. In 
this case the PL mass can be significantly increased 
compared with other types of STP at acceptable solar 
concentrator tolerance. 
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Currently, increasing attention has been paid to such a class of materials as nanopowders (NP) of chemical com-

pounds, which are ultra-thin formations of not more than 100 nm in size. Such attitude to these materials is explained 
by the fact that they have unique physical, chemical and mechanical properties significantly different from the proper-
ties of materials of the same chemical composition in a massive state, and these properties can be transferred to some 
extent from them or with their participation to the products. 

The existing methods of introducing NP into metal melts could not be used due to their special properties in com-
parison with coarse powders, and therefore a new method of their introduction into the melt was developed, excluding 
direct contact of NP particles with oxygen and unhindered penetration of particles into the melt through the oxide  
layer. The essence of the method was as follows. In the aluminum container filled up with aluminum particles or de-
formable aluminum alloys D1 or D16 and various NP (nitrides, carbides, oxides, etc.), and this composition was 
pressed into the rod, with its help NP was introduced into the melt during casting of aluminum ingots and deformable 
aluminum alloys. 

The results of the study showed that this excludes the appearance of cracks in the ingots, as well as improves their 
technological and mechanical properties. 

 
Keywords: aluminum alloys, ingots, nanopowders, improvement of technological and mechanical properties. 
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В последнее время все большее внимание уделяется такому классу материалов, как нанопорошки (НП)  

химических соединений, которые представляют собой сверхтонкие образования размерами не более 100 нм. 
Такое отношение к этим материалам объясняется тем, что они обладают уникальными физико-химическими 
и механическими свойствами, существенно отличающимися от свойств материалов одного и того же хими-
ческого состава в массивном состоянии, и эти свойства могут быть в определенной степени переданы от них 
или с их участием продуктам. 

Существующие способы введения НП в металлические расплавы не могли быть использованы вследствие 
наличия у них особых свойств по сравнению с более крупными порошками, в связи с чем был разработан новый 
способ их введения в расплав, исключающий прямой контакт частиц НП с кислородом и беспрепятственное их 
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проникновение в расплав через окисную пленку. Суть способа заключалась в следующем. В алюминиевый кон-
тейнер засыпали частицы алюминия или алюминиевых деформируемых сплавов Д1 или Д16 и различные НП 
(нитриды, карбиды, оксиды и др.) и подвергали эту композицию прессованию в пруток, с помощью которого 
НП и вводили в расплав при литье слитков из алюминия и алюминиевых деформируемых сплавов. 

Результаты исследования показали, что при этом исключается появление в слитках трещин, а также по-
вышаются их технологические и механические свойства. 

 

Ключевые слова: алюминиевые сплавы, слитки, нанопорошки, повышение технологических и механических 
свойств. 

 
Introduction. In recent years, more attention has been 

paid to such a class of materials as nanopowders (NP)  
of chemical compounds, which are ultrafine crystalline  
or amorphous formations with 100 nm in size (1 nm =  
= 10–9 m) [1]. Such an attitude to these materials is 
explained by the fact that they have unique 
physicochemical and mechanical properties that differ 
significantly from the material properties of the same 
chemical composition in a massive state, and these 
properties can be transferred to the products obtained 
from them or with their help [2]. 

History. There is various information regarding the 
proposal of the term “nanotechnology” [3]. Thus, 
according to [4], the first who not only proposed (in 1950) 
a new term – molecular engineering, but also predicted 
the creation of nanomolecular devices, was an electrical 
engineer at the Massachusetts Institute of Technology  
A. R. von Hippel). In 1959, the Nobel Prize laureate, 
physicist Richard Feynman, in his famous lecture 
published in 1960 [5], pointed to the possible significant 
prospects for designing at the scale of atoms and 
molecules that can be achieved as a result of obtaining 
materials and devices molecular scale (atomic-molecular 
scale) and noted that to control the properties of these 
small nanostructures (“nano” – structures), it will be 
necessary to create a new class of miniature tools. 

In the early 1980s, an engineer at the Massachusetts 
Institute of Technology, K.E. Drexler proposed 
approaches, physical principles for obtaining complex 
nanoscale structures [6]. Later on this topic, he published 
several monographs, including [7], in which he outlined 
the prospects for the application of molecular technology 
(molecular manufacturing technology) opportunities in a 
number of industries. In this monograph, he used the term 
“nanotechnology” (nanotechnology) to describe the vision 
of the subject by R. Feynman and the technologies for 
implementing his idea. It is believed [8] that N. Taniguchi 
from the University of Tokyo, in a report made in 1974 at 
a conference of the Japanese Society of Precise 
Engineering on the coming transition to processing with 
ultrahigh precision, defined the term “nanotechnology” 
[9] as a technology that ensures “extra” high precision 
and “ultra fine” sizes about 1 nm (1 nanometer = 10–9 m). 
He defined the term “nanotechnology” the following way: 
“nanotechnology mainly consists of the processing of 
separation, consolidation, and deformation of materials 
the size of one atom or one molecule” [10]. 

Today publications on the use of NPs in the creation 
of products, both on a metal and an elastomer basis 
appear [11–13]. The first author's certificate on the 
invention on the use of NP for grinding the structure of 

aluminum alloys [14] was obtained in 1981 (priority from 
10.17.79). According to the results of the technologies 
developed on the use of NP for improving the quality of 
metal products manufactured in various ways from 
various metals and alloys, 25 USSR author certificates 
and patents of the Russian Federation for inventions were 
obtained. Most of the work was done to crush the 
structure and, as a result, increase the level of mechanical 
properties of products from aluminum cast alloys (shaped 
casting and liquid stamping) and cast iron (shaped 
casting), aluminum and deformable aluminum alloys 
during casting of ingots in a semi-continuous manner. The 
process of grinding the structural components of the 
alloys at the macro and micro levels is called modifying. 
The result of the modification of metal compositions is 
the improvement of the technological properties at the 
stage of obtaining products, as well as improvement of the 
strength and plastic characteristics of the finished 
products, especially in the case of using NP for this 
purpose. 

The method of introducing nanopowders into 
metal melts. Existing methods of introducing powdered 
additives into metal melts could not be taken using NP 
due to their special properties as compared to coarse 
powders, and therefore a fundamentally new method of 
their introduction into the melt was developed [14], which 
excluded direct contact of powder particles with oxygen 
in the process of their introduction, penetration of 
particles through the oxide layer, exclusion of aggregation 
and controlled dosing by weight. 

The essence of the method was as follows. In a thin-
walled aluminum container (diameter 165 mm, height  
235 mm, wall thickness 2 mm) pellets of aluminum or 
aluminum deformable alloys D1 or D16 with a diameter 
of 1.5–3.0 mm, obtained by centrifugal spraying, were 
poured. The same container was filled up to 3.0 wt. % NP 
by weight of the granules. Nitrides, carbonitrides, oxides, 
carbides, and other high-strength refractory chemical 
compounds with particle sizes up to 100 nanometers were 
used as NP. 

The opening in the container was closed with a lid, 
installed in an installation with an eccentric axis of 
rotation, and it was rotated, as a result the surface of the 
granules was clad with nanopowder particles. 

Then this container was heated, placed in a container 
of a hydraulic press and with a pressing force of  
100–120 ton-force the rods were pressed with a speed  
of 3.5 cm/sThe rods obtained in this way had a thin-
walled surface (tenths of mm), the quality of which 
(roughness) was almost the same as the surface of profiles 
pressed from compact aluminum billets made from ingots. 
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And their volume consisted of densely pressed fibers (see 
the figure). This is explained by the fact that, due to the 
presence of NP particles on the granule surface during the 
extrusion process, the granules were deformed separately 
from each other, which is confirmed by the results of a 
microscopic study of the surface of clad aluminum 
particles and fibers. It turned out that the fibers are 
completely covered with NP particles firmly embedded in 
their surface. At the same time, the purity of the surface 
of such a bar was the same with a rod extruded from a 
compact aluminum billet obtained from an ingot. In rods 
9.5 mm there were from 1100 to 1200 densely 
compacted fibers with a cross section of 0.005–0.075 mm2, 
the length of which, depending on the size of the 
aluminum particles, is in the range of 400–3200 mm. 

