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Отказы элементов при работе технических и многих других систем имеют, как правило, слу-

чайный характер. Это приводит к различным моделям процесса восстановления, изучаемым в тео-

рии вероятностей и математической теории надежности. В процессе восстановления отказав-

шие элементы восстанавливаются или заменяются на новые, при этом часто происходит измене-

ние стоимостей и качества восстанавливаемых элементов (функций распределения наработок  

до отказа). 

В работе рассматривается функция затрат (средняя стоимость восстановления) в процессе 

восстановления порядка  1 2, ,k k  в котором по определенному правилу изменяются стоимости 

каждого восстановления и функции распределения наработок. 

Учитывая, что функция восстановления (среднее число отказов) хорошо изучена в теории на-

дежности, получено решение интегрального уравнения для функции затрат через функцию вос-

становления рассматриваемой модели. 

Для процесса восстановления порядка  1 2,k k  получена формула вычисления функции затрат 

через функцию восстановления простого процесса, образованного сверткой всех функций распреде-

ления периодической части. Для практического применения получены явные формулы функции за-

трат при процессе восстановления, у которого периодическая часть распределена по экспоненци-

альному закону или закону Эрланга порядка m с одним и тем же показателем α.  

Полученные формулы могут быть использованы для изучения свойств функции затрат и реше-

ния оптимизационных задач в стратегиях проведения процесса восстановления в терминах «цена», 

«качество», «риск», если, например, за качество принимать среднее число отказов, за цену – сред-

нюю стоимость восстановлений, за риск – дисперсии числа отказов или стоимости восстановле-

ний. 

 

Ключевые слова: модели процесса восстановления, функция восстановления, функция затрат, 

распределение Эрланга. 
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Failures of elements during the operation of technical and many other systems are, as a rule, random in na-

ture. This leads to various models of the recovery process, studied in probability theory and mathematical reli-

ability theory. During the restoration process, failed elements are restored or replaced with new ones, and there 

is often a change in the costs and quality of the restored elements (time-to-failure distribution functions). 

The work examines the cost function (average cost of restoration) in the process of restoration of order 

 1 2, ,k k  in which, according to a certain rule, the costs of each restoration and the distribution functions 

of operating time change. 

Considering, that the recovery function (average number of failures) is well studied in reliability theory, 

a solution to the integral equation for the cost function is obtained through the recovery function of the 

model under consideration. 

For the order restoration process  1 2, ,k k  a formula is obtained for calculating the cost function 

through the restoration function of a simple process formed by the convolution of all distribution functions 

of the periodic part. For practical application, explicit formulas are obtained for the cost function during 

the restoration process, in which the periodic part is distributed according to an exponential law or 

an Erlang law of order m  with the same exponent α. 

The resulting formulas can be used to study the properties of the cost function and solve optimization 

problems in strategies for carrying out the restoration process in terms of price, quality, risk, if, for exam-

ple, the average number of failures is taken as quality, the average cost of restorations as price, the disper-

sion of the number of failures as the risk, or cost of restoration. 
 

Keywords: recovery process models, recovery function, cost function, Erlang distribution. 

 

Introduction 

In the mathematical theory of reliability, when studying recovery processes, the numerical 

characteristics associated with the random number of failures and the random cost of recovery are first 

considered, for example, the average and dispersion of the number of failures and the cost of recovery, 

through which various criteria for the optimality of recovery strategies are determined. 

The paper discusses models of the recovery process  ,i iX c , 0,1,i  , taking into account the 

cost of restoration. Where ,iX  random operation time with distribution functions  iF t  elements 

from I – 1
st
 to i-th failure, ci cost of i – x recovery, c0 – element cost, set at the initial time 0t  , 

 0 0F t   for a case t  0, F0 (t) = 1 for a case t ≥ 0 [1–4]. 

Let  N t   be the number of failures (recoveries),  C t  be the cost of recovery for the time from 

0 to t 

  
 

0

 ,

N t

i

i

C t c


  

           1
,

n n
P N t n F t F t

    

   n
F t - n - multiple convolution of distribution functions   ,  1, 2, , ,iF t i n    
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                   1 1 1

1

0

*  ,   .

t
n n n

n nF t F F t F t x dF x F t F t
      

For [1,2]:    H t  recovery function (average number of failures) 

         
1

 ,
n

n

H t E N t F t




   

    S t E C t   cost function (average cost of restorations) 

        0

1

)    .
n

n

n

S t E C t c c F t




    

During operation, the quality (  iF t ) of the restored elements and the cost ( ic ) of restoration may 

differ. This leads to different models of the recovery process [1, 3, 5–9]. 

The work considers the restoration process taking into account the cost of restoration of the order 

 1 2, ,k k  in which the distribution functions and cost of restoration satisfy the condition: 

     ,i j i jF t F t и c c   if the indices 1,i j k when divided by 2k  give the same excess [1, 3, 8, 9].  

In the process under consideration, after the first restorations 1 1k  , a periodic process of the order 

2k  begins.  

Note, that in the case 1 1k   we have a periodic process of order restoration 2k , and if 2 1k   proc-

ess of restoring order 1k . 

If Fi(t) coincide (Fi(t) = Fi(t),i≥1), or coincide starting from number 2i   (    2 ,  2iF t F t i  ), 

we have simple (ordinary) and general (delayed) recovery processes, well studied in reliability theory.   

Note that for the model under consideration, the recovery function  H t  has been well studied. 

Numerical methods for finding it have been developed, and for many distribution laws characteristic 

of reliability theory, there are its explicit representations [1, 6].  

To find the cost function  S t  there are integral equations [1, 2, 10].  

The purpose of the work is to obtain a solution to the integral equation for the cost function S(t) in 

the form of an integral representation through the restoration function   .H t  Such a representation 

will be convenient for its study and calculation in various theoretical and applied problems of reliabil-

ity theory.  

 

Representation of the cost function through the recovery function 

Let us write the integral equation for the cost function  S t [1, 2]  

          2

0

 Φ

t
k

S t G t S t x d x    (1) 

 for a case 1 1,k   

                   
1 2 1

2 2

1 1

0
0

1 1

1 Φ    Φ ,
k k k

tk n n k

n n

n n

G t c t c F t c F t x d x
  

 

        

for a case 1 1k   

           
2

2

0

1

1 Φ  ,
k

k n

n

n

G t c t c F t


    

      2

21 2Φ Φ *Φ *...*Φ
k

kt t –convolution of all distribution functions 
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   
1 1 2Φ , 1,2, , .i k it F t i k     The functions  Φi t define the periodic part of the recovery proc-

ess. 

 

Let  HF t be the restoration function of a simple process, let  HFG t be the restoration function 

of the general process formed by the first distribution function  F t  and the following  .G t   

Further [1, 6] 

        
0

 .

t

HFG t F t HFG t x dG x    (2) 

In equation (1) we make the replacement 

        
1 1

0

1

 .
k

n

n

n

S t V t c c F t




    (3) 

We obtain 

                   
1 1 1 2

2

1

1 1 1

0 0

1 1

 1 Φ   
k k k k

n k n n

n n n

n n n k

V t c c F t c t c F t c F t
   

  

          

 
                 

1 1

2 2

1 1

0
0

1 10

  Φ   Φ .

tk k
t n k n k

n n

n n

c F t x d x V t x c c F t x d x
 

 

 
       

 
    

Hence, to find the function   ,V t   we obtain the integral equation 

            
1 2

2

1

1

0

  Φ .

tk k
n k

n

n k

V t c F t V t x d x
 



     (4) 

Let us make a replacement 

    
1 2

1

1

1 .
k k

n

n k

V t c V t
 



 
   
 
  (5) 

Equation (4) will be rewritten as 

          2

1 1

0

 Φ ,

t
k

V t Q t V t x d x    (6) 

  
   1 2

1

1 2

1

1

1

 
. 

 

k k n

nn k

k k

nn k

c F t
Q t

c

 



 







 (7) 

Note, that 
   2Φ   
k

t and   Q t are distribution functions
   2,Φ  
k

t   as a convolution of work dis-

tribution functions, and  (Q t ) – mixture of distribution functions. 

Comparing equations (6) and (2), we find that equation (6) defines the restoration function 
   2 Φ
k

HQ t  of the general process specified by the first distribution function   ,Q t  of the second 

and subsequent ones 
   2Φ .
k

t  

Thus, 

      2

1 Φ ,
k

V t HQ t  (8) 

and taking into account (3), (5), (7), (8) 

          
1 1 2

2

1

1 1

0

1

  Φ ).
k k k

n k

n n

n n k

S t c c F t c HQ t
  

 

 
     

 
   (9) 

Taking into account (2) 
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           2 2

0

Φ  Φ

t
k k

HQ t Q t H t x dQ x   , (10) 

formula (9) will be written in the form 

              
1 1 2

2

1

1 1

0

1 0

   Φ ,

tk k k
n k

n n

n n k

S t c c F t c Q t H t x dQ x
  

 

 
     

 
    

or taking account of (10) 

              
1 2 1 2

2

1

1 1

0

1 0

   Φ ).

tk k k k
n k n

n n

n n k

S t c c F t c H t x dF x
   

 

       (11) 

We found that calculating the cost function comes down to calculating the finite number of convo-

lutions of distribution functions and finding the restoration function 
   2Φ
k

H t  of a simple restoration 

process formed by the distribution function 
   2Φ
k

t , or restoration function 
   2Φ .
k

HQ t  

In the practical implementation of the obtained formulas (9), (10), (11), one can use numerical and 

analytical methods for calculating convolutions and restoration functions, discussed in [1, 11]. We also 

note that the resulting formulas make it possible to study the properties of the cost function and con-

sider various optimization problems based on strategies for carrying out the restoration process in 

terms of price, quality, and risk. If, for example, we take the average number of failures as quality, the 

average cost of restorations as price, and the dispersion of the number of failures or the cost of restora-

tions as the risk [1, 12–15]. 

This work is a continuation of work [11] and it can be noted that the theorems on the asymptotic 

behavior of the cost function obtained in [11] are much easier to obtain using the resulting formula for 

representing the cost function (9).  

 

The cost function for a simple restoration process with exponential distribution. We consider a 

restoration process in which only the restoration costs ic  change according to the law ,i jc c  if the 

indices 1,i j k  when divided by 2k , give the same excess. This corresponds to the common case 

where failures result in full restorations, but the costs of restorations change, for example, only the 

price of the element changes.    

Let the operating time of the elements be distributed according to the exponential law 

   1 , 0. tF t e t    For this case, we obtain calculation formulas for calculating the cost function.  

Taking into account, that n   multiple convolution of the distribution functions of independent 

random variables is a function of the distribution of their sum, and that the Erlang order distribution n  

is the distribution of the sum of random variables n  distributed according to the exponential law, we 

conclude that for the case under consideration  
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Now, according to (11) 
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Taking into account (12), when calculating   ,S t  the integrals included in formula (13) are 

calculated explicitly. For example [16] 
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in (13), we obtain 
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We select the real part in (14): 
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Let us write down the formula for the cost function 
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We also consider the cost function during the process of restoring order  1 2,k k , when the 

operating time of the periodic part of the process is distributed according to the Erlang law of order m  

with a parameter .  

Let    , ,Φ .j e mt F t  We find 
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Comparing (17), (18), we conclude that 
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Now in accordance with (11) 
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in (19) it is calculated similarly to the previous example with replacing 2k  by 2mk  and n  by .mn  
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Conclusion 

The most important performance indicators of technical and many other systems are random vari-

ables [17]. These are, for example, the operating time of the restored elements before failure, the num-

ber of failures and the cost of restoration during the restoration process. In the mathematical theory of 

reliability, when studying restoration processes, the numerical characteristics of these quantities are 

first considered, for example, the average and dispersion of the number of failures and the cost of res-

toration, through which various criteria for the optimality of restoration strategies are determined. 

Considering that the recovery function for the model under consideration is well studied, the work 

obtained a solution to the integral equation for the cost function through the recovery function of a 

simple process specified by the convolution of all distribution functions of the periodic part. As a prac-

tical example, explicit formulas for the cost function are obtained for the restoration process, in which 

the periodic part is distributed according to an exponential law or Erlang law of order m  with the 

same property .  

Note that the resulting formulas make it possible to study the properties of the cost function and 

consider various optimization problems in strategies for carrying out the restoration process in terms 

of price, quality, and risk. If, for example, we take the average number of failures as quality, the aver-

age cost of restorations as price, and the variance of the number of failures or the cost of restorations 

as risk. 

We also note that, along with the obtained formulas for calculating the cost function, limit theo-

rems for the cost of restorations (as a random variable), similar to those for the number of failures [3], 

as well as finding the dispersion of the cost of restorations in the models under consideration will also 

be important. 
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Одним из наиболее эффективных средств дистанционного зондирования и визуализации подвод-

ных объектов являются гидроакустические приборы, в частности гидролокатор бокового обзора 

(ГБО). В последнее время, во многом, благодаря появлению доступных бюджетных образцов, гео-

графия и сфера применения данного прибора существенно расширилась. Однако, несмотря на дос-

тигнутые успехи в части совершенствования и минимизации аппаратной части ГБО, используе-

мые программные средства остаются, в целом, на базовом уровне, обеспечивая, главным образом, 

простую визуализацию донной среды и ее запись с целью дальнейшей постобработки. Опыт  

эксплуатации ГБО показывает, что основная проблема интерпретации акустических изображе-

ний заключается в самих физических особенностях их получения. Следует признать бесперспек-

тивными попытки осуществления автоматизированной интерпретации образов методами, при-

меняемыми для оптических сред. В настоящей работе рассматриваются теоретические и при-

кладные аспекты процесса интерпретации и обработки данных ГБО с целью дальнейшей автома-

тизации данного процесса. С учетом условий эксплуатации данного прибора, в частности обшир-

ные площади акваторий – поисковых зон, настоящая проблема является одной из ключевых для 

операторов ГБО. Проблема автоматизации обработки данных напрямую связана с проблемой ин-

терпретации данных дистанционного зондирования, в том числе космоснимков, геометрического 

искажения образов, вызванного физическими особенностями прибора и среды его эксплуатации, а 

также привязки полученных данных к системе спутниковых координат. 