 

              
 

A typical type of modifying rod  9.5 mm, pressed from  
the composition of aluminum granules + NP 

 
Типичный вид модифицирующего прутка  
 9,5 мм, отпрессованного из композиции  

алюминиевые гранулы + НП 

 
In the process of conducting experiments under 

production conditions, it was found that regardless of the 
chemical composition of the NP, their crystal system and 
class, symmetry elements, space group, structural type, 
lattice period, density, melting temperature and other 
parameters considered, they all had a similar modifying 
effect. 

Modification of aluminum and aluminum alloys 
with nanopowders during casting of ingots in a semi-
continuous manner. A rather common defect of ingots 
cast in a semicontinuous method from aluminum and 
wrought aluminum alloys is the occurrence of cracks in 
the process of crystallization – crystallized or hot cracks, 
and after complete solidification of the metal – cold 
cracks. According to [15], on flat ingots, cracks are 
located on the surface of both the bottom part and the 
bottom part with a transition to wide faces, where their 
direction coincides with the direction of the casting. 
These cracks are formed as a result of violations of the 
speed and temperature of the casting due to uneven 
cooling around the perimeter of the ingot. On round 
ingots, cracks are classified as follows: a) central (due to 
rapid cooling of the peripheral layers with a sufficiently 
strong core that resists shrinkage of the outer layers); b) 
radial – located in the middle part of the ingot and 
develop from the periphery to the center (they appear only 
at the initial moment of cooling of the ingot with water, 
when the bottom of the well is above the belt of direct 
cooling of the ingot with water; upon subsequent cooling 

these cracks are tightly compressed); c) circular cracks – 
occur in the zone of change in the character of the grain 
structure and more often on ingots with a columnar 
structure (the reason is a big difference in the cooling 
rates of the crust near the wall of the mold and the metal 
in the middle of the ingot from the direct effect of cooling 
water). The occurrence of cracks is associated [16] with 
the occurrence of internal stresses during solidification of 
the ingot, due to the presence of a temperature gradient in 
the cross section and height of the ingot, which leads to 
non-simultaneous crystallization of the outer and inner 
volumes of the metal and as a result of difficult shrinkage 
of the first peripheral and then the inner layers. It is 
believed that hot cracks appear due to the low ductility of 
the alloy in the solid-liquid state, and cold – due to low 
elongation in the hardened state. It has been noted that hot 
cracks do not occur if the elongation in the solid-liquid 
state is more than 0.3 %, and cold – if its value is more 
than 1.5 %. The magnitude of the stresses in this case is 
determined by the elastic and plastic deformations that 
occur in the considered volume of the metal under the 
influence of adjacent layers, which are cooled with a 
different speed. This phenomenon is aggravated by a 
significant heterogeneity of the structure over the section 
of the ingot, characterized by three zones: a thin 
peripheral layer of the ingot that forms at the surface of 
the water-cooled crystallizer, has the smallest structure, 
then comes a layer of large columnar crystals directed to 
the center of the ingot, and the central zone consisting of 
coarse disoriented crystals. Such a structure is a 
characteristic of large-sized ingots, during casting of 
which cracks often occur. Most of the defect in the 
continuous casting of steel ingots also refers to cracks 
[17]. To a greater degree, the occurance of cracking 
increases [18] when aluminum liquid charge, delivered to 
the mixtures of casting section directly from the 
electrolyzers, is used for casting ingots (economically 
more advantageous technological scheme due to the 
exclusion of the operation of preparing alloys by melting 
solid charge). The reason for this is the formation of a 
coarse-crystalline structure of ingots, which is associated 
with the deactivation of nucleating agents at high 
temperature (1173–1223 K) of electrolysis aluminum 
supplied directly to the mixer It has been established that 
with an increase in the grade (purity) of aluminum, the 
ingot rejects for cracks increase, which is associated with 
the formation of a coarse-crystalline structure. 

In order to identify the causes of cracks and establish 
optimal casting conditions that reduce the risk of this 
defect by the method of multidimensional correlation 
analysis [19], the ingot defects were calculated for cracks 
cast from A6 aluminum [20]. For active control of the 
technological process, a mathematical model of the 
connection of the number of ingots (optimization 
parameter, U, %) of two standard sizes was investigated:  
I – 347 × 1325 mm and II – 347 × 1630 rejected on cracks 
along a wider face, with controlled molding parameters 
(X1 – casting speed, mm / min and X2 – casting 
temperature), with the ratio of impurities of Fe: Si (X3) 
and including the element-modifier (X4, %). Digital 
expressions of all factors were fixed in 264 heats. As  
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a result of the calculations, linear regression equations 
were obtained, which relate the number of ingot defects 
for cracks to the factors influencing its appearance. 

For an ingot of type I, an equation was obtained:  
 

U = –791.4 + 0.376Х1 + 1.152 Х2 – 0.11Х3 – 130Х4.   (1).  
 

For ingot type II:  
 

U = –961.0 + 2.38Х1 + 1.25 Х2 – 0.09Х3 – 1390Х4.    (2).  
 

The coefficient of multiple correlation for equation (1) 
was 0.71 and 0.869 for equation (2), which indicates a 
significant proportion of the studied factors in the volume 
of active factors. The close dependence of the level of 
defect on cracks on the studied factors turned out to be 
much more than its dependence on each of them 
separately and on the close connection of factors with 
each other. The magnitudes of the coefficients in the 
equations and the sign in front of them indicates the 
relative magnitude and direction of the influence of the 
effect of the corresponding factor on the optimization 
parameter (reduction or increase in the defect). The values 
of the pair correlation coefficients between Y and Х1, Х2 
and Х4 are close, which indicates that these factors have 
approximately the same effect on the ingot defect on 
cracks. So, for an ingot, the cross section of 347 × 1325 
mm, the bond between Y and Х3 is weak (rух3 = –0,027), 
which is explained by the compliance with the required 

value ( 1) of the ratio Fe: Si – average 1.24, and for an 
ingot with a cross section of 347 × 1630 mm, this 
relationship was much closer (rух3 = –0.0476) which, 
when casting such ingots, requires a stricter respect for 
the ratio Fe:Si. Using the obtained equations, nomograms 
were calculated and constructed, which allow us to 
predict the expected level of defect on cracks during the 
smelting process and adjust the casting technological 
parameters (casting speed and temperature, Fe: Si ratio, 
titanium content), respectively, to reduce the ingot defect 
for cracks [20]. Experimental verification gives a very 
satisfactory convergence of the estimated number of 
defects with the actual. Good convergence is also 
observed in the case of introducing into the calculation 
the water pressure in the cooling system of ingots with 
dimensions of 295 × 1230 × 2400 mm made from A7 
aluminum. Analysis of the initial information showed that 
when casting ingots of type I, the content of titanium in 
different heats varies in the range of 0.01–0.028 %, for 
type II – in the range of 0.014–0.027 %. The calculation 
of defects for cracks using the regression equations found 
for the lower and upper titanium contents with the 
stability of the other factors showed a significant 
influence of this factor. So, for ingot I, at the lower level 
of titanium, a defect for cracks is predicted to 24.9 %,  
at the top – it decreases to 1.45 %, for II, respectively, 
21.16 and 3.09 %. 

When working with commonly used ligatures, 
obtained in the form of relatively massive ingots 
containing titanium modifying element, or with a titanium 
sponge, which dissolve for quite a long time, 
incommensurable with the casting speed of the ingot, it is 
not possible to change this factor (X4 – titanium, %) affect 

the reduction of defects for cracks. In the case of the use 
of rod modifying ligatures that can be made with any 
desired diameter, their dissolution occurs at a rate 
commensurate with any of the ingot casting speed 
adopted by the technology (from 60 to 90 mm/min), while 
ensuring stable and equal content of modifying element in 
any volume of metal in the ingot. 