 
Ключевые слова: гидролокатор бокового обзора, автоматизация, распознавание образов, спут-

никовые системы позиционирования, геометрическое искажение. 
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One of the most effective tools of remote sensing and visualization of underwater surfaces and objects 

are acoustic devices, in particular side-scan sonars (SSSs). Recently, largely due to the emergence of af-

fordable devices, the geography and scope of application of SSSs has been significantly expanded. Mean-

while, despite certain progress achieved in terms of improving and minimizing the SSS hardware, the soft-

ware used remains, in general, at a basic level, providing the operator mainly with a simple tool for visual-

izing benthic environments and data recording for further post-processing. Existing experience in SSS ex-

ploitation reveals that the key problem of interpreting acoustic images lies in the physical peculiarities of 

their acquisition. Arguably, attempts to implement methods of automated interpretation of optical images 

have no perspective. Hence, the objective of this paper is to provide a theoretical and practical background 

of SSS data interpretation and processing with the objective of further automation of this process. Taking 

into account the operating conditions of the SSS, in particular the vast areas of water areas - search zones, 

this problem is one of the key ones for SSS operators. The problem of automating data processing is di-

rectly related to the problem of interpreting remote sensing data, including satellite images, geometric dis-

tortion of images caused by the physical characteristics of the device and its operating environment, as 

well as referencing the obtained data to the satellite coordinate system. 

 

Keywords: side-scan sonar, automation, image recognition, satellite target localization, geometric dis-

tortion. 

 
Introduction 

A side-scan sonar (SSS) is an effective means of underwater remote sensing, providing a high degree 
of visualization of the benthic surface of various reservoirs. It is significantly superior to optical means. 
This device is used to conduct a wide range of hydrological studies, from geomorphological to 
archaeological ones, as well as to perform applied tasks in the field of hydrography, hydraulic design and 
construction, search and fixation of underwater objects. The development of SSS technologies and the 
production of compact and at the same time affordable models have significantly expanded its operational 
characteristics in terms of increasing the number of users and expanding the conditions for its use. The 
miniaturization of SSSs has made it possible to include them as one of the components of amateur echo 
sounders available on the market of recreational devices: they can be successfully used even by one 
operator on board a small vessel (special works are devoted to the issue of using this SSS subtype [1–4]). 

In the scientific literature, the problem of developing software for SSS systems has received 
significantly less attention than their hardware. For example, the fundamental work of the British 
scientist Phillip Blondel [5] is almost entirely devoted to the physical features of the operation and 
application of SSSs. It is explained by the fact that it is the physical parameters of the device (the 
higher the frequency, the more detailed the visualization) that are responsible for the quality of data. In 
addition, for the correct interpretation of images, it is necessary to take into account the propagation of 
sound waves in water, the reflective abilities of benthic objects and other hydroacoustic phenomena. 
Thus, a trained operator knows, for example, that dark areas of the image are softer, dispersed 
surfaces, and light areas, on the contrary, are hard and dense, giving a stronger reflective signal. 
Therefore, equipment users are often focused on improving the SSS hardware, rather than its software. 
It should be noted that the software installed by default fully meets the requirements of the majority of 
users of this device: searching for objects and studying the area are carried out mainly in situ, which is 
quite acceptable in small water areas. Proprietary programs (Scanline Starfish, Reefmaster, 
Humminbird, etc.) quite satisfy the user with the capabilities of viewing images in real time, 
recording, as well as built-in post-processing functions. 

At the same time, it should be pointed out that there is no effective and accessible software on the 
market that allows for the automated identification of detected underwater objects, their classification 
and cataloging, as well as the automated calculation of telemetric data coming from the device. The 
solution to these issues is the focus of this paper. 

The problem of visualizing SSS sonograms is considered in [2–6], but in these works the main at-
tention is paid not so much to the issues of creating new software, but to using existing one. Thus, 
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visualization of field material was carried out according to the method proposed in [3–5] for sono-
grams obtained by recreational SSSs. 

Due to its physical characteristics, the data obtained by SSSs cannot be parsed within the 
framework of existing pattern recognition algorithms for optical images. The operating principle of 
SSSs, as well as other acoustic imaging devices, is to process reflected sound rays from the surface of 
objects (Fig. 1). While at nadir, the transducer studies a thin acoustic beam directed towards the 
bottom of the reservoir, then receives the reflected echo. The data processing unit processes the 
received signal and displays it as an image on the operator’s monitor. At the same time, the physical 
identity of this principle of working with ultrasonic medical devices, as well as non-destructive testing 
devices, should not create a misleading impression about the possibility of using their data processing 
methods in hydro-acoustics. This is due, first of all, to completely different operating conditions of this 
technology. The above devices are used in direct contact with the object being studied, while SSSs can 
be operated in ranges from one meter to several thousand meters. The features and nature of the 
objects being studied within the framework of diagnostics are relatively known, while at the bottom of 
reservoirs there can be a variety of sometimes unpredictable objects of both natural and anthropogenic 
origin. Finally, the amount of data generated by SSSs is significant. 

 

 
 

Рис. 1. Принцип формирование ГБО изображения и положение трансдьюсера (xf, yf, zf):  
ф – угол атаки; θ – угол рыскания. Сост. по [7] 

 

Fig. 1. Principles of SSS image formation. The position of transducer is denoted by (xf, yf, zf):  
its pitch angle by ф, its yaw angle by θ. Based on [7] 

 
The problem of visualizing SSS data  

SSS systems make it possible to obtain an image of the aquatic environment by converting the 
amplitude values of the own acoustic signal reflected from objects into successive rows of pixels that 
make up the image of the bottom of the reservoir. Thus, this system, measuring the amplitude of the 
signal, converts the values into the tone of pixels of the future image. Hard and dense objects reflect 
more sonar signal than soft and loose objects. Therefore, based on the tone or color of the pixel, one 
can make assumptions about the underlying object. There are other factors that influence the tonality 
of pixels in the final image: characteristics of the water body itself (water composition, its density, 
temperature), scanning parameters - scanning range (scanning bandwidth) and frequency of the 
emitted sound signal, survey route, the speed of movement of the transducer and other sources, the 
occurrence and influence of which is not always possible to foresee and prevent, for example, different 
speeds of water flows on the surface and under water, thermoclines, meteorological conditions 
(precipitation, atmospheric pressure) and other factors.  

Considering that the stability of the hydrosphere depends on a set of fixed factors of both natural 
and anthropogenic origin [8], the accumulation of information about the state of the bottom of water 
bodies is the most important task not only for developing a strategy for the economic exploitation of 
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water resources, but also for creating geographical information systems using SSS data. Thus, the 
interpretation of SSS images by a human operator is based on a combination of knowledge of factors 
and their causes that influence the operation of the device, personal experience, as well as parameters 
and settings of the equipment.  

Let us consider, as an example, a fragment of a survey of several sections of the Yenisei River in 
the upper and lower reaches (depths 3–15 m). During the work, a Starfish 990F SSS (manufactured by 
Tritech) was used, operating at a constant frequency of 1 MHz and intended for work at depths of up 
to 30 m. Figure 2 shows underwater objects, as well as the characteristics of the water space. 

 

 
 

Рис. 2. Фрагмент отснятого прохода ГБО (ширина прохода 50 м)  
района поиска с элементами снимка 

 

Fig. 2. A fragment of the SSS scanline (overall breadth of 50 m)  
showing the main elements of the image 

 
There is no shoreline in the image because the passage was made more than 25 m from the shore. 

The left half of the image shows the clear geometric shape of a reinforced concrete hydraulic structure, 
with an acoustic beam passing through the structure, which is about 5 m thick. The image is clear and 
bright. This is ensured by the uniformity of the passage (tack), as well as the presence of a rocky and 
pebble bottom, which provides the strongest return signal. Large boulders and fragments of building 
materials are clearly visible at the bottom. In the middle of the image, traces of the sound wave re-
flected from the mirror of the reservoir are clearly visible. This effect occurs when the signal is re-
flected twice, first from the bottom of the reservoir, then from the mirror, which is due to the choice of 
acute angles of the signal pitch at shallow depths of the reservoir. As depth values increase, the data in 
the image becomes less clear. Although SSSs do not determine depth, it can be calculated from the 
width of the shadow area in the center of the image, representing the water column below the trans-
ducer. There may be fish, floating debris, and various suspended matter. Thus, it is possible to make a 
rough assessment of the level of water contamination with large particles. Changes in depths along the 
entire survey route are significant - both small areas with a depth of up to 2 m and large depressions 
with a depth of more than 8 m are observed. For the most part, the bottom material is homogeneous, 
presumably fine stone. At the very edge of the water, the stone formations increase in size. 
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Based on the above, it is clear that with a small area of water at shallow depths (up to 10 m), as 
well as with the ability to build a correct, uniform trajectory of movement, one can obtain images of 
high quality, amenable to simple interpretation, and not requiring automation. However, due to their 
physical characteristics, SSS sonograms are subject to distortion in any case, be it distortions in the 
intensity of the SSS signal (caused by deviations in the ideal linear relationship between image inten-
sity and signal backscatter) or geometric distortions (caused by inconsistencies between the relative 
location of properties in the image and the true position of the object on the bottom) [7]. 
 

Geometric distortions of benthic objects  

One of the key problems is the geometric distortion of underwater objects. The SSS image is a 
monochrome digital image with return acoustic signals reflected from benthic objects applied to it. For 
a mathematical description of this transformation, it is necessary to introduce a three-dimensional rec-
tangular coordinate system (x, y, z) of the benthic surface and a two-dimensional rectangular coordi-
nate system (m, n) on the sonogram. The main problem of image formation is the instability of the 
transducer position, which can change the direction of movement in different planes. Changes in the 
speed of transducer movement, sudden deepening or ascent, fluctuations in pitch and yaw angles lead 
to significant distortion of the image. So, in Fig. 3, curvature of all objects to the right side of the im-
age is observed, which is caused by a sharp change in the movement of the transducer tack. The man-
made structure on the left side is distorted and has acquired a typical “twisted” shape. 

 

 
 

Рис. 3. Пример геометрических искажений донных объектов 
 

Fig. 3. An example of SSS geometric distortion caused by irregularity of vessel movement 

 
One of the most effective ways to solve the problem of geometric distortion is a set of methods 

based on a combination of the least squares method (extended and recursive identifier) and the use of 
an effective recursive filter, for example, the Kalman filter, presented in [7; 9]. The main merit of the 
developers of this approach is the ability to perform automatic image correction without additional 
navigation or field data. The proposed method is suitable for images with high resolution (frequencies 
100 KHz and higher), which is fully consistent with our examples. This approach does not require 
navigation information and does not rely on image correction by slant range determination.  

Let us consider one of the mathematical models of geometric distortions proposed in [7]. Let us 
imagine the absolute position of the benthic surface points (xs [m, n], ys [m, n]) as a function of the 
values of the transducer position parameters relative to fixed coordinates (x, y, z) (see Fig. 1). If the 
values of the measured parameters could be obtained directly from sensors installed on the transducer, 
it would be enough to substitute them into a known set of equations to obtain the coordinates of the 
benthic points, and then correct geometric distortions to obtain the correct image. Unfortunately, for 
the reasons stated above, it is not possible to directly reference underwater objects to the GNSS 
system. To assess changes in the positioning parameters of the towed transducer, it is necessary to 
extract some values of geometric distortions from the sonogram. 
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Assessing the geometric distortion of images requires making a number of assumptions about it. 
The basic assumption to obtain the size of the geometric distortion is that the 2D backscattering func-
tion is an arbitrary process with an isotropic autocorrelation function. The assumption about the con-
stancy of the backscattering function may turn out to be erroneous in the presence of significant diver-
sity in the benthic surface topography and its geomorphology. However, this technique can well be 
used to correct hydroacoustic images if the surface under study is first divided into homogeneous areas 
according to their morphology. In this case, a certain degree of constancy can be assumed. At the same 
time, the assumption of isotropy is valid in the absence of a systematic direction of benthic objects 
(direction of current, geology, prevailing direction of waves, etc.). 

Thus, assuming that the backscattering function is constant and its autocorrelation function is iso-
tropic, the degree of geometric distortion of a hydroacoustic image can be calculated by measuring 
changes in the shape of an autocorrelation sequence sample of small sections of the image. Estimation 
of local geometric transducers can be performed for two images using the method presented in [10]. 
Due to the fact that the medium under study is not isotropic, the parameters will be determined at the 
local level. After performing the analysis of SSS images, automatic compensation of the data acquisi-
tion speed occurs. Thus, the speed factor (the main distortion factor) is no longer needed to perform 
running scanning. In the case of using this method, the geometric transformation of a certain object in 
the scalar factor is equal to zero at a zero rotation angle for each identified object.  

Image adjustments can be made during surveys. Thus, the real distance to the benthic object from 
the transducer can be calculated using a simple formula 

 

2 2 ,x y h   
 

where x is the actual distance to the object; y is the distance indicated on the SSS image; h is the 
transducer height at nadir. Although this problem is more relevant for towed transducers, it should also 
be taken into account when operating fixed devices, since each point on the sonogram is conditionally 
referenced to a geographic coordinate system, calculated depending on the distance of the point from 
the onboard GNSS receiver.  

When processing sonograms, the acoustic shadow area can be removed using graphic editing 
programs, thus connecting the visible areas on both sides of the vessel into one image. In this case, the 
width of the shadow along one side represents the conditional distance from the bottom point of the 
transducer to the bottom of the reservoir.  

The choice of the trajectory of a hydrographic vessel is also important. There are several standard 
methods for covering a given water area, but the meander type performed by a sequence of reciprocal 
parallel tacks is suitable for SSSs [11]. 

The results of image correction based on the methods presented above can be seen in Fig. 4. 
 

 
 

Рис. 4. Результаты коррекции изображения с ГБО  
 

Fig. 4. Results of a corrected SSS image 
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Construction of an SSS mosaic and recognition of acoustic images  

A sonogram and its description are not the final product of hydroacoustic study. A sonogram can 
be used as the main source when compiling maps of water bodies or as an additional source of 
information in the case of studying a specific object located in the water column or lying at the bottom 
of a reservoir. An example of constructing a SSS mosaic for images is presented in works [2–4; 6], 
however, they were performed using recreational echo sounders, for which commercial mapping 
software exists. Starfish Scanline does not have the function of constructing a route track, as well as its 
further plotting on the map. In [12], we referenced the SSS sonogram to the Landsat-8 satellite image 
(Fig. 5). The work was performed in the Quantum GIS software package. 

 

 
 

Рис. 5. Постоение ГБО мозаики, наложенной  
на космический снимок Landsat-8 

 

Fig. 5. SSS mosaic transferred  
to a Landsat-8 satellite image 

   
 

The sonar sonogram is a file with a LogDoc extension, a standard file format for StarFish, which is 
visualized by the instrument manufacturer's Starfish Scanline software. The software offers several 
ways to extract data - directly the finished sonogram and the so-called “raw data”, which is a table 
with parameters entered into it. We used the function to extract the finished sonogram. Thus, the 
sonogram file was divided into 43 uniform fragments, representing the details of a large mosaic. For 
each element, the coordinates of 15 points were recorded in the table. It is necessary for carrying out 
the procedure of georeferencing each element; in addition, this number of points is sufficient to 
transform the display of sonograms by a second-order polynomial, which will increase the accuracy of 
the work. Thus, georeferencing gave the data a natural location in space for each sonogram, not in the 
form of a “straight line”, but along the trajectory of the watercraft with filming equipment with all the 
turns along the route during research work. As the georeferencing proceeds, the elements are joined to 
each other one by one, making up a single mosaic. 

The problem when carrying out georeferencing was the so-called “corner fragments” (fragments 
located in areas of the vessel). Special attention was paid to them. Since it is not always possible to 
shoot on straight lines, sharp bends are visible in the images, which can lead to severe distortion of the 
sonogram, which, in turn, negatively affects the clarity of the image and the referencing accuracy. In 
our work there is a fragment of a sharp turn (Fig. 6). One can see how much the shape of the fragment 
has changed after spatial referencing and transformation of the image. It is also necessary to note that a 
“tear” has formed on the outer corner of the sonogram - this is the lack of data in this place due to a 
sharp turn [13]. 
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Рис. 6. Изменение угловой сонограммы после географической привязки  

и трансформирования полиномом второго порядка 
 

Fig. 6. Correction of an angular sonogram after georeferencing  
and transformation by a second-degree polynomial 

 
After completing the mosaic, we add a layer of satellite imagery from Landsat-8. Combining the 

image and sonar data allows one to accurately determine the position of objects in the water column 
and at the bottom of the reservoir relative to the shoreline and, in general, for correct visual perception 
(Fig. 7). 

 

 
 

Рис. 7. Построенная ГБО мозаика с точечным слоем  
обнаруженных объектов и явлений 

 

Fig. 7. A SSS mosaic with a point layer showing  
detected objects and artifacts 

 
The discovered phenomena and objects can be divided into several groups. The objects themselves 

stand out against the background of a relatively flat surface of the river bottom, regarding which it can be 
assumed that they are fragments of a woody nature, since they have a characteristic elongated rectangular 
shape, and their volume is determined by the falling shadow. It was also noted that these objects have 
average reflected sound signal values (20–30 dB). The second group consists of areas with distortions 
(including geometric ones) and fading of the reflected sound signal, which ultimately leads to data loss. 
Such areas must be determined by knowing the coordinates and locations of such “dark spots” on the map 
in order to re-explore this area. Note that this problem has so far been solved only partially due to a 
significant error in referencing satellite coordinates to the sonogram. In areas where the trajectory deviates 
from a given meander, geometric distortion (stretching) of the raster image occurs, which subsequently 
affects the work on object recognition. Taking into account the location of these sections, it will also be 
possible to avoid distortions or minimize the turning radius. 

All identified objects were presented on the map (Fig. 7) by creating and overlaying a new layer that 
stored information about the location, the order of the sonogram (a mosaic fragment), as well as a brief 
descriptive characteristic. This data is located in the attribute table of the layer.  

This method of presenting information made it possible to detect some characteristics of objects 
that were not so obvious in the original form of the SSS data. For example, at the junction of two 
sonograms, a vertical object was discovered with a high degree of sound reflection and a characteristic 
elongated sound shadow. This may indicate a large object. Also, in the vicinity of the object, other 
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sources of high reflection were discovered, having a characteristic rectangular shape and their own 
shadow (Fig. 8–9). 

 

  
 

Рис. 8. Фрагмент построенной ГБО мозаики с обна-
руженным вытянутым вертикально залегающим 

объектом на стыке мозаики 
 

Fig. 8. A SSS mosaic fragment showing distorted (elon-
gated) object at mosaic join 

 

Рис. 9. Фрагмент построенной ГБО мозаики с обна-
руженным вытянутым горизонтально залегающим 

объектом 
 

Fig. 9. A SSS mosaic fragment showing a horizontal  
object distorted by stretching 

 
The problem of automating the process of processing and interpreting SSS data  

It should be noted that, despite the fact that the issue of creating a system that allows excluding the 
human operator from the process of processing SSS data was considered by a number of researchers, 
including [5; 14–15], they achieved very modest results. Thus, in work [15], by constructing a com-
plex neural network, it was possible, according to the authors, to create a system that makes it possible 
to automatically identify boulders (Fig. 10). 

 

 
 

Рис. 10. Результаты работы системы по автоматизированному распознаванию валунов  
(выделенные объекты) [15] 

 

Fig. 10. The results of the work of a system for automatic identification of boulders  
(seen as highlighted shapes) [15] 

 
As it can be seen from the image, the results are very modest and can hardly claim further devel-

opment. It should be noted that objects such as large stones and other rocks can be quite easily recog-
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nized by the strength of the return signal (more than 30 dB), and not by their graphical appearance, 
which in conditions of geometric distortion can be very deceptive. Thus, the use of various methods of 
information processing and its automation, including methods such as machine learning algorithms 
[10], can be considered effective (the impossibility of fully implementing high-precision determination 
of final objects, as well as the limitations of time determination models) only on condition that the 
problems of object distortion will be taken into account, as well as taking into account acoustic pa-
rameters. Attempts to apply these methods to SSS images in the optical data recognition paradigm 
cannot be of practical significance.  

In this sense, work [16] compares favorably, in which the authors describe the process of classifica-
tion of SSS images, and also identify problems such as the inapplicability of most extractor programs, 
since they are created for optical images. 

The recognition and classification process for SSS images traditionally contains three main steps:  
– data preprocessing (grey tone correction);  
– feature extraction (image segmentation);  
– classification (performed by a human operator on the basis of segmentation).  
The authors of [16] proposed to solve the problem of automated recognition of underwater objects 

using an algorithm built on the basis of a neural network with spatial pyramidal convolution and 
referencing to network databases of hydroacoustic images. In the proposed method, five different 
neural networks were used in data preprocessing for object recognition. Then, spatial pyramidal 
convolution and network SSS databases were introduced into this system. Then a comparative analysis 
of the results obtained by the networks before and after the inclusion of additional components was 
carried out. This approach is in many ways identical to the principle of n-version programming, 
according to which the optimal software or individual component is selected based on a voting 
algorithm. Note that the data preprocessing within the proposed method was limited to improving 
image quality. 

 
 
Conclusion 

Taking into account the above, we can conclude that, despite a fairly large number of studies in the 
field of recognition, correction and automated interpretation of underwater objects visualized using 
SSS, currently there is no effective way to implement this process. In this regard, we were the first to 
propose combining methods for correcting geometric distortions of underwater objects with modern 
methods of information processing proposed in recent scientific research. In our opinion, image cor-
rection using effective recursive filters, as well as a set of mathematical methods presented in [7; 9], is 
promising. The use of more accurate satellite imagery data, as well as correction of the motion trajec-
tory (meander) using satellite coordinates, makes it possible to correct distortions in the planes of 
movement of the transducer. As post-processing methods, both image correction using the proposed 
methods and image fragmentation turned out to be effective, which provided the possibility of detailed 
elaboration of each fragment and implementation of georeferencing at 15 points with subsequent trans-
formation by a second-order polynomial. 

It can be affirmed that mathematical methods can quite effectively solve problems of geometric 
distortion of images obtained from SSSs. This area of research has promise in terms of creating new 
methods for image correction, as well as transferring them to solving similar problems in the field of 
earth remote sensing (ERS).  

Based on all of the above, we can conclude that creating a list of detected objects using SSSs is an 
important step in processing the received data. However, such data analysis today cannot be made 
without participation of a human operator, despite the availability of experimental automation 
methods. Human participation makes it possible to rationally conduct repeated observations (if 



 
 
 

Раздел 1. Информатика, вычислительная техника и управление 
 

 649 

necessary), to further use data for more easy determining objects and phenomena, identifying patterns 
or general characteristics of the area under study. 

Automated SSS image recognition systems must include all of the above elements of image 
distortion, and also rely on the physical features of the images themselves, obtained by processing 
acoustic rather than optical signals. This issue needs to be paid attention to in the further development 
of this topic. 
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Статья посвящена порядку разработки и описанию математических моделей автокомпенсаци-

онных устройств радиолокационных станций кругового обзора. Разработка алгоритмов простран-

ственной обработки сигналов в радиолокационных системах с фазированными антенными решет-

ками является важным этапом проектирования радиолокационных станций. В данной статье бу-

дет рассмотрен порядок создания математических моделей автокомпенсационных устройств, 

которые разнятся способами реализации, а именно: количеством компенсационных каналов, поло-

жением основного и компенсационных (дополнительных) каналов радиолокационной станции (ста-

ционарное или динамическое), амплитудно-фазовым распределением основной и дополнительных 

антенн, представлением фазированной антенной решётки, алгоритмами нахождения вектора ве-

сового коэффициента. Адекватность работы моделей проверена методом вычислительного экспе-

римента и результатами, сравнимыми с реализованными автокомпенсаторами в радиолокацион-

ных станциях. Результаты вычислительного эксперимента, представленные в виде графиков сиг-

нала на выходе автокомпенсационного устройства, а также прохождения согласованного фильт-

ра, показывают, насколько эффективен алгоритм вычисления вектора весового коэффициента, 

позволяют наглядно, быстро и экономично сравнить эффективность работы автокомпенсацион-

ных устройств в зависимости от способа их реализации. В статье рассматривается алгоритм 

непосредственного формирования вектора весового коэффициента и алгоритм формирования 

вектора весового коэффициента через обратную корреляционную переобеляющую матрицу. Ма-

тематические модели автокомпенсационных устройств и результаты вычислительного экспери-

мента могут применяться для обучения будущих специалистов, разрабатывающих и эксплуати-

рующих радиолокационные станции. 
 

Ключевые слова: математическая модель, активная шумовая помеха, корреляционный автоко-

пенсатор, вектор весового коэффициента, быстродействие.  
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The article studies the order of developing and describing mathematical models of automatic compen-

sation devices of all-round radar stations. The development of algorithms for spatial processing of signals 

in radar systems with phased antenna arrays is an important stage in the design of radar stations. This ar-

ticle considers the procedure to create mathematical models of automatic compensation devices that differ 

in implementation methods, namely: the number of compensation channels, the position of the main and 

compensation (additional) channels of the radar station (stationary or dynamic), the amplitude-phase dis-

tribution of the main and additional antennas, the representation phased antenna array, algorithms for 

finding the weight vector. The method of computational experiment verifies the adequacy of the operation 

of the models and the results are comparable with the implemented automatic compensation devices in ra-

dar stations. Presented in the form of graphs of the signal at the output of the automatic compensation de-

vice as well as the passage of the matched filter, the results of the computational experiment show effec-

tiveness of the algorithm to calculate the weight vector; they permit to visually, quickly and economically 

compare the efficiency of the automatic compensation devices, depending on the method of their implemen-

tation. The article discusses the algorithm for the direct formation of the weight vector and the algorithm 

for the formation of the weight vector through the inverse correlation whitening matrix. Mathematical 

models of automatic compensation devices and the results of a computational experiment can be used to 

train future specialists who develop and operate radar stations. 

 

Keywords: mathematical model, active noise interference, correlation automatic compensation, weight 

coefficient vector, speed. 

 

Introduction 

The issue of detecting air objects and accurately determining their characteristics has been and re-

mains significant [1]. Radar stations (RS) of all-round coverage, designed to deal with this issue, per-

form information tasks under the conditions of exposure to external interference. Interference sources 

conceal or imitate signals and make it difficult to extract useful information. A significant influence on 

the detection and correct determination of the plane coordinates of an airborne object is exerted by 

response pulse interference (RPI) and active noise interference (ANI) [2]. 

The impact on the operation of ANI RS is currently caused by the rapid development of methods 

and techniques of radio countermeasures, as well as a variety of types of intentional radio interference 

that reduce the efficiency of isolating useful signals [3]. RPI negatively affects the quality of reception 

of the useful signal, affecting the side lobes of the antenna pattern of the main channel. That is why 

one of the most important tasks in radar is the development of devices designed to compensate for var-

ious noise and interference when receiving a useful signal [4]. To solve this problem, radars use auto-

matic compensation systems that implement algorithms for ANI compensation and RPI suppression 

along the side lobes of the main channel antenna radiation pattern. 

Mathematical modeling is a powerful tool for studying complex technical systems, such as auto-

matic interference compensation systems, which has got a number of advantages over other research 

methods [5]. The development of various mathematical models of algorithms and systems is currently 

an urgent task [6]. 

The purpose of this work is to consider the procedure for modeling the autocompensator and the re-

sponse suppression algorithm adopted by the side lobes of the main channel antenna radiation pattern. 

The automatic compensator (AC) is designed to reduce the influence of ANI affecting the receiving 

channel of the radar. The main idea of side-lobe ANI compensation is to add in antiphase the signals 

received by the antenna of the main channel with signals from additional channels, multiplied by a 

weighting factor. With an accurate and fast calculated weight coefficient, ANI is successfully sup-

pressed without significantly weakening the useful signal [7]. To successfully suppress ANI, accurate 

and fast calculation of the weighting coefficient vector is necessary. 