The negative consequences of the use of the liquid 
charge are prevented by the introduction of modifiers into 
the melt, in particular, titanium, less often in its pure 
form, more often in the volume of aluminum-titanium 
master alloys. When titanium interacts with liquid 
aluminum in the melt, nucleating particles of TiAl3 
compound appear, which leads to a refinement of the 
structure, and, consequently, to an increase in the 
plasticity of the hardened and hardening metal, and as a 
result – to a decrease in the ingot defect due to cracks. 
Analysis of 9857 ingots cast at Krasnoyarsk Aluminum 
Smelter 347 × 1325 mm and 347 × 1630 mm and 
weighing up to five tons showed that the smallest number 
of defects on cracks (2.0–4.5 %) provides a titanium 
content in the range of 0.030–0.035 %. Moreover, it is 
also known that the occurrence of cracks in ingots is also 
influenced by the ratio of Fe and Si impurities present in 
aluminum. Without going into a hypothesis explaining 
this phenomenon, it can be noted that in order to reduce 
defects on cracks, it is recommended that the iron content 
be higher than the silicon content by 0.02–0.05 %. On the 
same number of ingots, we found that the smallest 
number of them is with cracks (1.1–1.3 %) with the same 
titanium content is characterized by the ratio Fe: Si in the 
range 1.0 : 1.2. Due to the fact that cutting of large-sized 
ingots at the plant for studying their structure was not 
possible, it was studied on sample tests simultaneously 
cast with ingots with an estimate of the size of the macro 
grain detected on thin sections according to a developed 
scale. So, for the smallest grain (area of about 0.5 mm2)  
I point was taken, and for grain with an area of about  
100 mm2, V point was taken. Comparison of the obtained 
data showed that the number of ingots with cracks 
correlates with the grain size on samples: with an increase 
in the grain size, the number of ingots with cracks 
increases. So, if with a structure characterized by II point, 
the defect does not exceed 2.2 %, then with V point, the 
defect reaches 21.0 %. It should be noted that not all 
ingots are finally rejected for this type of defect, some 
types of cracks, especially shallow ones, are cut down and 
the cutting site is cleaned. Nevertheless, there is a danger 
of production of ingots with cracks undetected on the 
surface for further processing by pressure, where this 
defect at the technological stages is not always detected 
and can get into the finished product, and lead to negative 
consequences in operation. 

Despite the relatively high efficiency of titanium for 
grinding the structure and reducing the likelihood of 
cracks in the ingots, this method has a significant 
disadvantage, that titanium is introduced either as a 
titanium sponge or as a pig ligature into a liquid metal in a 
mixer-forehearth or in the distributing mixer, where these 
components, firstly, dissolve for quite a long time (hours), 
secondly, despite the mixing of the melt, titanium is 
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unevenly distributed over the volume of the bath, which is 
reflected in its distribution over the height of the ingot, 
and, consequently, on the degree of grinding of the grain 
and further – on the technological properties of the ingot 
and on the mechanical and operational characteristics 
obtained from these products (sheet, profile, forgings). 

Modifying technology. We applied a technology 
implemented under production conditions, firstly, 
eliminating the long standing of the melt in the mixer, 
and, secondly, ensuring the same content of the modifying 
agent throughout the entire ingot. As mentioned earlier, 
from the composition consisting of aluminum and NP 
particles, rods were pressed, which were wound onto a 
bobbin, and their continuous dosed introduction, 
coordinated with the volumetric flow rate of the poured 
metal, was carried out either into the chute or into the 
junction box in automatic mode using designed 
installation, consisting of: reel, which serves for winding 
the rod, electric motor, gearbox, feeding unit of rod and 
guide tube. The feed speed of the rod into the melt was 
consistent with the volume flow rate of the metal and was 
adjusted by changing the number of revolutions of the 
drive shaft on which the reel was mounted, using an 
autotransformer. At the same time, the number of NP 
injected did not exceed 0.05 mass. %, and the 
consumption of the rod was 20–25 kg per ton of metal. In 
order to determine the algorithm for automatic control of 
the rate of introduction of a modifying rod into the melt 
during ingot casting, which provides the required amount 
of modifier (NP) in the alloy, such factors as casting 
temperature (X2) and Fe: Si ratio (X3), which are usually 
not subject to significant fluctuations ingot casting 
process, taken as stable. Building on the coordinate plane 
a system of points Мi (Xi, Yi, where Xi is the mass flow 
rate of aluminum when casting an ingot, Q, kg; Yi – 
titanium content, Ti, kg) showed that the points are 
located on a line very close to a straight line. Therefore, 
we can assume that between Хi, (Ti, kg) and Ui, (Q, kg) 
there is a linear relationship like Y = a + bX, where a and 
b are constant. Based on this assumption, a calculation 
was made by which an empirical relationship was 
obtained: Y = –0.2304 + 0.00055X, the value of the 
correlation coefficient for which (r = 0.9996) confirms the 
existence of a close, straightforward relationship of the 
required titanium content in aluminum with volume flow 
of the latter. The coefficient of determination in this case 
was d = r2 × 100 % = 99.92 %. As an example, the 
established linear dependence of the melt flow rate and 
the titanium content in it was transformed into the 
operating parameters of the casting process of an ingot 
with a cross section of 400 × 1560 mm, respectively, into 
the casting speed and the feed speed of the rod alloy. This 
largest ingot produced by the company was chosen as the 
object of testing the technology of introducing bar 
ligatures due to the largest amount of defect on cracks in 
its bottom part and reaching a wide edge, which is 
associated with a relatively slow crystallization rate of the 
metal, contributing to the formation of a large cristal 
structure. In order to test the installation's ability to 
provide a high bar feed rate, a ligature with a low content 
of – Al – 1.95 % Ti modifier was used, commensurate 

with the content of NP in rods. At the adopted ingot 
casting speed (70 mm/min), the volume flow rate of 
aluminum was 135 kg / min, which required, in order to 
ensure the content of titanium in aluminum A7 provided 
for by technical documentation, to introduce a rod with a 
diameter of 8 mm (the weight of the one running meter is 
0.144 kg) at a speed of 4 m/min (4.27 kg per 1 ton of 
aluminum). Such a rod feed rate ensured introduction of 
about 0.008 % Ti into the melt in addition to the titanium 
sponge previously injected into the mixer (about 0.018 % 
Ti), which in total turned out to be close to the required 
titanium content, which was determined by chemical 
analysis – 0.027 % Ti. It is easy to obtain a similar 
empirical dependence of the feed speed of a rod with 
different content of the modifying agent on the volume 
flow rate of aluminum. On thin chargesof the bottom part 
of the samples with a diameter of 75 mm and a height of 
40 mm, cast simultaneously with the casting of the ingot, 
it was found that the average area of the macrograin of the 
original aluminum A7 containing 0.018 % Ti is 1.24 mm2, 
and the additional introduction is 0.008 % Ti rod ligature 
reduces it to 0.082 mm2 (15.1 times). The fact that such 
an effect of grinding grain was obtained precisely due to 
the additionally introduced modifier –titanium is 
evidenced by the fact that when introduced into the same 
melt when casting the same ingot, a 10 mm diameter rod 
made of aluminum of the AD0 brand with the same 
volume feed with a titanium-containing rod, the area grain 
decreases only 2.4 times (to 0.051 mm2). At the same 
time, the depth of the peripheral zone of the columnar 
crystals of the sample of the original aluminum is 3.5 mm 
(9.3 % of the sample diameter); when introducing the 
aluminum rod AD0, it decreases to 2.0 mm (1.75 times) 
and when modifying with a titanium rod, it is completely 
absent. 

The influence of the type of modifier on the 
grinding of grain and the mechanical properties  
of aluminum alloys. Preliminary experiments were 
carried out under production conditions when pouring 
from 973 K into metal form samples with a diameter  
of 60 mm and a height of 300 mm of an aluminum 
wrought alloy D16 prepared in a liquid charge and taken 
from a pre-chamber 20-ton mixer from a temperature of 
1003 K to a filling bucket with a capacity of 4 kg the 
subsequent introduction into the melt of various NP in the 
volume of modifying rods with a diameter of 8 mm, 
pressed from the granules of the alloy D16 and various 
NP. The study of charges prepared on the cross-sections 
of the cast samples showed the effect of grinding grain 
when using all types of modifying substances, but to a 
greater degree this effect is observed when modifying the 
NP. So, if, when a sample rod is brought into the melt, 
pressed only from granules, the grain is crushed 1.3 times, 
and the rod pressed out of REM – 1.7 times, then all used 
NP grind the grain 2–3 times. The effect of the modifying 
additive on the size of the macrograin in the cross section 
of a chill sample with a diameter of 60 mm, 300 mm high, 
cast in a chill mold of alloy D16: 1 – without 
modification; modifying rod pressed from granules: 2 – 
alloy D16; 3 – rare-earth metals (Al + 11,0 % La; Al + 
11,0 % Ce); modifying bar is pressed out of granules  
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of alloy D16 and nanopowder: 4 – Si3N4; 5 – SiC;  
6 – V0,75N0,25 (with an impurityV2O3); 7 – SiC (with  
an impurity SiO2);8 – B4C (with an impurity BN);  
9 – Cr3C1,6N0,4 (with an impurity Cr2O3 + C); 10 – B4C; 
11 – TaN; 12 – SiC (with an impurity SiO2 + Si). The 
effectiveness of the modifying impact of the NP was 
confirmed under production conditions when casting 
ingots on a continuous casting installation when they were 
introduced into the melt in the automatic mode in the 
amount of modifying rods. 