The algorithm for suppressing RPI based on the side lobes of the main channel radiation pattern 

consists of subtracting the signals received by the additional antenna from the signals of the main an-

tenna. In this case, the level of signals received by the additional antenna in the direction of the side 
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lobes of the antenna pattern of the main channel exceeds the signals received by the main antenna in 

the direction of the main lobe. 
 

The procedure for creating a mathematical model of autocompensation devices 

Fig. 1 presents the block diagram of the autocompensation system. 
 

 
 

Рис. 1. Блок-схема системы автокомпенсации 
 

Fig. 1. Block diagram of the autocompensation system 

 

To start modeling auto-compensation systems, it is necessary to set the initial data, as well as the 

cycles indicated by block 1 in Fig. 1. 

Modeling of the autocompensation system begins with the formation of amplitude-phase distribu-

tions of the antennae of the main and compensation channels (block 2 in Fig. 1). The amplitude-phase 
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distribution of the main channel antenna, depending on the type of main channel antenna, is formed 

according to the expression [8] 
 

  2 1 1 ( )

( , ) ( ),
i m L l

MX m l e d m


      

                                                 (1) 
 

where m  – sequence number of the antenna element of the main channel array; M  – quantity of non-

directional antenna array elements; l – sequence number of the angular parameter of interference 

sources; L  – reference number of the angular parameter; ( )d m  – component of the amplitude-phase 

distribution of the antenna depending on the type of antenna. 

The formation of an array of amplitude-phase distribution of compensation channels is carried out 

based on the expression 

  2 1 1 1 1 ( )
11( 1, ) ,

i m L l
M pX m l e


       

  
 

where 1m  – sequence number of the antenna element of the compensation channel array,  

1M – quantity of of non-directional elements of the compensation channel antenna array,  

p  – coefficient of normalization of the antenna radiation pattern by azimuth. 

Further, an array of useful reception (x) is formed (block 3 in Fig. 1) [9] 
 

    2 1 1
0( , ) ,

i m M a
i tM px m t A e e


       

        
 

where А – useful signal amplitude; а – direction of the useful signal arrival;   – signal frequency; 0  

– initial signal phase; – inter-period signal phase shift. 

The amplitude of the useful signal can be constant, rapidly or slowly fluctuating due to one of the 

known laws [10]. 

Formation of an interference signal array (Ip) (block 4 in Fig. 1) 

 

0( , ) (1,0,1) ,ap n t ip rnorm   

( , ) (2π),fp n t rnd  

( ) ( ) (cos( ( , ) sin( ( , )),Ip n,t ap n,t fp n t i fp n t     

where ip  – interference intensity; n  – sequence number of the sounding period; t  – sequence number 

of time reference. 

Next, the rotation of the main antenna is simulated, that is, the displacement array is formed (block 

5 in Fig 1), 

   π
2 1 1 ( )

( , ) ,
i m M aa n

M p
cc m n e

       
                                                    (2) 

 

where аа – antenna rotation step during the sounding period. 

Multiplying (1) and (2) gives the scanning result (nc). 

Based on the scanning expression, an array of scanning amplitude-phase distribution (Xv) is formed 

(block 6 in Fig. 1) 
 

      l l n

n
l

Xv X nc  . 

The notation  l  indicates that the values of the matrix column vector are considered. 

Modeling the rotation of antennas of additional channels depends on the radar stations. Their posi-

tion can be stationary, or the compensation channels can rotate along with the main channel antenna. 

The formation of the amplitude-phase distribution (APD) for each compensation channel during their 

rotation (this article provides an example for two compensation channels) is carried out according to 

the expressions [11; 12] 
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     π
2 1 1 1 1 ( ) 1

11( 1, ) ,
i m M L l a

M pX m l e
        

  
 

     π
2 1 1 1 1 ( ) 1

12( 1, ) ,
i m M L l a

M pX m l e
        

  
 

where 1a  – correction for the separation of antenna electrical centers. 

Based on the obtained amplitude-phase distributions for each channel, the amplitude-phase distri-

bution of the system of additional antennae is formed: 

 1 2 .
T

Xd X X  

where Т – transposition operation. 

Further, an array is formed for receiving the useful signal by compensation channels according to 

the expression (block 7 in Fig. 1) 

    0

π
2 1 1 1 1 ( 1)

1 .( 1, ) ( 1)
i m M a a

i tM pcd m t Yc m A e e
        

        

where Yc – amplitude-phase multiplier for the received useful signal by additional channels; k – se-

quence number of an additional channel. 

Taking into account the errors in the amplitude-phase distribution of the antenna caused by various 

components and the movement of the antenna of the main channel, resulting in the formation of an 

interference matrix of the main and additional channels (po, pd) (block 8 in Fig. 1), 

   π
1 2 1 1

( , ) ( , ) ,
i m M np

M ppo m t Ip n t e
       

   

where np  – direction of the interfering signal arrival. 

  
  1 2 1 1 1 1 ( 1)

1

1
( 1) ( , ) ,

k
i m M np a

M p

m
pd t,m YN Ip n t e


        

    

where 
 k

YN  – amplitude-phase multiplier for the received interference signal of additional channels. 

The internal noise matrix of the main channel so is formed according to the expression (block 9 in 

Fig.  1) 

 

    ( , ) ( , ) cos ( , ) sin ( , )so m t as m t fs m t i fs m t    ,                                   (3) 

where as  and fs  – random amplitude and phase of internal noise, respectively, are formed in a similar 

way to ap  and fp . The noise matrix ( 1, )sd m t of the additional channel is formed similarly (3). 

From arrays of useful signal, interference and self-noise, an additive mixture of input influences ar-

riving at the input of the antennae of the main and compensation channels (uo, ud) is formed (block 10 

in Fig. 1), which is a mixture of noise recalculated to the input of the antenna array, useful signal and 

interference. In the case of rotation of the compensation channels, expression (4) will take a different 

form (5) 

( ) ( ) ( ) ( ),uo n po n so n x n    

( , ) ( , ) ( , ) ( , ),ud n k pd n k sd n k cd n k                                                (4) 

 : 1 2 ,
T

ud ud ud                                                                (5)  

where 1, 2ud ud  – additive mixture of input influences arriving at the input of the antennas of two 

compensation channels, formed similarly to ud . 

When forming a flat antenna array, the number of array elements in the а (M1) plane, the number 

of array elements in the b (M2) plane, the direction of the useful signal source in the a (а) plane, the 

direction of the useful signal source in the b (b) plane will be added to the initial data; quantitative pa-
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rameter reading in а (LL)plane, quantitative parameter reading in plane b (KK), as well as errors in the 

positions of elements in а, b (r1, r2) plane, random component to the amplitude of the useful signal 

(AA). 

An array of errors is formed caused by the delay in the arrival of the useful signal due to the loca-

tion of the elements normal to the antenna (r3). 

Then an array of useful signal (x) is formed 

        
1, 2

2 1 1 1 1 2 2 1 2 1 3
1 2( 1, 2) .m m

i m M a i m M a i r n
M Mx m m e e e

 
                 

    

Next, an array of the random component of the signal amplitude (An) is formed. 

Further, an array of signal distribution in the time domain is formed, taking into account the ran-

dom amplitude component (xt) 

       ,
1, 2

, 1, 2 i t

m m
xt t m m e An n x n      

where   – frequency multiplier; An  – amplitude of a useful signal with a random component. 

Expressions for the formation of the amplitude-phase distribution for each of the planes will take 

the following form in plane a (X1): 

  2 1 1( , 1) 1 1 1 ( )
11( 1, ) .

i m r n m M L l
MX m l e


        

                                           (6) 

For plane b, expression (6) will take a similar form, with the exception of the components M1, r1, 

L, which will be replaced by М2, r2, K similar to them. 

Then we set the direction of arrival of the interference signal in plane a (N1), the direction of arri-

val of the useful signal in plane b (N2), and the number of counts in the direction of arrival of the in-

terference signal (r). 

Based on N1 and N2, a matrix of directions of interference sources is formed for two planes (np) 

        
1, 2

2 1 1 1 1 1( ) 2 2 1 2 1 2( ) 3
1 2( 1, 2) .m m

i m M N r i m M N r i r n
M Mnp m m e e e

 
                 

    

There are many methods for finding the weight vector. We consider some of them, namely: the di-

rect formation of a weight coefficient vector and the formation of a weight coefficient vector through 

an inverse correlation re-whitening matrix. 

In practice, as a rule, the ANI parameters and spatial correlation matrix are unknown. Moreover, 

they change in time due to the movement of the noise sources and the radar space survey. Therefore, it 

is not possible to protect the main radar channel with pre-selected fixed parameters [13; 14]. 

That is why the ability to adapt to a constantly changing interference environment is of great im-

portance for auto-compensation systems. The most important parameter of the quality of adaptive sys-

tems is their speed [14]. 

The performance of the auto-compensation system largely depends on the speed of calculating the 

weight coefficient vector. The additive mixture of useful signal and noise is multiplied by a vector of 

weighting coefficients and the summation of the signal coming from the main channel and the signals 

received by additional channels and multiplied by the vector of weighting coefficients occurs. At the 

output of the auto-compensator we receive a signal with compensated ANI. Based on this signal, the 

vector of weighting coefficients is calculated again, which ensures an increase in the signal/(noise + 

interference) ratio. 

Direct formation of the weight coefficient vector is carried out due to the expression (block 11 in 

Fig. 1) [15] 
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     1

1 1,
0

1
( , ) 1

T t

k n n kt
t

W n k yo ud X
T



 


   ,                                            (7) 

where 1nyo   – reaction coefficient; T  – number of time counts;  – complex conjugation operation. 

Expression (7) is applicable for the case when the main channel antenna rotation is disabled. When 

rotation is enabled, expression (7) will take the following form: 

    1

1
0 1

1 1
( , ) 1 ,

1

T
tT

k

b nn kt n t

W n k ud X
T yB




 

                     
 

where yB  – the result of the difference between the signals of the main and compensation channels. 

The algorithm for directly finding the weight coefficient vector (W) is in the summation over time 

of the product of the reaction coefficient in the previous sounding period by the additive mixture of 

input influences arriving at the input of the antennae of additional channels and the expected complex 

conjugate amplitude-phase distribution of additional channels. 

Forming the weight coefficient vector through the inverse correlation whitening matrix is carried 

out according to the expression [10]: 

     1
( )

1,
0 1

1 1
( , ) 1 ,

1

T T Nct
k n k

t n t

W n k ud X
T yo




 

           
                                   (8) 

where Nc – quantitative counting of the direction of arrival of the useful signal. 

When rotation is enabled, expression (8) will take the following form: 

 
1

( ) ( )

( ) ( )0

1 1
( , ) ,

1

TT
t t

k T
t tt

W n k I ud ud
T ud ud





 
      
   

                                 (9) 

where I – identity matrix;      ( )

11
( , ) 1

T
k

b nn k
ud k t ud X 

  . 

At the second and subsequent sounding periods, expression (9) will take the following form: 

 
1

( ) ( )

( ) ( )0

1 1
( ) ( 1)

1

TT
t t

k k T
t tt

W n W n ud ud
T ud ud





 
       
   

. 

Unlike the algorithm for directly finding the weight coefficient vector, the correlation matrix of 

noise is estimated. 

After calculating the weight coefficient vector (W) at the zero iteration step, the array of input in-

fluences is multiplied by the weight coefficient vector (W), which is calculated depending on the algo-

rithm used. It is calculated in such a way that after summing the signals coming from the compensa-

tion channels, ANI compensation occurs (block 12 in Fig. 1) 

 

( ) ( ) ( ).yo n = uo n Xv ud Xd W     

Suppression of RPI occurs according to the algorithm (block 13 in Fig. 1) 

( ) ( )yo n = uo n Xv ud Xd   . 

 

If the sum of the values of the signals arriving at the antennas of the compensation channels is 

greater than the signal arriving at the main channel, then we can assume that ( ) 0yo n = . Therefore, RPI 

is suppressed. 
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Simulation results 

The simulation results are presented in the form of graphs. Figure 2 demonstrates the simulation re-

sult with the autocompensator disabled. There is a lack of useful signal. It should be taken into account 

that Fig. 2 and 3 reflect the amplitude of the additive mixture of the useful signal, interference and intrin-

sic noise is normalized to the standard deviation of the noise. 
 

 
 

Рис. 2. Сигнал на выходе антенны основного канала  

при выключенном автокомпенсаторе 
 

Fig. 2. The signal at the output of the antenna of the main channel  

when the automatic compensation devices is disabled 

 

Figure 3 presents a graph of the signal at the output of the autocompensator and after passing 

through a matched filter for two algorithms for finding the weight coefficient vector. From the results 

of the computational experiment, we can conclude that the algorithm for finding the weight coefficient 

vector through the inverse correlation whitening matrix compensates for ANI faster. 
 

 
                                                           а                                                                             б 

Рис. 3. График сигнала:  

а – на выходе автокомпенсатора; б – после прохождения согласованного фильтра для двух алгоритмов. 

1 – алгоритм непосредственного формирования вектора весового коэффициента; 2 – алгоритм вычисления 

вектора весового коэффициента через обратную корреляционную переобеляющую матрицу 
 

Fig. 3. The graph of the signal:  

a – at the output of the automatic compensation devices; b – the graph of the signal after passing the matched  

filter for two algorithms. In 1 – the algorithm for the direct formation of the vector of the weighting coefficient;  

2 – the algorithm for calculating the vector of the weighting coefficient through the inverse correlation  

re-whitewashing matrix 

 

Conclusion 

The article discusses the mathematical model of the autocompensator and the algorithm for suppress-

ing RPI along the side lobes. The results of computational experiments are presented in the form of 

graphs. The developed model makes it possible to conduct computational experiments depending on: 



 

 
 

Сибирский аэрокосмический журнал.  Том 24,  № 4 
 

 660 

– from the selected adaptation algorithms to interference signals according to the criteria: maxi-

mum signal-to-noise ratio and speed of adaptation to interference; 

– operation of the main antenna rotation system: rotation disabled or rotation enabled; 

– position of compensation channels (dynamic or stationary); 

– algorithm implemented in the radar for calculating the weight coefficient vector. 