Thus, when casting ingots with a diameter of 420 mm 
from AMg6 alloy at a speed of 60 mm / min at 968 K 
with the adding of a rod into the mold under a metal 
stream, it was found that if the standard modifying 
additive (Al-Ti ingot) the average grain size makes up 
0,322 мм2, then when modifying the NP BN it decreases 
to 0.146 mm2 (2.2 times), NP SiC – to 0.123 mm2  
(2.6 times), and NP TaN – to 0.078 mm2 (4.1 times). 

When casting ingots with a diameter of 190 mm from 
alloy D16, a modifying rod with a diameter of 6 mm was 
pressed from the granules of the alloy D16 and NP SiC. 
Rods with a diameter of 12 mm were pressed from 
homogenized ingots (holding for 6 hours at 753–773 K, 
air cooling), and after quenching (holding for 15 minutes 
at 763...773 K, cooling in water), standard cylindrical 
specimens were carved from them. Analysis of the test 
results showed that the SiC NP crushes the macrograin 
over the ingot cross section on average 1.7 times (from 
0.35 for the alloy modified by the factory technology to 
0.20 mm2), and by с of the ingot radius – 2.3 times (from 
0.35 to 0.15 mm2). The temporal resistance σв in the 
samples of the modified NP SiC alloy increased by 2.3 %, 
the yield strength σв – by 11.0 %, and the relative 
elongation δ by 31.6 %. The microstructure did not show 
significant differences from the usual alloy. During 
casting of ingots with a diameter of 480 mm from D1 
alloy, the effect of introducing into the melt NP SiC, B4C 
and VxCyNz was investigated. Modifying rods with a 
diameter of 10 mm were pressed from both D1 alloy 
granules and from these granules and NP on a rod-shaped 
horizontal hydraulic press P8743B with a force of 2000 tf 
at a speed of 2 mm/min. The ingots were cast at 983 K at 
a speed of 32.36 mm / min, homogenized (the mode is 
indicated above) and cut into blanks 800 mm long, which 
were then heated in an IN600 furnace to 653–673 K and 
on a P4757 press with a force of 700 tf, they were pressed 
into an intermediate product with a diameter of 100 mm. 
Of the three sections of this product (loose, medium and 
tightening blanks with a length of 250 mm were cut, 
heated them to 633...653 K and on the press P8739 with a 
force of 800 tf extruded profile 100–59 (corner with a 
shelf width of 20 mm). Mechanical properties were tested 
on three corners cut from the above-mentioned hardened 
corners (as indicated above) in the VZP-1 vertical 
tempering furnace. Comparison of the results of testing 
the mechanical properties of different parts of the profile 
(output, medium and tightening), pressed from similar 
parts of the intermediate product, showed that modifying 
with all the above mentioned NPs in all cases gives 
mechanical properties higher than conventional 
technology provides. The study of the structure of the 

transverse templates of ingots showed that the highest 
degree of grinding grain provides NP VxCyNz. At the same 
time, there were no significant differences in the 
microstructure of the alloy modified by various NPs. 

Due to the fact that the filtering used at the enterprise 
to remove non-metallic inclusions from the melt leads to 
the enlargement of the macrograin ingots, work was 
carried out to eliminate this undesirable phenomenon 
using NP. At the same time, ingots of 280 mm in diameter 
were cast from the AMg6 alloy at 983–993 K at a speed 
of 6 mm/min with the filtration of the melt in an upward 
flow, ingots with a diameter of 280 mm were cast through 
successively installed meshes from glass fabric SSF-4 and 
SFF-0.06. Modifying bar with a diameter of 10 mm, 
containing NP SiC or B4C, or VxCyNz, injected into the 
mold under a stream of metal coming from the transfer 
case. For comparison, ingots were cast with the 
introduction of a rod pressed only from pellets into the 
mold. The cast ingots were homogenized (holding for  
6 hours at 753–773 K; cooling in air), after which they 
were cut into blanks 700 mm long, heated to 673–683 K 
and pressed on a horizontal press into profile PC13820-2. 
Of the three sections of the profile (output, medium and 
tightening) cut samples for testing mechanical properties. 
The macrostructure was studied on the ingot transverse 
templates. The results of tests of mechanical properties 
showed that, in general, NPs lead to an increase in the 
relative elongation. So, if δ for ingots cast from filtered 
metal by factory technology is 19.1 %, then NP В4С 
increases it to the greatest extent до 29.4 % (by 24,6 %), 
NP VxCyNz  – to 22.6 % (by 23.4 %) and NP SiC – to  
21.8 % (by 14.1 %), then a rod of granules – to 21.6 % 
(13.2 %). There is also an increase in yield strength σ0,2. 
So, if for an ingot cast with filtration according to factory 
technology, its value is 230 MPa, then NP SiC increases 
σв to 247 MPa (by 5.2 %), NP VxCyNz – for 250 MPa  
(by 8.5 %), granulated rod is up to 233 MPa (by 1.3 %), 
and NP В4С does not change this characteristic. 
Temporary resistance σв does not change in all types of 
NP and with the introduction of the rod of granules. The 
study of the structure of the ingots showed that the 
filtration of the alloy enlarges the macrograin, whereas 
the introduction of the NPs studied into the melt after 
filtration leads to its sharp grinding and to the formation 
of a homogeneous structure over the section. 

Modification of the structure of ingots for forgings. 
The obtained positive results with the introduction of NP 
into the melt during the casting of ingots, from which 
further extrusion methods were used to extrude a profile 
of different cross sections, served as the basis for testing 
this technology during the casting of ingots intended for 
the manufacture of forgings from them. For this purpose, 
when casting ingots of 420 mm from AMg6 alloy, the 
melt was modified with a rod of 10 mm containing one  
of NP – SiC, BN or TaN. The ingots were cast at 973 K at 
a speed of 60 mm / min with the introduction of the rod 
into the transfer case. Cast ingots were homogenized 
(holding for 6 hours at 753–773 K; air cooling), then  
they were cut into workpieces 750 mm long, turned  
to 380 mm and, after preheating to 703 K, forgings were 
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obtained with a force of 1250 tf deformation  = 62 % 
according to the scheme: upsetting the workpiece in a disc 
coil → forging disc coil on a rod → secondary 
sedimentation of a rod in a disc coil KP-10-27. The 
structure was studied on templates cut from an ingot and 
from a disc coil. Metal contamination by nonmetallic 
inclusions was estimated from fractures of technological 
samples (40 × 40 × 120 mm) cut from transverse 
templates, as a result of which it was found that the  
least contamination is characteristic of serial ingots –  
ΣFinc= 10 mm2, whereas with the introduction of rods 
containing NP BN, SiC, TaN, this characteristic 
significantly increases – to 23.5; 24.0 and up to 38 mm2, 
which exceeds the requirements of technical 
documentation. When analyzing the macro-structure of 
cross-section templates, it was found that ingots cast by 
serial technology with the introduction of a rod of 
granules are characterized by a heterogeneous structure: 
fine grain around the periphery, then a columnar structure 
(width 50–90 mm) follows, and behind it – fine-grained 
structure. The introduction of any of the NPs prevents the 
formation of a columnar structure, and according to the 
degree of impact, the most effective of them was NP TaN 
grain refinement 4.1 times as compared to serial ingots 
(from 0.322 to 0.073 mm2), then NP SiC – 2.6 times (up 
to 0.123 mm2) and NP BN – 2.2 times (up to 0.146 mm2). 
Analysis of the microstructure did not reveal any special 
differences in the internal structure of the grain of serial 
ingots and ingots of a metal modified by NP. At the same 
time, in all ingots, close microporosity is observed. The 
study of macrosections and kinks of templates of forgings 
made of modified NP alloy showed the presence of non-
metallic inclusions (total area ΣFinc, mm2) and stroke 
bundles associated with the presence of oxide layers in 
the metal (total length, mm), respectively, on charges – 
from 4 up to 9 mm2 and from 10 to 24 mm, at fractures – 
from 5 to 6.5 mm2 and from 18 to 28 mm, which meets 
the requirements of technical documentation, but at the 
same time exceeds the number of defects for a serial 
forging, on the macrosections of which no defects were 
found, there is a part of fan structure with an area  
of 25 mm2; at fractures, the area of nonmetallic inclusions 