A mathematical model of an auto-compensator and an algorithm for suppressing RPI along the side 

lobes of the radiation pattern of the main channel antenna allows to better understand the principle of 

operation of auto-compensation devices and therefore can be used to train future specialists operating 

radars. 
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Публичные сервисы различных организаций подвергаются постоянным кибератакам, что по-

вышает риски информационной безопасности. Анализ сетевого трафика является важной задачей 

для обеспечения безопасного функционирования сетевой инфраструктуры, в том числе корпора-

тивных сетей. В данной работе представлен обзор основных подходов для анализа сетевого тра-

фика, приведены смежные работы, указаны недостатки существующих работ. Одним из методов 

является анализ данных сетевого трафика с использованием протокола Netflow, который позволя-

ет сохранять данные о трафике на уровне L3 модели OSI. Особенностью исследования является 

использование длительных периодов наблюдения. При сохранении данных на длительных временных 

интервалах журналы имеют большой объем, что требует распараллеливания для первичной обра-

ботки данных. Авторами разработан кросс-платформенный программный комплекс распределен-

ной обработки журналов сетевой активности, который использовался для анализа сетевой актив-

ности корпоративной сети Красноярского научного центра за 2021–2022 гг. Показана схема про-

граммного комплекса, описаны его возможности и особенности функционирования. Приведены ис-

точники данных для анализа и методика обработки. В работе были сформулированы и формализо-

ваны эвристические критерии аномальности сетевого трафика, которые сигнализируют о нали-

чии возможных атак на сеть, также выделены датасеты по сетевой активности различных про-

токолов прикладного уровня. Для полученных наборов данных были рассчитаны статистические 

показатели, на основе которых получена информация об аномальной сетевой активности в тече-

ние двух лет. В работе проверен предложенный ранее авторами метод сравнения рисков киберуг-

роз для различных временных интервалов, показавший существенное увеличение рисков для 50 % 

показателей в 2022 г. Сравнение месячных интервалов за различные годы показало аналогичное уве-

личение риска. Таким образом, метод доказал свою работоспособность и может применяться                

в других областях, в которых существуют группы критериев независимых показателей. Авторы 

привели планы по дальнейшему развитию методики анализа сетевой активности. 

 

Ключевые слова: интернет, сетевая безопасность, анализ сетевого трафика, киберугрозы, кор-

поративная сеть. 
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Public services of various organizations are subject to constant cyber attacks, which increases informa-

tion security risks. Network traffic analysis is an important task to ensure the safe operation of network 

infrastructure, including corporate networks. This paper provides an overview of the main approaches for 

analyzing network traffic, it provides the related work and points out the shortcomings of the existing work. 

Here is a method is to analyze network traffic data using the Netflow protocol, which allows traffic data to 

be stored at the L3 layer of the OSI model. A feature of the study is the use of long observation periods. 

When storing data over long time intervals, the logs become large, which requires parallelization for pri-

mary data processing. The authors developed a cross-platform software package for distributed processing 

of network activity logs, which was used to analyze the network activity of the corporate network of the 

Krasnoyarsk Scientific Center for 2021–2022. A diagram of the software package is shown, its capabilities 

and operating features are described. Data sources for analysis and processing methods are provided. In 

this paper the authors formulated and formalized heuristic criteria for the anomaly of network traffic, 

which identify the presence of possible network attacks, and extracted datasets on the network activity of 

various application-level protocols. For the obtained data sets, statistical indicators were calculated, in-

formation about anomalous network activity was obtained for two years. In this research, we tested the 

previously proposed method for comparing the cyber threats risks for different time intervals, which 

showed a significant increase in risks for 50% of indicators in 2022. Comparisons of monthly intervals 

over different years showed similar increases in risk. Therefore, the method has shown its efficiency and 

can be used in other areas in which there are groups of criteria for independent indicators. The authors 

have proposed plans for further development of methods for analyzing network activity. 

 

Keywords: Internet, network security, network traffic analysis, risk assessment, cyber threats, corporate 

network. 

 

Introduction 

Currently information technology are used everywhere to organize the work of various services, in-

cluding corporate ones. Publicly available services are subject to information security risks, which re-

quires to organize comprehensive measures to protect information. One of the important parts ensuring 

information security is to monitor and analyse network activity (NTA - Network traffic analysis), it 

allows to detect anomalies in network operation, identify the cause (external or internal) and take ap-

propriate measures. Analysis of network activity is a significant task and is used in various fields. For 

example, analyzing the network activity of IoT devices permits to identify their type [1] and identify 

security problems [2]. Fragmented standards and methods for collecting and analyzing network traffic 

do not often contribute to reproducing the results. Some authors are making attempts to develop uni-

versal formats and software for traffic analysis [3]. In spite of automating traffic processing and analy-

sis processes can reduce the number of routine operations, identifying anomalies with the help of a 

human operator is a problem due to the large volume of data. Machine learning techniques presents the 

interest to identify anomalies in network activity [4; 5]. Using various techniques to analyse and iden-

tify traffic features is applied for mobile devices [6], in particular, the analysis of encrypted traffic         

allows to determine the mobile applications being used with high accuracy [7]. Therefore, analysis of 

network activity makes it possible to obtain much useful information that can be used to improve the 

performance and security of information systems, including corporate network services. 
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An important part of ensuring information security is assessing the risks of cyber threats. Applying 

various techniques to analyse network traffic affords to identify anomalies in network activity, which 

results in assessing the risks of cyber threats to which the network infrastructure is exposed. Risk as-

sessments can be carried out at different time intervals, so it is necessary to be able to assess the dy-

namics of changes in cyber threat risks. 

 

Related research 

Network traffic analysis allows to identify anomalies in the operation of the network infrastructure. 

Methods to detect network traffic anomalies can be divided into three categories: unsupervised, super-

vised, and partially supervised. Unsupervised methods are quite common and do not require prelimi-

nary data preparation. The normal data are assumed to be found in datasets more often than anomalous 

ones [8]. Supervised methods involve building models by dividing data into two categories: normal 

and abnormal. The analyzed data are compared due to two models, and a conclusion is made about 

whether the data belongs to a certain category [9]. Partially supervised methods involve building a 

model only for normal data [10] and are simpler and more common than supervised models. 

Cluster analysis and classification methods are the most common. Cluster analysis involves divid-

ing the properties and attributes of data into clusters, from which normal and anomalous behavior are 

distinguished [11]. In general, large clusters are normal and small clusters are abnormal. Classification 

methods are used to divide data into previously known categories, they can be distributed into the fol-

lowing types: support vector machine (SVM), neural networks, decision tree, statistical methods. One 

type of classification using supervised learning is the support vector machine (SVM), which is used 

for training and testing a large amount of data. [12] uses the SVM method to analyze traffic, and high 

matching accuracy is achieved. Neural network methods use a model of neurons with connections that 

convert an input signal into an output signal. The method is widespread and used, for example, to 

identify malicious traffic [13] and build intrusion detection systems (IDS) [14]. Decision tree methods 

result in constructing a tree consisting of leaves, nodes and edges, which can be used for multi-stage 

data classification. Research [15] shows its high efficiency in analyzing malicious traffic of IoT de-

vices. Statistical methods are based on Bayes theorem: if the class is known, it is possible to predict 

the attributes; if the class is unknown, the rules can determine the class based on the available attrib-

utes. In [16], a Bayesian network is used to analyze traffic and ensure the security of cloud services. 

An important component in protecting information systems and data networks is to assess the risks of 

cyber threats. Risk assessment methods can be quantitative and qualitative [17]. Quantitative methods 

operate with numerical indicators, while qualitative methods use fixed categories of “high risk”, “me-

dium risk”, “low risk”. Typically, qualitative methods are subjective and rely on expert judgment, while 

quantitative methods are objective and enable results to be reproduced. There are various methods to 

assess the risk of cyber threats [18]. In [19], the authors use various models of a quantitative method for 

assessing cloud computing cybersecurity risks. Hybrid risk assessment models are also used, combining 

different approaches [20]. Information security risk assessment is used in various areas: industrial net-

works [21], Supervisory Control and Data Acquisition (SCADA) management systems [22], Internet of 

Things (IoT) devices [23]. Some researchers consider risk assessment as a complex task that includes 

functional safety, physical safety and cybersecurity [24].  

The existing research applies different approaches to traffic analysis and cyber threat risk assessment. 

For example, the authors develop a new technique and use standard test datasets, which does not allow to 

assess the effectiveness of the method on a real network infrastructure. Other authors apply real data with 

short time intervals, which does not result in a deep analysis and identification of the dynamics of ongo-

ing processes. 

The current research studies the security of the corporate network of the Krasnoyarsk Scientific 

Center (Federal Research Center KSC SB RAS) based on analyzing Netflow network traffic. The pa-
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per describes the use of a statistical method for comparing the risks of cyber threats proposed earlier 

by the authors [25]. Unlike the existing research, the method uses long time intervals when analyzing 

real network traffic and enables to compare the risks of cyber threats at arbitrary intervals. 

 

Data source and processing methodology 

The data source to be analyzed is the Netflow network activity data of the edge router and proxy 

server of the corporate network of the Krasnoyarsk Scientific Center for 2021–2022 period (volume of 

680 GB, 19.5 billion records). Data processing is carried out in several stages: 1) collecting statistics 

of network interfaces using nfcapd agents; 2) extracting data with the nfdump utility; 3) filtering and 

aggregating the required fields based on specified rules; 4) saving the obtained data for the analysis; 5) 

applying statistical analysis. 

Data processing is performed using the GNetProc software package for distributed processing of 

network activity developed by the authors in the Go language. The software package consists of sev-

eral parts: a client, a message broker, and a computing cluster (Fig. 1). 
 

 

 
 

Рис. 1. Архитектура GNetProc 
 

Fig. 1. GNetProc software architecture 

 

 

The client part interacts with the message broker and allows to send assignments for processing to a 

common assignment queue, the server part retrieves the assignment from the queue and starts process-

ing using workers. The server part consists of many nodes of a computing cluster; each node can run 

several workers in parallel, which ensures parallel data processing and reduces assignment execution 

time. The worker contacts the message broker, receives a new assignment, starts it for execution, saves 

the processing results, then receives a new assignment. The worker contacts the message broker, re-

ceives a new assignment, starts it for execution, saves the processing results, then receives a new as-

signment. An assignment consists of a list of <name, value> elements that include the data source, 

data sink, assignment type, aggregation parameters, start and end time intervals, filter, and data selec-

tor. A filter, using a special language, allows to specify a set of rules for filtering data. The selector 

specifies a list of fields that, after filtering and aggregation, will be retrieved and recorded as the result 

of the assignment. The message broker uses the Redis DBMS to process the assignment queue. 

YAML is used to describe assignments. The software package is cross-platform and supports work in 

heterogeneous configurations with Linux, *BSD, and Windows operating systems. 
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Data analysis 

To assess the level of risk of cyber threats based on the principles of normal functioning of various 

protocols, heuristic criteria for traffic anomaly were formulated: 

 

1. Incoming TCP flows with less than 4 packets indicate that the TCP connection was not com-

pleted in a controlled manner. Suspicion of a DoS attack. 

2. Incoming TCP flows with a duration of 0 indicate that a TCP connection was not established. 

Suspicion of a DoS attack. 

3. A large number of incoming UDP flows is a suspicion of a DDoS attack. 

4. An excess of incoming UDP flows over outgoing ones is a suspicion of a DoS attack. 

5. An excess of the number of incoming TCP flows over outgoing ones is a suspicion of a DoS at-

tack. 

6. Incoming TCP and UDP flows to unused but routable addresses are suspected of vulnerability 

scanning (Unused). 

7. Incoming TCP flows to common services (MSSQL, MySQL, RDP, SMB, SMTP, SSH,               

Telnet) – unauthorized login attempts. 

These criteria were formalized as rules for the primary traffic processing system according to a 

given syntax. Having processed the primary data using the created software, the aggregated data were 

obtained for further analysis. Each data set is a collection of pairs <time label, integral characteristic>. 

A typical yearly data set consists of 105 thousand records (the number of five-minute intervals in a 

year) and can be processed using desktop systems such as MS Excel. Figure 2 presents a diagram of 

the number of streams of zero duration for 2022. Anomalous values do not have a pronounced perio-

dicity, they are several orders of magnitude higher than the average value (35256), due to which their 

identification can be automated. 

 

 

 
 

Рис. 2. Количество TCP-потоков нулевой длительностью 
 

Fig. 2. Number of TCP flows with zero duration 

 

 

The resulting distribution has a clearly expressed right asymmetry, that meets the following condi-

tion: 

Моde < Меdian < Mean. 
 

 

Figure 3 shows a histogram of the frequency distribution of TCP flows with a duration 0 s. More 

than 99 % of the sample is contained in the interval [ – 3*,  + 3*], which makes it possible                  

to identify cyber threats based on outlier data. 
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Рис. 3. Гистограмма распределения частот TCP-потоков длительностью 0 
 

Fig. 3. Histogram of frequency distribution of TCP flows with zero duration 
 

For all obtained data sets, the following indicators were calculated: mean, mode, median, standard 

deviation and percentage of outliers with values greater than 3 standard deviations from the mean. Ad-

ditionally, the relative increase in the standard deviation of indicators was calculated in 2022 com-

pared to 2021. The findings are in the table: Mean – sample average ; S – standard deviation ;             

Me – sample median; Mo – sample mode; P – percentage of data outside the range [ – 3*,  + 3*]; 

∆S – average increase in S in 2022 relatively to 2021. 
 