Finc is only 2 mm2. The mechanical properties of 
specimens cut from forgings according to the required 
documentation of the scheme in the fractional, transverse 
and altitudinal directions turned out to be quite close to 
the properties of serial forgings, and in some cases even 
exceeded them, especially the relative elongation. 
Macrograin forgings made from ingots modified by NPs 
turned out to be smaller than forgings made from serial 
ingots and from ingots cast from an alloy into which a bar 
of granules was introduced. Thus, as a result of the 
research described above, it was found that as a result of 
the introduction of various refractory materials into the 
liquid alloy AMg6, the grain size of the nonmetallic 
inclusions increases, as well as the number of laminations 
(in forgings). A possible reason for their existence can be 
considered the use of modifying rods of granules as a 
basis, which contribute to the volume of this product a 
large amount of aluminum oxide Al2O3, which is present 

on their surface, and gases, present (hydrogen) on the 
surface. It should be noted that in all our studies, non-
metallic inclusions and delaminations were not observed 
on the products pressed from ingots cast from alloys 
modified by various NPs. By the way, this fact does not at 
all indicate in favor of the absence of non-metallic 
inclusions (aluminum oxide particles Al2O3) in the 
volume of compacts – their number, both in the original 
ingots modified by NP, and in the compacts or forgings 
obtained from them, remains almost the same but in the 
process of obtaining products from ingots, these oxides 
are crushed and evenly distributed over the volume of the 
deformed metal. 

Conclusion. As a result of the use of a new type of 
modifiers – nanopowders of refractory chemical 
compounds, and the developed method of their 
introduction into metal melts in the volume of rods 
pressed from the composition “aluminum particles + 
nanopowders”, the mechanical properties of the products 
obtained by the pressure treatment of ingots cast with the 
semicontinuous method from aluminum and aluminum 
alloys were improved. 
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The most important resource for improving the performance of parts is the reduction of the surface roughness. One 

of the promising ways to reduce the surface roughness is the abrasive extrusion processing. When developing the AEP 
technology, it is necessary to know the flow rate (pressure) of the WE, which depends on the viscosity of the latter. In 
turn, the viscosity of the WE is determined by its temperature. The temperature of the working environment at AEP can 
be calculated if the coefficients of thermal conductivity and thermal diffusivity of the WE are known. The working envi-
ronment for AEP consists of two components, therefore, the coefficient of thermal conductivity can be calculated by 
known formulas. However, the calculation error is significant, therefore, the experimental determination of the above-
mentioned coefficients is required. The installations for the coefficients research have been presented, the methods of 
conducting experiments have been developed. After mathematical processing of the experiments results by means of the 
AdvanceGrapher v. 2.11, the dependences of the thermal conductivity and thermal diffusivity on the abrasive concen-
tration have been obtained. The studies of the thermophysical properties of the working environment have shown that 
the values of thermal conductivity and thermal diffusivity of the WE are mainly determined by the concentration of 
abrasive grains in the working environment. The direct dependence of these coefficients on the degree of filling the 
working environment with abrasive grains has been established. 

 
Keywords: abrasive extrusion processing, working environment, thermal conductivity and thermal diffusivity 

coefficients. 
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Важнейшим ресурсом повышения эксплуатационных характеристик деталей является уменьшение шеро-

ховатости поверхности. Одним из перспективных способов снижения шероховатости поверхности является 
абразивно-экструзионная обработка (АЭО). При разработке технологии АЭО необходимо знать расход (дав-
ление) рабочей среды (РС), который зависит от вязкости последней. В свою очередь вязкость РС определяет-
ся её температурой. Температуру РС при АОЭ можно рассчитать, зная коэффициенты теплопроводности  
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и температуропроводности РС. РС при АЭО состоит из двух компонентов, поэтому рассчитать коэффици-
ент теплопроводности можно по известным формулам. Однако погрешность расчётов значительна, поэтому 
требуется экспериментальное определение вышеупомянутых коэффициентов. Представлены установки для 
исследования коэффициентов, разработаны методики проведения опытов. После математической обработки 
результатов экспериментов с помощью программы AdvanceGrapher v. 2.11 получены зависимости коэффици-
ентов теплопроводности и температуропроводности от концентрации абразива. Проведенные исследования 
теплофизических свойств рабочей среды показали, что величины коэффициентов теплопроводности и темпе-
ратуропроводности РС, в основном, определяются концентрацией абразивных зерен в рабочей среде.  
Установлена прямая зависимость этих коэффициентов от степени наполнения рабочей среды абразивными 
зернами. 

 
Ключевые слова: абразивно-экструзионная обработка, рабочая среда, коэффициенты теплопроводности и 

температуропроводности. 
 
Introduction. Now there exists the whole class of 

parts containing open and closed channels of a variable 
cross-section to which surface layer condition the  
increased design requirements are imposed. These are 
aircraft parts (low thrust engine nozzles, impellers of tur-
bopump units), high-precision transport parts (nozzles, 
sprayers), technical equipment parts (stamps, compression 
molds, matrixes, nozzles of thermoplastic automatic ma-
chines), etc. 

The most important resource of the increase in pro-
duction characteristics of parts is the decrease of rough-
ness of a surface and ensuring parallelism of its direction 
along the flow of components as well as the removal of 
tensile and compressive stresses. 

The practice of finishing processing showed that the 
most productive and effective for the formation of the 
surface layer (SL) of figurine channels is the abrasive-
extrusion processing (AEP) which consists in the move-
ment (remolding) of viscoelastic, filled with the abrasive 
grains (AG) working environment (WE) under the pres-
sure 5–12 MPa along the processed channel surface  
[1–5]. 

When developing the AEP technology it is necessary 
to know the flow rate (pressure) of the WE which depends 
on the viscosity of the latter [6; 7]. The viscosity of the 
WE in turn is defined by its temperature. The WE tem-
perature at AEP can be calculated knowing thermal con-
ductivity and thermal diffusivity coefficients of the WE. 
The working environment at AEP consists of two compo-
nents, therefore it is possible to calculate a thermal con-
ductivity coefficient by Odelevsky’s [8], Misnara’s [9], 
Burger’s [10] formulas. The authors [11] consider that 
Odelevsky's formula is the most universal. The research-
ers of heat conductivity of composites offer a simple  
formula for the coefficient calculation, the method of “in-
version” [12].  

It has been established [13] that the thermal conduc-
tivity coefficient significantly depends on the concentra-
tion of abrasive and slightly depends on other  
factors. 

Research method and equipment. The experimental 
determination of a thermal conductivity coefficient of the 
WE was carried out by means of the flat layer method 
[14] on the installation (fig. 1). The working environment 
contained a viscoelastic component (high-molecular sili-
cone rubber) and abrasive grains (silicon carbide black of 
graininess 100 or alundum white of graininess 50). Dur-
ing the experiments the content of abrasive grains was 

changing from 10 to 80 % (on volume basis) with a 15 % 
interval. 

The working environment 3 in the form of the disk 
with  = 110–2 m thickness is located between the heater 
1 and the fridge 5. The insulating ring containing the ad-
ditional security heater 4, which provides one-
dimensionality of the heat flux, is located outside. For the 
same purpose the ratio /D (D – the disk diameter equal 
to 1610–2 m) has been chosen small. To measure the tem-
perature difference the thermocouples 2 were used. 

It is known that at a one-dimensional heat flux 
through the flat layer the thermal conductivity is calcu-
lated 

 = Qт / F(T1 – T2)],   (1) 

where Qт – the heat flux of the heater;  – the sample 
thickness; F– the surface area; T1 and Т2 – the tempera-
tures of “hot” and “cold” sample surfaces (working envi-
ronment). 

Therefore for thermal conductivity research by this 
method the heat flux close to one-dimensional one 
through the layer of the working environment under study 
was created and measured and the temperature difference 
between layer borders was measured as well. 

As the temperatures were measured not on sample sur-
faces, but at some distance from them inside the heater 
and the fridge, then the temperature differential correc-
tions in the heater layer T1 and the fridge T2 were made 
to the measured temperature difference Tmeas The correc-
tions are determined by formulas: 

T1= Qт1 / (F1);               (2) 

T2= Qт2 / (F2),  (3) 

where 1 and 2 = 210–3 м – distances from a thermocou-
ple junction to the sample surface in the heater and the 
fridge respectively; 1 and 2 – thermal conductivity  
of heater and fridge materials (for steel 12X18H10T  
1 = 2 = 15.2 W/m  K). 

Taking into account these corrections the calculation 
formula is: 

 = 
1 2

1 2

T

T
ism

Q

Q
F T

F



   
       

.                (4) 

The graph of the dependence of the thermal conduc-
tivity coefficient on the concentration of abrasive is pre-
sented in fig. 2. 
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After the experiments results mathematical process-
ing by means of the Advance Grapher v. 2.11 the de-
pendences of thermal conductivity coefficients on con-
centration of abrasive have been received for alundum 
white: 

 

eк = – 0.046 – 0.045Ка + 0.008Ка2 – 5.610–5Ка3;      (5) 

for silicon carbide black: 

кк = – 0.322 – 0.016Ка + 0.013Ка2 – 8.5610–5Ка3.    (6) 

Except for the abrasive concentration as the factors of 
variation the grain size (Ba) – the abrasive graininess in 
the range of 25–100 microns and Tslave – the temperature 
of the working environment in the range of 20–60 0C 
were studied.  

 
 

 

 
Fig. 1. Installation diagram for determining the coefficient of thermal conductivity  

by the method of a flat layer:  
1 – heater; 2 – thermocouples; 3 – sample under test (working environment);  

4 – security heater; 5 – fridge; 6 – fridge security ring 
 

Рис. 1. Схема установки для определения коэффициента теплопроводности  
методом плоского слоя:  

1 – нагреватель; 2 – термопары; 3 – исследуемый образец (рабочая среда); 4 – охранный  
нагреватель; 5 – холодильник; 6 – охранное кольцо холодильника 

 
 
 

 

 
Fig. 2. Dependence of the coefficient of thermal conductivity of the working environment  

on the concentration of abrasive 
 

Рис. 2. Зависимость коэффициента теплопроводности рабочей среды  
от концентрации абразива 
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As a result of the experiments it has been established 
that the thermal conductivity coefficient of the WE in the 
specified interval of change of abrasive graininess and 
temperature changes no more than by 3 %. Therefore 
these factors can not be considered when developing 
technological processes of AEP.  

Calculation results of the thermal conductivity coeffi-
cient of working environments by Odelevsky's, Misnara’s 
formulas give the error of the required value determina-
tion in the comparison with the experimental one more 
than 60 %, by the inversion method the error makes  
20–45 % in the specified range of abrasive concentration 
research. Such inaccuracy of thermal conductivity deter-
mination coefficient is unacceptable at projection of AEP 
technology. 

The formulas for calculation of thermal diffusivity of 
composites have not been found now, therefore this pa-
rameter was defined experimentally. 

To determine the thermal diffusivity coefficient of the 
working environment the method based on the measure-
ment of the heating rate and time lag of the maximum 
(minimum) temperature on the free surface of a sample 
relative to the moment of switching on (switching off) the 
input into the sample power was used [15]. 

The working environment limited by a metal cylinder 
with the height of 11 mm and the diameter of 160 mm 
was used as a sample. The experiments were carried  
out on the installation (fig. 3). The installation consists of 
the heating element 1 with 100 W power on which the 
sample – the working environment 2 in the cylinder 3 was 
located. The measurement of temperatures was performed 
by means of thermocouples 4 in three different points 
which are located at the free surface of the sample on the 
depth of 1 mm. The thermocouples were located on one 
circular axis with the 20 mm diameter located concentri-
cally relatively the center of the sample cylinder. The 
operation of the heating element was controlled  by means  

of the thermocouple 5. Fixing of measurement results was 
carried out via the analag-to-digital converter 6 to the 
personal computer 7 on the virtual digital oscillograph. 

The measurements were carried out in intervals  
20–60 С that is the operating temperature at AEP. The 
data received from three thermocouples were averaged to 
decrease a random error of measurement due to possible 
heterogeneity of a working environment structure. The 
graphs of change of the input electric power and tempera-
ture are provided on the oscillogram (fig. 4) 

The thermal diffusivity coefficient of samples was 
calculated by formula: 

 = 2 / (t – K),                             (7) 

where  – the thickness of the studied sample, 0.01 m;  
t – the time which passed between switching on (switch-
ing off) the power of the heater and the achievement of  
a maximum (minimum) temperature on the sample sur-
face, c; K – the time constant of the measurement circuit 
defined on the model, 0.5 c:  – the dimensionless coeffi-
cient depending on the input power in our installation  
 = 810–4. 

After the mathematical processing of experiments re-
sults by means of the AdvanceGrapher v. 2.11 the de-
pendences of thermal diffusivity coefficients on the abra-
sive concentration have been received for alundum white: 

eк = –6.310–5 + 9.0910–6Ка + 

+ 1.1410–6Ка2 – 6.7510–9Ка3;                  (8) 

for silicon carbide black: 

кк = –3.0210–4 + 5.0910–5Ка + 

+ 1.310–6Ка2 – 2.9410–9Ка3.         (9) 

The dependence of a thermal diffusivity coefficient of 
the working environment on the abrasive concentration is 
presented in fig. 5.  

 
 

 
 

Fig. 3. Installation diagram for determining the coefficient of temperature  
and conductivity:  

1 – heater; 2 – sample under test (working medium); 3 – cylinder; 4 – termocouple;  
5 – control thermocouple; 6 – analog-to-digital converter; 7 – personal computer 

 
Рис. 3. Схема установки для определения коэффициента  

температуропроводности: 
1 – нагреватель; 2 – исследуемый образец (рабочая среда); 3 – цилиндр; 

4 – термопары; 5 – контрольная термопара; 6 – аналагово-цифровой  
преобразователь; 7 – персональный компьютер 

 



 
 
 

Технологические процессы и материалы 
 

 281

 

 
Fig. 4. Oscillograms of power and temperature:  

1 – graph of changes in input power; 2 – graph of temperature changes  
on the free surface of the sample; t – measured time lag of the maximum 

(minimum) temperature, s 
 

Рис. 4. Осциллограмма мощности и температуры:  
1 – график изменения вводимой мощности; 2 – график изменения  
температуры на свободной поверхности образца; t – измеряемое  
временное запаздывание максимума (минимума) температуры, с 

 
 
 

 

 
Fig. 5. Dependence of the thermal diffusivity of the working environment  

on the abrasive concentration 
 

Рис. 5. Зависимость температуропроводности рабочей среды от концентрации абразива 
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Similarly to the thermal conductivity coefficient, the 
grain size (Ba) – the abrasive graininess in the range  
of 25–100 microns and Tslave – the temperature of the 
working environment in the range of 20–60 оC were stud-
ied as the factors of variation for thermal diffusivity. 

As a result of the experiments it has been estab-
lished that thermal diffusivity insignificantly depends 
on the operating temperatures, the abrasive values and 
other factors not bound to the structure of the WE. In 
this connection, these factors were excluded from con-
sideration. 

Conclusion. The conducted research of thermal prop-
erties of the working environment have shown that the 
values of thermal conductivity and thermal diffusivity  
of the WE are generally defined by the concentration of 
abrasive grains in the working environment. The direct 
dependence of these coefficients on the degree of filling 
the working environment with abrasive grains has been 
established 
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MATHEMATICAL MODEL OF A LINEAR ELECTRODYNAMIC ENGINE OPERATION  
ON IMPACT WITH ACCOUNT FOR ELASTIC DEFORMATION OF THE HARDENED SURFACE 

 
N. A. Shvaleva*, A. A. Fadeev, T. T. Eresko 

 
Reshetnev Siberian State University of Science and Technology 

31, Krasnoyarsky Rabochy Av., Krasnoyarsk, 660037, Russian Federation 
* E-mail: natalyashvaleva@ya.ru 

 
Operational characteristics of contacting elements of cars and mechanisms are by far defined by a layer quality in-

dicators at the surfaces of contact. One of the ways of increasing details durability, including missile and space equip-
ment details, is the superficial plastic deformation (SPD). In the article aspects of dynamic ways of hardening from the 
position of the wave theory of blow are considered. 