 

Indicator results calculated using traffic anomaly criteria 
 

2021 г. 2022 г. Название 

Mean S Me Mo P, % Mean S Me Mo P, % 

∆S, % 

TCP-flows, 

duration 0 

25205 8343 22079 18975 2.15  35257 14301 29059 22951 1.13  71  

TCP-packages 

< 4 packages 

34906 11608 30188 27535 2.35  45287 17732 37461 35331 1.02  53  

UDP-flows 15071 5809 13541 13217 2.62  17221 6069 15589 13965 2.95  4  

UDP 

(input-output) 

1878 2114 1678 1532 2.08  3511 2428 3175 1325 1.90  15  

TCP 

(input-output) 

16759 8751 14846 12540 2.06  26087 11707 21363 16602 1.42  34  

Unused TCP  20615 6357 18662 15287 2.30  22035 6736 20457 15148 0.98  6  

Unused UDP  965 500 762 376 1.82  1519 1184 862 454 4.24  137  

MSSQL 128 63 93 87 7.01  96 30 82 82 3.93  –52  

MySQL 21 19 10 3 2.93  32 31 13 5 4.25  63  

RDP 105 66 78 39 3.97  120 80 84 40 4.27  21  

SMB 367 267 190 128 3.33  224 128 154 129 7.84  –52  

SMTP 190 80 166 139 3.88  195 95 162 104 2.98  19  

SSH 281 160 197 141 4.19  494 389 270 226 4.02  143  

Telnet 405 70 384 363 4.10  922 259 953 1151 0.17  270  

 

 

All distributions except Telnet 2022 demonstrate right asymmetry. The Telnet 2022 data set has 

two histogram maxima, which is due to reconfiguration of the data acquisition equipment. Figure 4 

shows histograms for 2021 and 2022. 
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Рис. 4. Гистограмма наборов Telnet за 2021 и 2022 гг. 
 

Fig. 4. Histogram of Telnet datasets for 2021 and 2022 

 

 

The standard deviation for most data sets for 2022 has a significant increase compared to 2021, in-

dicating an increase in the measure of uncertainty in the occurrence of various computer attacks. Using 

the risk comparison method described in [25] for the 2021 (V1) and 2022 (V2) samples, we calculate 

the R function for assessing risk changes: 

1 2

1

1
( , ) *

N

i

i

R V V K
N 

  , 

 

where 

2 1 1

1 1 2 1 1

2 1 1

1,    0,6745* ,                               

0,    0,6745* 0,6745* ,

1,    0,6745* ;                        

f

    

f

  

i

i

if   

i i i

i i i i i i

i i i

K

    
         
     

 µji – sample mean of i-th sample char-

acteristic  Vj;  ji – standard deviation of the sample Vj of the i-th sample characteristic.  

 

Half of the studied indicators add up to 1, the rest add up to 0, resulting in R(2021, 2022) = 0.5. 

This can be interpreted as follows: the risk within the framework of the studied criteria as a whole in 

2022 compared to 2021 increased significantly - by 50% of the indicators. When comparing March, 

2021 and March, 2022 intervals, we get an R value of 0.43. Therefore, the proposed method makes it 

possible to compare risks both over long time intervals (a year) and over medium ones, provided there 

are sufficient samples. 

 
Conclusion 

The paper examined the risks of cyber attacks based on Internet traffic data from the network of the 

Krasnoyarsk Scientific Center SB RAS for 2021 and 2022. The cross-platform software for processing 

large volumes of data was developed, which had scaling capabilities through parallel processing and 

can perform data analysis in real time. Heuristic criteria for anomalous Internet traffic were formulated 

and formalized, signaling possible attacks on the network. Statistical indicators were calculated for the 

obtained data sets, based on them the conclusions were drawn about the shape of the distributions and 

the dynamics of attacks. The method proposed by the authors for comparing the risks of cyber threats 

for annual and monthly intervals was tested, which showed a similar increase in risks. Since the me-

thod does not depend on the time intervals and sample sizes being compared, it can be used in other 

areas in which groups of criteria for independent indicators exist. The next task is to expand the analy-

sis criteria taking into account TCP connection flags and application level protocols, taking into ac-
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count the logic of their operation. The developed software are planned to use while creating data sets 

for machine learning methods when solving problems of identifying cyber threats. 
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Проектирование сети многопроцессорной вычислительной системы или дата-центра пред-

ставляет собой важную проблему, в рамках которой осуществляется поиск моделей графов, обла-

дающих привлекательными топологическими свойствами и позволяющих применять эффективные 

алгоритмы маршрутизации. Указанными свойствами, в частности такими, как высокая симмет-

рия, иерархическая структура, рекурсивная конструкция, высокая связность и отказоустойчи-

вость, обладают графы Кэли. Например, такие базовые топологии сети, как «кольцо», «гиперкуб» 

и «тор», являются графами Кэли. 

Определение графа Кэли подразумевает, что вершины графа являются элементами некоторой 

алгебраической группы. Выбор группы и ее порождающих элементов позволяет получить граф,  

отвечающий необходимым требованиям по диаметру, степени вершин, количеству узлов и т. д.  

Решению данной задачи посвящено большое количество научных статей и монографий. 

Для исследования графов Кэли, в первую очередь, необходимо разработать быстрые алгоритмы 

умножения элементов в данных группах. Такие алгоритмы помогают осуществлять эффективную 

маршрутизацию на соответствующих графах Кэли. 

Цель настоящей работы – создать алгоритм быстрого умножения элементов в конечных  

2-группах, т. е. в группах периода 2
n
.  

В первом разделе статьи дано теоретическое обоснование алгоритма. Показано, что элемен-

ты данных групп могут быть представлены в виде битовых строк, а их умножение осуществля-

ется на основе полиномов Жегалкина.  

Во втором разделе представлен псевдокод алгоритма, на основе которого вычисляются поли-

номы Жегалкина. На первом этапе алгоритма вычисляется pc-представление группы, на основе 

которого получают полиномы Холла. На заключительном этапе полиномы Холла преобразуются  

в полиномы Жегалкина. 

В третьем разделе продемонстрирован пример получения полиномов Жегалкина для двупорож-

деной группы периода 4.  

В заключении рассматриваются перспективы применения алгоритма на реальных вычислитель-

ных устройствах. Отмечается, что предложенное представление элементов группы в форме би-

товых векторов позволяет применять их даже на самых примитивных микроконтроллерах.   

  

Ключевые слова: 2-группа, граф Кэли, полином Жегалкина. 
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Network design for a multiprocessor computing system or data center is an important problem where 

the search for graph models that have attractive topological properties and allow the use of efficient rout-

ing algorithms is carried out. Cayley graphs have the indicated properties, in particular such as high sym-

metry, hierarchical structure, recursive design, high connectivity and fault tolerance.  

The definition of the Cayley graph implies that the vertices of the graph are elements of some algebraic 

group. Selecting a group and its generating elements allows us to obtain a graph that meets the necessary 

requirements for diameter, degree of vertices, number of nodes, etc. A large number of scientific articles 

and monographs are devoted to solving this problem. 

The goal of this work is to create an algorithm for fast multiplication of elements in finite 2-groups 

whose exponent is 2
n
. 

The first section of the article provides a theoretical justification for the algorithm for fast multiplica-

tion in finite 2-groups. It is shown that elements of these groups can be represented in the form of bit 

strings, and their multiplication is carried out based on the Zhegalkin polynomials. 

The second section presents the pseudocode of the algorithm on the basis of which the Zhegalkin poly-

nomials are calculated. 

The third section demonstrates an example of obtaining the Zhegalkin polynomials for a two-generated 

group of exponent 4. 

In conclusion, the prospects for using the algorithm on the real hardware are discussed. 

 

Keywords: 2-group, the Cayley graph, the Zhegalkin polynomial. 

 
 

Introduction 

Designing a network of a multiprocessor computing system (MCS) or a data center is an important 

problem in which graph models are searched for that have attractive topological properties and allow 

the use of effective routing algorithms. Cayley graphs possess these properties, in particular such as 

high symmetry, hierarchical structure, recursive construction, high connectivity and fault tolerance [1]. 

For example, such basic network topologies as "ring", "hypercube" and "torus" are Cayley graphs.  

The definition of a Cayley graph implies that the vertices of the graph are elements of some 

algebraic group. The choice of the group and its generating elements allows us to obtain a graph [2] 

that meets the necessary requirements in diameter, degree of vertices, number of nodes, etc. A large 

number of scientific articles and monographs have been devoted to solving this problem, among which 

we highlight the works [3–15]. 

As it was said, one of the widely used MCS topologies is the k-dimensional hypercube. This graph 

is given by the k-generated Burnside group of exponent 2. This group has a simple structure and is 

equal to the direct product of k instances of a cyclic 2-group. A generalization of the hypercube is an 

n-dimensional torus, which is generated by the direct multiplication of n instances of cyclic subgroups 

whose orders may not coincide. In articles [16–19], Cayley graphs of Burnside groups of exponents 3, 

4, 5 and 7 are studied.  

To study Cayley graphs generated by groups of higher exponents, first of all, it is necessary to 

develop fast algorithms for multiplying elements in these groups. Such algorithms help to implement 

efficient routing on the corresponding Cayley graphs. 
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The purpose of this work is to create an algorithm for fast multiplication of elements in finite  

2-groups, i.e. in groups of exponent 
2n

.   

The first section of the article provides a theoretical justification for the algorithm of fast 

multiplication in finite 2-groups. It is shown that the elements of these groups can be represented as bit 

strings, and their multiplication is carried out on the basis of Zhegalkin polynomials. 

The second section presents the pseudocode of the algorithm on the basis of which the Zhegalkin 

polynomials are calculated.  

In the third section, an example of obtaining Zhegalkin polynomials for a two-generated group of 

exponent 4 is demonstrated. 

In conclusion, the prospects of using the algorithm on real computing devices are considered.  
 

1. Proof of the main result 

The theorem. Let G be an arbitrary finite group 2-a group whose order is equal to 2n . 

Then the following statements will be true: 

1. 1 2( ,..., .)n
nx G x x x    Z  

2. 2( ,, , : )i ix y z G x y z xz f y      Z , where ( , )if x y are some Zhegalkin polynomials. 

 

Proof. Any finite 2-group G has a pc-presentation (power commutator presentation [3; 4]):  

1
2

{ , , ,1 , [ , ] ,1 },n i ii k j jkG a a a v i n a a v j k n        ∣  

where the word jkv at is 1 j k n   expressed in terms of as 1, ,k na a  follows: 

1
21 , .k nx x

jk n ikv a a x
  Z  

In this case 

1
21 , .nx x

inx G x a a x     Z  

Each element of the group x is uniquely defined in terms of degrees 1, , nx x , so we can write the 

elements of the group as follows: 

1 2( ,..., .)n
nx G x x x    Z  

Thus, we can naturally represent the elements of the group in the form of  

Boolean (bit) vectors of dimension n. 

Let 1( ,..., )nx x x and 1( ,..., )ny y y be two arbitrary elements of the group G , consider their 

multiplication 1( ,.. )., nzx y z z   . 

The calculation of degrees is iz traditionally carried out on the basis of the collective Hall process 

[3; 4]. However, there is a more efficient way to multiply elements based on Hall polynomials [20]. 

In this case 

1 1 1 1 2( , , , , , ), , , .i i i i i i i i iz x y p x x y y x y z      Z  

Note that the multiplication and addition operations in the field are 2Z  identical to the Boolean 

operations "and", as well as the exclusive "or", respectively. By performing the specified substitution 

of operations in Hall polynomials, we obtain Zhegalkin polynomials [21]. Thus, 

2( ,, , : )i ix y z G x y z xz f y      Z , 

where ( , )if x y  are some Zhegalkin polynomials. 

 

2. Algorithm for calculating Zhegalkin polynomials 

In this section, we consider an algorithm for calculating Zhegalkin polynomials for a finite  

2-group G. The input algorithm knows such parameters of the group as the number of generating 
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elements, the order of G and its exponent. Also, the nilpotence level of the group may appear as an 

input data. 

The pseudocode of the algorithm is shown below.   

 

Input: G – finite group 2-group G 

Output: Zhegalkin polynomials for group G 

1. pq( )pc G  – we calculate the pc-presentation of the group using the p-quotient algorithm [3, 4]. 

Note that this algorithm has already been implemented in computer algebra systems such as GAP and 

Magma. 

2. Hall( )H pc  – based on the pc-presentation, we calculate the Hall polynomials using the 

algorithm from [22]. 

3. Zhegalkin( )F H  – we obtain Zhegalkin polynomials from Hall polynomials by replacing the 

multiplication and summing operations in the field with 2Z  identical Boolean operations "and",  

as well as the exclusive "or", respectively. 

 

3. An example 

As an example, consider the maximum two - generated finite 1 2,G a a   period group 22 4 , 

which is usually denoted by (2,4)B or 2 (4)B . The order of this group is equal 122 , and for each 

element of G there is a unique pc-presentation of the form 1 12
1 12
x x

a a , where 2ix Z , 1,2, ,12i   .  

Here 1a and 2a are the generating elements G , 3 12,a a calculated recursively through 1a and 2a . 

We obtain a GAP pc-presentation of this group in the computer algebra system. 

For brevity, trivial commutator relations are not given (for example, such as 4 1[ , ] 1a a  , etc.). 

2
1 4a a , 2

2 5a a , 2
3 8 9 10 11 12a a a a a a , 2

4 1a  , 2
5 1a  , 2

6 11a a , 2
7 11 12a a a , 2 1ia   (8 12)i  , 

3 1 6[ , ]a a a , 3 2 7[ , ]a a a , 4 2 6 8 9 10 12[ , ]a a a a a a a , 4 3 8 11[ , ]a a a a , 5 1 7 8 9 10[ , ]a a a a a a , 

5 3 10 11 12[ , ]a a a a a , 5 4 9 11[ , ]a a a a , 6 1 8[ , ]a a a , 6 2 9[ , ]a a a , 6 3 11[ , ]a a a , 6 4 11[ , ]a a a , 

6 5 11[ , ]a a a , 7 1 9 12[ , ]a a a a , 7 2 10[ , ]a a a , 7 3 11 12[ , ]a a a a , 7 4 11 12[ , ]a a a a , 7 5 11 12[ , ]a a a a , 

8 1 11[ , ]a a a , 8 2 12[ , ]a a a , 9 1 11 12[ , ]a a a a , 9 2 11[ , ]a a a , 10 1 12[ , ]a a a , 10 2 11 12[ , ]a a a a . 