The construction of a shock stand on the basis of a linear electrodynamic drive with a size of 60 mm, operating in a 
shock-pulse mode, as well as a well-known mathematical model of the workflow – the movement of the armature with 
the tool at the moment of striking the surface. This model does not fully describe the operation process since the mass of 
the striker taken into account equaled 1 kg, which does not characterize the process of the impact tool, the purpose of 
which is the object deformation (for example, work hardening with the aim of surface material sealing or breakdown of 
the hole in it, or applying license plates markers). 

The mathematical model that describes the movement of the armature with the tool, taking into account the elastic 
deformation of the hardened surface was obtained. In the course of the performed calculation, the magnitude of the 
elastic deformation of the hardened surface was calculated from the dynamic component of the force impulse applied to 
it through the indenter (the tip of the impact tool). 

The layout of the shock stand with the equipment used, are offered. Experiments on the signal recording with vari-
ous arrangements of piezoelectric transducers on the anvil – the hardened surface (diagrams of the sensors location are 
given) were carried out. 

 
Keywords: blow, mathematical model, elastic deformation, contact spot, linear electrodynamic engine, counter-

body, indenter. 
 

МАТЕМАТИЧЕСКАЯ МОДЕЛЬ РАБОТЫ ЛИНЕЙНОГО ЭЛЕКТРОДИНАМИЧЕСКОГО  
ДВИГАТЕЛЯ ПРИ УДАРЕ С УЧЕТОМ УПРУГОЙ ДЕФОРМАЦИИ  

УПРОЧНЯЕМОЙ ПОВЕРХНОСТИ 
 

Н. А. Швалева*, А. А. Фадеев, Т. Т. Ереско 

 
Сибирский государственный университет науки и технологий имени академика М. Ф. Решетнева  

Российская Федерация, 660037, г. Красноярск, просп. им. газ. «Красноярский рабочий», 31 
* E-mail: natalyashvaleva@ya.ru 

 
Эксплуатационные характеристики контактирующих элементов машин и механизмов в значительной 

степени определяются показателями качества слоя у поверхностей контакта. Одним из способов повышения 
прочности деталей, в том числе деталей ракетно-космической техники, является поверхностное пластиче-
ское деформирование (ППД). В статье рассмотрены аспекты динамических способов упрочнения с позиции 
волновой теории удара. 

Представлена конструкция ударного стенда на базе линейного электродинамического привода с типораз-
мером 60 мм, работающего в ударно-импульсном режиме, а также известная математическая модель рабо-
чего процесса – движения якоря с инструментом в момент удара бойка о поверхность. Данная модель в пол-
ной мере не описывает процесс работы, так как масса бойка учитывалась равной 1 кг, что не характеризует 
процесс работы ударного инструмента, целью которого является деформация объекта (например, наклеп с 
целью поверхностного уплотнения материала или пробой отверстия в нем, или нанесение номерных маркеров). 
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Получена математическая модель, которая описывает движение якоря с инструментом с учетом упругой 
деформации упрочняемой поверхности. В ходе выполненного расчета вычислена величина упругой деформации 
упрочняемой поверхности по динамической составляющей силового импульса, прикладываемого к нему через 
индентор (наконечник ударного инструмента). 

Представлена схема ударного стенда, используемое оборудование. Были проведены эксперименты по реги-
страции сигнала с различным расположением пьезодатчиков на наковальне – упрочняемой поверхности (схемы 
расположения датчиков приведены). Выполнено сравнение расчетных данных по показаниям осциллографа  
с теоретическими данными математической модели, где выявлено расхождение и объяснены возможные фак-
торы его возникновения. Несмотря на расхождения и недостатки, расчеты и проведенный опыт указывают 
на наличие упругой деформации, а значит, ударная установка может найти применение при обработке  
поверхностно – пластическим деформированием ударными способами рабочих поверхностей деталей, в том 
числе деталей ракетно-космической техники. 

 
Ключевые слова: удар, математическая модель, упругая деформация, пятно контакта, линейный электро-

динамический двигатель, контр-тело, индентор. 
 
Introduction. Currently in order to increase durability 

of car details, including missile and space equipment de-
tails, dynamic ways of superficial plastic deformation 
(SPD) are widely applied with shock deformation impact 
on the processed surface in conditions of faltering contact, 
ensuring the most effective way of enhancing operational 
properties of car details, improving fatigue durability and 
hardness of a detail surface under the influence of impact 
load [1]. Stamping is one of the examples of dynamic 
SPD. 

It is known that one of the main characteristics  
of dynamic loading efficiency under SPD is the share  
of energy of blow used for elasto-plastic deformation  
of the processed material in a deformation zone. Accord-
ing to the wave theory the blow is considered as a form  
of flat acoustic waves extending on the collided bodies 
and having the period, amplitude and duration. The period 
of such a wave is called a shock impulse, the form  
of which represents the change of amplitude in time.  
The form of an impulse defines efficiency of dynamic 
loading [2]. 

Therefore, in the research of bodies’ interaction, dy-
namic contact tasks including those connected with shock 
impact are the most interesting and challenging. For a 
more detailed description of shock interaction nature (es-
pecially relevant in engineering practice) the rheological 
model needs to solve not only contact problems, but also 
to consider the wave phenomena [3; 4]. 

In mechanical engineering for SPD implementation 
via dynamic methods devices with mechanical or pneu-
matic drive have found broad application. Also, linear 
electric drives of shock action due to high specific energy 
of blow and speed have been widely adopted [5; 6].  
For example, for stamping and sealing devices [7; 8]  
have been used. 

Construction of a shock stand on the basis of a lin-
ear electrodynamic drive. The design of the shock stand 
on the basis of the linear electrodynamic drive (LEDD) 
operating in the shock – pulse mode is known to have 
been developed by the SIBGAU team [9]. The design and 
the analytical model of the electrodynamic engine is given 
in the work [10]. For this stand there is an equation de-
scribing the movement of the armature with the tool at the 
moment of striking the surface [11] developed on the ba-
sis of a process functioning algorithm [12] and a design 
technique of a linear engine [13]. 

Description of mathematical model of shock proc-
ess. The equation describing the movement of an arma-
ture with the tool taking into account elastic deformation 
of material [14] is known. In this equation weight of the 
striker mb equaled 1 kg. For further calculations for 
mathematical model of shock process and pilot study to 
compare the size of elastic deformation of the hardened 
surface, received as a result of mathematical modeling 
and during the experiment, it is required to specify the 
striker weight and parameters of shock process. In the 
right member of equation the first member characterizes 
the total dynamic effort arising under speed change of an 
armature with the tool. The second member of the equa-
tion characterizes the static effort developed by an arma-
ture engine winding. The third member of the equation is 
defined by the size of required elastic deformation (αу-n) 
of the processed material and properties of materials cou-
ple (k) “striker – surface” [15]. 

The research objective is to determine technical speci-
fications of LEDD with a standard size 60 mm (marking 
2L60L) and also to determine the extent of elastic defor-
mation of the hardened surface by means of the obtained 
mathematical model of the impact device operation, and 
to further compare the rated value of elastic deformation 
of the hardened surface with the results of the pilot study. 

For the description of shock impulse formation, gen-
erated in the system: striker – the processed surface in the 
deformation center, we will enter the following marking: 
Pu – amplitude impulse stage passing to the processed 
metal, H; a1.2 – the speed of shock wave distribution  
in the striker and a wave guide respectively, m/s;  
ρ1.2 – material density respectively the strike and a wave 
guide, kg/m3; Е1.2 – the elasticity module of material re-
spectively the striker and the wave guide, Pa; F1.2 – striker 
and a wave guide cross-sectional area, in this case we 
accept equal values; k – resistance factor to introduction. 

Let's assume that the shock impulse of irregular  
shape Pu, having reached the processed surface, is distrib-
uted on the passing Pk and the reflected Po approaches the 
deformation zone via the tool (striker). The passing im-
pulse forms a dynamic component of the deformation 
force [15]. 

u k oP P P  , 
where  

(1 )k uP P  ; о uP P  ; 1

2u
C v

P q , 
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where С1 – striker acoustic rigidity; C2 – wave guide 
acoustic rigidity, their relation is determined by formulas: 

1 2/r С С ;   1,2 1,2 1,2 1,2С a F    . 