Calculate the Hall polynomials of group G for generating elements 1a and 2a based on the 

algorithm from [22]:   

 

1) 1 12 1 12
1 1 12 1 12

y y z z
a a a a a    , where 

1 1 1,z y   

2 2 ,z y  

3 3 ,z y  

4 1 4 ,z y y   

5 5 ,z y  

6 6 1 2 ,z y y y   

7 7 ,z y  

8 8 1 2 1 3 ,z y y y y y    

9 9 1 2 ,z y y y   

10 10 1 2 ,z y y y   

11 11 1 3 1 2 3 1 2 4 1 2 5 1 2 6 ,z y y y y y y y y y y y y y y y       

12 12 1 2z y y y  ; 
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2) 1 12 1 12
2 1 12 1 12

y y z z
a a a a a    , where 

1 1,z y  

2 2 1,z y   

3 1 3 ,z y y   

4 4 ,z y  

5 2 5 ,z y y   

6 6 ,z y  

7 7 1 2 ,z y y y   

8 8 1 3 ,z y y y   

9 9 1 3 2 4 ,z y y y y y    

10 10 1 2 1 3 2 3 ,z y y y y y y y     

11 11 1 2 1 3 2 3 2 4 1 2 3 1 2 4 1 2 5 1 2 7 ,z y y y y y y y y y y y y y y y y y y y y y          

12 12 1 2 1 3 2 3 1 2 3 1 2 4 1 2 5 1 2 7z y y y y y y y y y y y y y y y y y y y        . 

 

Replace the multiplication and summing operations with the Boolean operations "and", as well as 

the exclusive "or", respectively. As a result, we obtain the Zhegalkin polynomials.   

Each element of the group is a bit string 1 2 12( , , , )z z z .  Thus, it will (2,4)B  take 12 bits to encode 

one element in. In general, if the order of the group is equal 2n
, then it will take n bits to store one 

element. 

 
Conclusion 

In conclusion, we say that in tasks requiring the calculation of a large number of multiplications of 

group elements, the method described in this paper will dramatically reduce the running time of 

computer programs. For example, one of these problems is the task of finding the shortest routes on 

Cayley graphs, which are often used in the design of topologies for interprocessor connection 

networks in supercomputers, as well as data centers. 

In addition, it should be noted that the proposed presentation of the group elements in the form of 

bit vectors allows them to be used even on the most primitive microcontrollers.   
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Развитие и совершенствование ракетно-космической техники в значительной степени обуслов-

лено применением производственных технологий, обеспечивающих изготовление изделий с высоки-

ми характеристиками надежности и энергетической эффективности при одновременном сниже-

нии показателей материалоемкости и уменьшении длительности производственного цикла. К та-

ким прогрессивным технологиям следует отнести аддитивные технологии, физическая сущность 

которых заключается в получении деталей методом послойного плавления материала на основе 

компьютерной 3D-модели изделия в камере специального 3D-принтера, оснащенного лазерным 

устройством. Применение аддитивных технологий в ракетном двигателестроении требует прове-

дения большого объема научно-исследовательских и экспериментальных работ для подтверждения 

соответствия нормативным критериям и правилам, установленным в отрасли, а также обязатель-

ной сертификации на государственном уровне. В соответствии с программой приоритетных науч-

но-исследовательских работ, в СибГУ им. М. Ф. Решетнева совместно с индустриальным партнером 

ООО «Полихром» проводится комплекс экспериментальных работ по апробации и отработке ре-

жимов 3D-печати образца камеры-демонстратора ракетного двигателя малой тяги (РДМТ).  

Разработана конструкция РДМТ, работающего на экологически безопасных газообразных компо-

нентах топлива, адаптированная для 3D-печати на принтере ASTRA 420. Рассмотрены параметры 

и характеристики принтера. Приведена последовательность экспериментальных работ по подбору 

режимов печати корпуса камеры и смесительной головки. Установлена принципиальная возмож-

ность корректировки режимов лазерного плавления материала и формообразования детали. 

Представлены основные технологические этапы послепечатной обработки деталей камеры 

РДМТ. Дано описание оборудования для термообработки и электрохимического полирования дета-

лей. Изложена последовательность исследования структуры материала, приведены результаты 

металлографического и рентгенографического анализа внутреннего состояния металла. 

Показано значение стендовых испытаний ракетных двигателей при разработке инновационных 

конструктивных решений и внедрении инновационных технологий производства. Представлено описа-

ние и состав систем испытательного стенда СибГУ им. М. Ф. Решетнева. Результаты стендовых 

огневых испытаний свидетельствуют о принципиальной возможности изготовления РДМТ методом 

аддитивных технологий селективного лазерного плавления из жаростойких легированных сплавов. 
 

Ключевые слова: аддитивные технологии, ракетный двигатель малой тяги, Инконель 718,  

послепечатная обработка, виброиспытания, испытания на прочность и герметичность, стендо-

вые огневые испытания. 
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The development and improvement of rocket and space technology are largely determined by the appli-

cation of manufacturing technologies that enable the production of high-reliability products with energy 

efficiency, while simultaneously reducing material intensity and shortening the production cycle. Among 

these progressive technologies, additive technologies should be mentioned. The essence of these technolo-

gies lies in obtaining parts through layer-by-layer melting of material based on a computer 3D model of 

the product in a chamber of a specialized 3D printer equipped with a laser device. 

The application of additive technologies in rocket engine construction requires extensive scientific re-

search and experimental work to confirm compliance with industry standards, rules, and mandatory certi-

fication at the state level. In accordance with the program of priority research at SibSU, in collaboration 

with the industrial partner “Polychrome” LLC a complex of experimental work is being carried out to test 

and refine the 3D printing modes of a demonstrator model of a low thrust rocket engine (LTRE). 

The design of the LTRE, operating on environmentally friendly gaseous fuel components, has been de-

veloped and adapted for 3D printing on the ASTRA 420 printer. The parameters and characteristics of the 

printer are considered, and the sequence of experimental work on selecting printing modes for the engine 

chamber housing and mixing head is outlined. The fundamental possibility of adjusting the modes of laser 

material melting and forming of the part has been established. 

The main technological stages of post-printing processing of LTRE chamber parts are presented. A de-

scription of the equipment for heat treatment and electrochemical polishing of parts is provided. The se-

quence of material structure research is outlined, and the results of metallographic and X-ray analysis  

of the internal state of the metal are presented. 

The importance of stand tests of rocket engines in the development of innovative design solutions and 

the implementation of innovative production technologies is demonstrated. A description and composition 

of the testing stand system at SibSU are presented. The results of stand firing tests indicate the fundamental 

possibility of manufacturing LTRE using selective laser melting of heat-resistant alloy. 
 

Keywords: additive technologies, low thrust rocket engine, Inconel 718, post-printing processing, vibra-

tion testing, strength and tightness tests, bench fire tests. 

 

Introduction 

The Russian aerospace industry has high innovative potential and is one of the main priorities of 

the country's economic development strategy. Its importance is currently determined by the special 

tasks of strengthening the defense capability of the state and the ability to ensure an accelerated pace 

of modernization of industrial production technological base. The practical results of space activities 

should be used to truly improve the quality of life of people and the development of all spheres of the 

economy. In the aerospace industry, extensive technical re-equipment of production, reconstruction of 

industrial facilities, and development of advanced world-class technologies are underway.  

These include additive technologies (AF – Additive Fabrication from the term additivity – addi-

tion) [1–3], which represent a sequential layer-by-layer build-up of material and synthesis of a produc-

tion object using component 3D application programs.  The joining of layers of the source material 

can be carried out in various ways: by fusion, sintering, gluing, polymerization, depending on the 
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physical and chemical properties of the material, the characteristics of the technological equipment 

and the intended purpose of the product.  

The most promising type of additive technologies for use in the rocket and space industry is con-

sidered to be SLM 3D printing technology [4]. SLM (Selective laser melting) is an innovative tech-

nology for the production of complex products by laser melting of metal powder using mathematical 

CAD models (3D metal printing). This process consists of sequential layer-by-layer melting of powder 

material using powerful laser radiation. Using SLM technology, they create both precision metal parts 

for use as components and assemblies, as well as non-separable structures that ensure increased reli-

ability of products.  

Compared to traditional technologies currently used, selective laser melting technology has a num-

ber of advantages [5]: 

– solving complex technological problems; – reduction of the cycle of research and development 

work, construction of complex parts without the use of equipment; 

– reduction of the final mass of the product due to optimization of the design, taking into account 

the distribution of forces on the internal partitions and stiffeners of the product; 

– lower consumption of final material through topological optimization at the product design stage.  

At the same time, the use of SLM technology must be accompanied by a certain amount of post-

printing processing, since the manufactured parts have increased roughness parameters, traces of tech-

nological supports, and unevenness on surfaces mating with the surfaces of other parts of the assembly 

unit. Porosity on the end surfaces of parts does not always provide a high-quality hermetic connection 

of metals by welding.  

 
The purpose of the research 

At enterprises and research organizations of the rocket and space industry, work is being carried 

out to create a system for the implementation and practical testing of additive technologies with their 

subsequent certification at the industry level. Due to this the issue of organizing advanced training of 

specialists in the field of additive technologies, taking into account the long-term interest and needs of 

enterprises of industrial partners is of relevance both for the Reshetnev Siberian State University of 

Science and Technology at the new stage of its development as a flagship university of the region and 

rocket and space engineering in general.   

As part of the “Priority 2030” program, the Reshetnev Siberian State University of Science and 

Technology is implementing a scientific and educational project “Development, production by selec-

tive (additive) laser melting and testing of a low-thrust demonstrator rocket engine running on envi-

ronmentally friendly fuel.” 

A low-thrust rocket engine (LTRE) was chosen as the subject and the object of the research. Since 

the functional purpose of this demonstrator engine is to conduct model bench tests without simulating 

space conditions, the use of environmentally friendly fuel components is provided: oxygen gas О2  

(oxidizer) and methane gas СН4 (fuel).  

Currently, LTREs are the main executive bodies in the control system of spacecraft. They serve to 

orient, stabilize and correct the aircraft in space. The purpose of LTREs and the conditions of their 

operation impose a number of specific requirements on them, in particular the following:  

– multi-mode, due to continuous operation (duration up to  τв > 10
3
 s) and various pulse modes 

with a minimum switching time of 0.03 s or less ; 

– long service life in terms of total operating time - up to 50,000 s or more ; 

– large resource in terms of total number of inclusions - up to  10
6
. 

Meeting the above requirements causes significant difficulties in the design of an LTRE, the or-

ganization of mixture formation and the working process in its combustion chamber, due to the fol-

lowing factors: 

– low fuel consumption ; 

– small number of nozzle head elements ; 
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– the impossibility of creating regenerative cooling; 

– the difficulty of ensuring uniform distribution of mixed fuel throughout the volume of the com-

bustion chamber. 
 

 Research object characteristics  

It is known that the creation of LTRE is largely based on the results of experimental testing of pro-

totype engines and empirical interpretation of the theoretical laws of fluid dynamics and chemical ki-

netics. The design, thermodynamic and gas-dynamic calculations of the demonstrator engine chamber 

were carried out according to the educational methods of the Department of Aircraft Engines at Re-

shetnev Siberian State University of Science and Technology and the recommendations of JSC “De-

sign Bureau of Chemical Engineering named after Alexey Mikhailovich Isaev” using SolidWorks ap-

plication programs, Mathcad.  

The developed demonstrator engine has the following technical characteristics: 

– thrust P = 200 Н; 

– oxidizer  О2 (oxygen – gas , Т = 298 К); 

– fuel  СН4 (methane - gas , Т = 298 К); 

– oxidizer mass flow  ṁо = 0,04316 kg/s; 

– mass fuel consumption  ṁг = 0,02439 kg/s; 

– combustion chamber pressure  pk = 1 MPa ; 

– nozzle exit pressure  pа = 0,00085 MPa ; 

– engine specific impulse  Jу = 2960 m/s. 

The design of the engine chamber is made in the form of two monoblocks – the mixing head and 

the chamber body (Fig. 1), connected to each other by argon arc welding. The capabilities of SLM 

technology made it possible to carry out a complex design of the mixing head without making assem-

bly units – nozzles, the topological optimization of which made it possible to additively print them in 

the form of holes with jet and tangential (centrifugal) supply of components to the zone of atomization 

and mixture formation.  
 

           
 

Рис. 1. 3D-модели корпуса камеры и смесительной головки 
 

Fig. 1. 3D models of the chamber body and mixing unit 

 

3D printing equipment  

The production of the engine using 3D printing technology was carried out by the industrial partner 

of the university, Polychrome LLC, on an ASTRA 420 printer, which was developed and manufac-

tured at this enterprise (Fig. 2). 

A special feature of the ASTRA 420 printer is the implementation of innovative solutions in dy-

namic modulation of the laser spot with the ability to adjust the laser power, which allows you to 

achieve high speeds for building parts. The ASTRA 420 3D printer can be used to solve complex pro-

duction problems, in the manufacture of 3D parts and conducting research work  [6; 7].  

The ASTRA 420 3D printer has the following technical specifications. 
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Build chamber options:  

– build chamber size  – 420×420×280 mm; 

– working stroke of the vertical movement table  – 280 mm; 

– table moving step  – 1 mkm; 

– repeatability per table stroke  – 5 mkm; 

– applying a layer of powder on the construction table – from  20 mkm (with a step 1 mkm). 

Laser and optical system parameters: 

– continuous IR laser, wavelength  – 1080 nm; 

– laser radiation power – 500 W ; 

– positioning accuracy of the galvanic scanner (at the edges) – no more  10 mkm; 

– exposure speed – 20–2000 m/s ; 

– laser spot modulation – from 40 mkm to 2 mm ; 

– laser spot modulation speed – less than 0.2 s . 
 

 
 

Рис. 2. 3D-принтер ASTRA 420. Внешний вид 

 

Fig. 2. 3D printer ASTRA 420. Appearance 

 

The software includes a control program and a task preparation program. The first allows you to set 

technological parameters for completing a task, control all processes associated with the operation of 

the printer, and set movement trajectories laser spot, its modulation, control the task being performed 

and video record the process of building the part. The second includes software for processing STL 

files (geometry optimization, construction of support elements, cutting into layers).  

The technical capabilities of the printer allow you to perform high-quality 3D printing CAD models 

using layer-by-layer selective laser melting from powders of non-ferrous metals, all types of steels, 

titanium, nickel, cobalt-chromium alloys and other metal materials [8]. 