For loading of metals when hardening SPD it is re-
quired to consider interaction of the deformation wave 
with the border under which material properties and the 
specified radius of curvature are considered by resistance 
factor to introduction of k = (2.4…7.5) 108 H/m. Coeffi-
cients of reflection and deformation wave passing to the 
loaded surface are defined: 

1 2    ;    exp( )bat   , 

where b = k/(Е1/F1). 
At various acoustic striker and a wave guide hardness, 

through their contacting border a part of energy from the 
deformation wave passes. The wave reflected from the 
border possesses the other left energy. Change of force in 
the deformation wave as it passes through the border of 
arms' zones can be characterized by passing and reflection 
factors. 

Expression for determination of passing the q factor, a 
direct wave of deformation is written as: 

2

1
q

r



. 

In relation to this case, strikers and a wave guide have 
the identical cross-sectional area and material, therefore, 
ρ1 = ρ2; a1 = a2; r = F1/F2. 

In the work [16] the dependences confirmed experi-
mentally for calculation of deformation of the hardened 
material are established. The dependence for elastic de-
formation is written as: 

3
2

1

o
y

y

h


 




, 

where h – residual approximation which is equal to the 
depth of the reconstructed print, m; αy – elastic approxi-
mation disappearing with the removal of loading caused 
by elastic reconstruction of the indentor and counterbody, 
m; αo – approximation of the tool to the loaded surface at 
purely elastic power contact (the Hertz formula), m. 

These values are found by formulas: 

2
u

pr D

P
h

R HDn



; 

 2 22

3
9

16
i m

o
pr

k k P

R


   ; 

3 1 2 /
o

y
yh


 

 
, 

where Rpr – is the specified curvature radius, in relation to 
this case – infinitely big, m; НD – the plastic hardness of 
the processed metal, MPa; nD – dynamic coefficient of 
plastic hardness where  
 

0.5 1 137 1 2250D
v v

n
НD НD

 
     

 
; 

v – striker’s speed, m/s; ki, km – elastic constants of the 
respective indentor and processed metal, 1/МPа. 

21 i
i

i

k
E





, 

21 m
m

m

k
E





, 

where Ei, Em – elasticity module according to indenter and 
the processed metal, МPа, μi, μm – Poisson's ratio accord-
ing to the indenter and the processed metal. 

Results of mathematical modeling. During the trans-
formation process the mathematical model (1) which de-
scribes operation of the stand based on the linear electro-
dynamic drive of a standard size 60 mm (mark 2L60L) 
with regard to elastic deformation of the hardened surface 
was received . 

2 2 2

2
.

3

1

/ ,
2

1

m

t

Tb z D

b ya A b

z ya o
b

b

y

d x z B k dx
e

m R m dtdt

zB I
k m

m h

  
             

 
 

    
 
  

           (1) 

where xb – striker removal, m; mb – striker mass, kg;  
z – anchor design parameter; Вz – magnetic induction in 
the clearance gap, T; Rya.A – active resistance of the an-
chor coil, Ohm; kD – damping factor, Н·s/m; t – dispersal 
time, s; Tm – dispersal time constant, s; Iya – current in the 
anchor winding, A; k – resistance factor to striker intro-
duction, H/m; αo – approximation of the tool with the 
loaded surface at purely elastic power contact, m. 

In the process of calculation the size of elastic  
dynamic deformation amounted to 5.158·10–9. Provided 
that the tool speed (striker) (according to data sheet) –  
v = 4.5 m/s; full amplitude of shock impulse – Pu = 13.5 H; 
residual approximation h = 4.892 · 10–13 m; approximation 
of the tool and the loaded surface at purely elastic power 
contact αo = 7.291 · 10–7 m; material of the processed sur-
face – steel 45, striker material – quenched steel 40X. 

A specified mathematical model allows to estimate 
characteristics of linear electrodynamic engine with a 
standard size of 60 mm operating in shock-pulse mode at 
the time when the striker hits the hardened surface and 
also to determine the size of elastic deformation of the 
hardened surface. 

Experiment procedure. The stand is designed on the 
basis of the linear electrodynamic drive (fig. 1). 

The stand consists of the following elements: linear 
electric motor 1 with a percussion instrument (striker) 3 
fixed on the bed with an anvil 4 (with the anvil rigidly 
fixed on support 6). Piezoelectric sensors 5 are fixed onto 
the anvil (hardened surface). Signals from the sensors 
arrive at the recording device 7 (oscillograph and/or per-
sonal computer). The linear engine power is supplied by 
power supply 2. 

The stand operation: when supplying back feed from 
the power supply 2 to linear electric motor 1 (the reverse 
mode) the anchor ejects with the tool (striker) 3 from the 
inductor's clearance gap and impacts the anvil 4, equipped 
with piezoelectric sensors 5, signal from which is re-
corded with oscillograph 7. 



 
 
 

Технологические процессы и материалы 
 

 287

Measurement of elastic deformation is done by means 
of: piezoelectric sensors, ADS-2071MV oscillograph, 
oscillographic probe. 

Experiments on signal recording with various ar-
rangements of piezoelectric sensor on the anvil (counter-
body) were made.  

Signal recording was done with oscillograph, the  
signal was transmitted via the probe with attenuation  
factor 1 : 10. 

Sensor layouts are shown in fig. 2. On diagram No. 1 
sensors are located on the outer side of the anvil, with 
sensor No. 1 opposite the working aperture. On diagram 
No. 2 sensor No. 1 is located inside, with sensor No. 2 on 

outer side. Oscillograms of impacts are shown in fig. 3 
and 4. 

Comparison of experimental data with the results 
of mathematical modeling. The calculated values of the 
first peak according to oscillograph (fig. 3, 4) and mathe-
matical model are given in the table. 

Calculation of elastic deformation according to oscil-
lograph was made with reference to an earlier developed 
method of transformation factor calculation [5] and the 
Hooke's law under plane stress condition. 

Comparison of estimated data according to oscil-
lograph and theoretical data of mathematical model 
showed 14 % divergence at the most.  

 
 

 
 
 

Fig. 1. The scheme of the shock stand 
 

Рис. 1. Схема ударного стенда 
 
 
 

 
 

а       b 
 

Fig. 2. Location of sensors:  
а – scheme № 1; b – scheme № 2 

 
Рис. 2. Схема расположения датчиков:  

а – схема № 1; b – схема № 2 
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Fig. 3. Recording of a signal from sensors according to the scheme № 1 
 

Рис. 3. Регистрация сигнала датчиков по схеме № 1 
 
 
 

 
 

Fig. 4. Recording of a signal from sensors according to the scheme № 2 
 

Рис. 4. Регистрация сигнала датчиков по схеме № 2 
 
 

Comparative results of the experiment and mathematical modeling 
 

dia-
gram 

No 
In seq. 

First stress peak 
value of sensor, В 

Length of the first 
impulse, ms 

Increment 
velocity, m/s 

Estimated defor-
mation value, m 

Experimental defor-
mation value, m 

1 215 0.01 4.418·10–9 
а 

2 38 0.05 3.904·10–9 

1 12 0.1 2.466·10–9 
b 

2 55 0.03 

3.3 5.158·10–9 

3.39·10–9 
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Conclusion. While performing the works the mathe-
matical model of the linear electrodynamic engine opera-
tion with regard to hardened surface, elastic deformation 
was developed, also the elastic deformation in a contact 
spot was calculated. Experiments on signal recording with 
various arrangements of piezoelectric sensor on a coun-
terbody (anvil) were made. Comparison of estimated data 
according to oscillograph and theoretical data of mathe-
matical model was made, with the divergence which can 
be explained by the following factors: 

1. Anvil material inhomogeneity: possible defects of 
the anvil material, work hardening. Another reason is that 
no defectoscopy of an anvil was applied and an anvil has 
a long term useful life. 

2. Influence from mechanical (elastic) waves, such as: 
reflection, diffraction. Due to an aperture sensor No. 1 
according to the layout 1 is placed in front of it. 

3. Recordings of higher harmonics spread in the mate-
rial made by piezoelectric sensors. 

4. Influence of indirect calculation errors on experi-
mental (approximate) dependences. 

Despite divergences and shortcomings, it is possible to 
confirm a rather exact description of elastic deformation 
formation process in shock – pulse impact of the indenter 
on the hardened surface. Specified mathematical model of 
the linear electrodynamic drive operation in the shock -
pulse mode allows to calculate parameters of material 
deformation with the set characteristics of a shock ma-
chine, and also to research materials' mechanical proper-
ties under various loading conditions. 
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