 

Development of 3D printing technology  

On order to increase the practical orientation of the scientific and educational project, bringing it 

closer to the requirements of real production, the main design, production and technological activities of 

the project were carried out taking into account the recommendations of the “Technological support sys-

tem for the development and production of products”, which is accepted in the aerospace industry.  

In particular, the general methodology for technological preparation of production was used, set out in 

Application standard 92-4718-86 “Organization of technological development and launching of new 
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products production” and Application standard 92-4928-90 “Basic provisions for the organization and 

management of technological preparation of production process”. 

The SLM process belongs to the class of powder technologies [9]. The basic principle of SLM 

technology is to apply a thin layer of powder (20–80 microns) onto the construction table, followed by 

melting of a programmatically selected part of the layer of the part being built with a laser beam spot. 

Next, the construction table is lowered to a given height and the next layer of powder is applied to it. 

The selective melting process is then repeated. The process of constructing large-sized parts using 

SLM technology in automatic continuous printer operation mode can take up to 300 hours, depending 

on the size and configuration of the parts.   

At the first stage of the project, in accordance with the logic of scientific research, a set of experi-

mental work was carried out to test the manufacturing modes on an ASTRA 420 3D printer of an 

RDMT camera from the model powder material Silumin RS-300. The choice of this material is ex-

plained by its plasticity, low melting point and low cost. The manufactured copies of the demonstrator 

camera were subjected to various types of research and testing in laboratory and production condi-

tions.  

As a result, it was established that the technical characteristics of the printer ensure the implementa-

tion of innovative solutions and dynamic modulation of the laser spot with the ability to adjust the laser 

power, which allows you to achieve high speeds for building parts and, therefore, begin printing a cham-

ber from the heat-resistant austenitic alloy Inconel 718. 

Inconel 718 powder was selected for the chamber body and LTRE mixing head. It is known that 

this material was developed and patented in the USA by the author Eiselstein in 1962 [10] and is cur-

rently widely used in the aerospace and mechanical engineering industries of foreign countries. In the 

domestic industry, PR-08ХН53БМТУ powder is used for additive technologies Material specifica-

tion(MS) 1479-704-5689-2016, which in its chemical composition is an analogue of the Inconel 718 

alloy. The powder is produced by spraying the melt with an inert gas – high-pressure nitrogen. The 

shape of the powder particles is predominantly spherical. Manufacturer LLC "Grankom".  

Previously, research work was carried out to study the melting characteristics of this powder and 

select printing modes. Selected modes for printing single tracks and continuous printing of samples . 

The selection of modes began with a series of printing 48 samples of hollow cells in single tracks to 

determine the optimal combination of laser beam spot diameter, scanning speed and laser power. In 

the first batch of 12 samples, the spot diameter and scanning speed remained static while the laser 

power was varied in 15 W increments. In the second batch the speed was changed, in the third the spot 

diameter was changed. In the final batch, all three parameters were changed proportionally in small 

increments in order to determine the optimal printing mode. The results were studied using an Insein 

Li Fung microscope with a magnification of x10-300. The track thickness, its integrity, stability and 

strength were visually assessed. 

The next stage of the experiments was printing three-dimensional images. The pattern (geography 

of filling) of the laser beam, idle speed, internal distance from the contour and step between tracks 

were added to the parameters established in previous experiments. The orientation of the sample in 

space is also important, but when working with small samples this can be neglected. The results were 

recorded using a microscope, and strength and porosity were assessed visually. Experiments have 

shown that a layer spacing of 150 µm provides the best filling and low porosity.  

Balancing all of the above parameters is a primary task in SLM printing. Deviation of the mode in 

any direction will lead to an insufficient amount of energy supplied to the working surface and, conse-

quently, to lack of fusion and increased porosity. The parameters can be selected based on the volume 

of the part: thin areas, with a small scanning area per layer, can be printed relatively quickly without 

the risk of porosity, and for areas of large accumulation of material, a suitable pattern is selected that 

will not cause overheating at the same speed. Regardless of the geometry of the part, in order to avoid 

the accumulation of internal residual stress, the scanning direction on each layer changes by 90° rela-

tive to the previous one. 
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The mixing head differs from the combustion chamber body in its massiveness and large accumula-

tion of material throughout the entire volume. To print such a product, it was decided to manually 

segment it into components that would be printed sequentially in a prescribed order. This method pre-

vents overheating on the surface while maintaining print speed. The LTRE combustion chamber was 

also segmented – the top and bottom of the combustion chamber were a thin-walled cylinder and cone 

that were printed as normal. The area that requires changing the parameters is the critical section, lo-

cated at the junction of two chamber zones. This area was printed using an alternate print pattern as 

described above to avoid overheating. It was decided to install both models vertically, since this orien-

tation provided the least amount of internal vertical surfaces. Supports were installed from the table to 

the lower surface of the parts in combination with heat sinks for reliable fixation  

Thus, the parameters for printing the first LTRE sample and the mixing head were obtained, pre-

sented in the table.  

 

Printing operating modes of LTRE combustion chamber and mixing head  
 

The combustion chamber  

Segment 
P, W V, mm/s D, mkm Step, mkm 

Idle speed, 

mm/s 
Pattern 

Before the critical sec-

tion  

Bidirectional opti-

mized  

Critical section  Unidirectional  

After the critical sec-

tion 

300 600 190 150 600 

Bidirectional opti-

mized  

Mixing head  

Segment P, W V, mm/s D, mkm Step, mkm 
Idle speed, 

mm/s 
Pattern 

Outer layer (1.5 mm)  
Unidirectional opti-

mized  

Inner layer  

300 600 190 150 600 

Cells 

 

Testing of the first sample revealed the presence of porosity and leakage in the critical section area. 

Before printing the second sample, a series of additional experiments were undertaken to select the 

optimal mode for printing the critical section separately. As a result, this segment was once again di-

vided into two equal parts, which were printed with two different patterns. The use of this approach 

when printing a working sample showed positive results. Porosity decreased significantly throughout 

the entire volume of the sample.  

The above technique was applied to print the mixing head. Segmentation and delamination of the 

model showed a positive result; the sample had low porosity. At this stage of work, optimization of 

printing time was not carried out. Printing time for the camera body – 3 days, mixing head – 2 days. 

 

Post-press technology  

The shaping of chamber parts is the initial and at the same time the most critical stage of the overall 

technological process of manufacturing LTRE. According to some information, based on the experi-

ence of producing experimental rocket and space technology products, including the experience of the 

authors of this article, post-printing costs can account for more than one third of the total amount of 

labor costs for the production of 3D printed parts and assembly units.  

Post-printing technology is developed taking into account the physico-chemical, mechanical, tech-

nological and other properties of the source material Inconel 718.   

The manufacturer of the powdered material recommends heat treatment of parts made by 3D print-

ing - hardening in a vacuum, followed by cooling in an oven while maintaining a vacuum environment 

and further blowing with argon. Printed chamber bodies, mixing heads and plate samples were sub-

jected to heat treatment.  



 

 
 

Раздел 2. Авиационная и ракетно-космическая техника 
 

 689 

Heat treatment was carried out in a vacuum furnace SECO/WARWICK 10 VPT-4050/48 HV  

(Fig. 3) of the partner enterprise JSC “Krasmash”. The vacuum oven is certified to perform similar 

types of heat treatment.  

The heat treatment modes are as follows : 

– residual pressure (vacuum) in the furnace  Р = 10
–2

 kg/sm
2
; 

– heating speed – 20 degrees/min  (~50 min); 

– heat treatment temperature t = 1060 °C ; 

– exposure – 60 min . 

 

 
 

Рис. 3. Вакуумная печь SECO/WARWICK 10 VPT-4050/48 HV 

 

Fig. 3. Vacuum furnace SECO/WARWICK 10 VPT-4050/48 HV 

 

After cooling the parts to a standard room temperature t = 20 °C, they were subjected to abrasive 

treatment (sandblasting) using artificial abrasive – F-120 electrocorundum at an air-abrasive mixture 

pressure P = 4 kg/cm2 for 5–8 minutes. 

A study was conducted of the influence of the 3D printing process on the chemical composition of the 

source material. Non-heat-treated and heat-treated printed samples were studied. The study was carried 

out in the mass spectrometry laboratory of JSC Krasmash using a 67A1053 HITACHI PMI-MASTER 

UVR spectrometer. As a result of the research, it was established that the chemical composition of the 

samples meets the requirements stated by the manufacturer in the certificate of the Inconel 718 material, 

and also meets the requirements of the foreign stan-

dard AMS 5663M. Thus we can conclude that the 

process of selective laser melting and subsequent 

high-temperature heat treatment does not affect the 

chemical composition of the material and does not 

lead to a change in the balance of alloying elements of 

the alloy. 

Metallographic analysis was carried out by view-

ing microsections of heat-treated and non-heat-

treated samples after etching in a special reagent on a 

NICON ECLIPSE MA200 microscope at a magnifi-

cation of 50 to 1000 times in a research laboratory. 

skom center of JSC “Krasmash”. 

It was established that the structure of the micro-

structure of the material without heat treatment in 

some areas has structural banding (Fig. 4), due to the 

 
 

Рис. 4. Микроструктура материала  

без термообработки 
 

Fig. 4. Material microstructure  

without heat treatment 
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manufacturing method by layer-by-layer laser fusion. The microstructure of the samples is austenite 

with precipitates of intermetallic compounds (such as the γ`-phase). In the microstructure of samples 

without heat treatment, grain boundaries are not detected. The grain sizes of heat-treated samples cor-

respond to those for alloyed austenitic steels and alloys.  In the non-heat-treated material, single local 

discontinuities with spherical particles are observed, there are defects in the form of oxide films with a 

length of 0.06–0.35 mm and areas of pore accumulation with a size of 0.015–0.085 mm. In heat-

treated samples, such defects are not clearly visible, but microporosity is preserved (in smaller sizes). 

The results of metallographic analysis are in sufficient agreement with the studies of other authors 

[11–13]. 

In order to more accurately identify spatial defects in the material of printed products, radiographic 

inspection of engine chamber housings was carried out. The studies were carried out in areas accessi-

ble for control using a YXLON MG-103 X-ray machine. At the same time, discontinuities in the form 

of individual point voids with dimensions 0.3–1 mm and ring discontinuities with an intensity of 0.1–

0.2 mm elongated along the printed layers with a deterioration in print quality in the zone of the criti-

cal section of the nozzle and an increase in porosity in areas measuring 0.5–2 mm [14] . 

The roughness control of the internal and external surfaces of the camera body was carried out us-

ing a Surftest SJ-201 device, which has a verification certificate from the State Regional Center for 

Standardization, Metrology and Testing. Due to the lack of a standard technique and special devices 

for measuring actual roughness values, the most characteristic areas were identified on the internal 

surfaces of the supersonic part of the nozzle and the cylindrical part of the combustion chamber.  

A total of 7 areas are allocated, accessible for control using universal means included in the device. As 

a result measurements, actual roughness values were obtained in the range Ra = 14.4–23.84 μkm, 

which significantly exceed the roughness parameters of the internal surfaces of liquid-propellant 

rocket engine chambers accepted in rocket engine construction (Ra = 2.5–3.6 μkm). Thus, the next 

task in developing the optimal finishing technology for the LTRE camera is choosing a method to im-

prove the quality of product surfaces.  

One of the effective and proven methods in the mass production of shells of rocket engine cham-

bers is electrochemical polishing (hereinafter referred to as electropolishing), which is based on the 

intensive dissolution of microprotrusions of surface roughness and the slow dissolution of cavities  

[15; 16]. The processing process was carried out in a cathode-anode bath with a solution of sulfuric 

acid (H2SO4), phosphoric acid (H3PO4) and chromic anhydride 

(CrO3) in a certain concentration of each substance. Processing 

modes have been experimentally selected for chamber bodies and 

mixing heads:  

– voltage  V = 8,8 V; 

– current magnitude I = 90–40 А; 

– time of processing  t = 4–6 min. 

Next, washing operations were carried out in cascade baths with 

cold and hot water, clarification in a solution of nitric acid (HNO3), 

and neutralization in a solution of calcium carbonate (Na2CO3). 

Roughness control was carried out by comparison with a standard 

(roughness sample) and showed acceptable convergence of actual 

roughness parameters to the requirements of the drawing. 

In accordance with the research program, the physical and me-

chanical parameters and characteristics of printed products were de-

termined  (breaking point σв, yield σ0,2, modulus of rigidity Е etc.), 

hardness measurements on samples, vibration tests, strength and 

tightness tests. A description of the methods and these studies results 

analysis is not provided in this article. Separately, it should be noted 

that during leak testing of the first of the printed samples of the cam-

 
 

Рис. 5. Камера РДМТ в сборе 

 

Fig. 5. LTRE chamber assembly 
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era body, a leak was detected in the critical section area. This confirms the conclusions about the de-

veloped porosity of the material of this sample during X-ray inspection. As shown in one of the previ-

ous sections of the article, adjustments were made to the printing modes, ensuring the tightness of the 

products printed further.  

At the end of the technological process of post-printing processing, mechanical preparation of the 

joining surfaces and manual argon arc welding of the camera body and mixing head were carried out.  

Welding was performed with a non-consumable tungsten electrode with a filler wire with a diameter 

Ø1,5 mm, printed from Inconel 718 powder on 3D printer. Due to the lack of recommendations in the 

industry's regulatory and technological documentation for welding printed parts made of this material, 

welding modes were tested on printed flat and cylindrical simulator samples.  

Figure 5 shows the assembled LTRE chamber: threaded fittings for supplying fuel components are 

installed and welded onto the mixing head. The quality of welded joints is checked by leak testing us-

ing the “aquarium” method. A socket is installed on the lower cylindrical section of the combustion 

chamber to secure the thermoelectric sensor. A spark plug is installed in the central hole of the mixing 

head using a threaded connection with a metal seal. . 

 

LTRE Bench Tests  

When creating new designs of rocket engines, developing and implementing innovative technolo-

gies for their industrial production, bench fire tests are carried out, which are the main means of 

checking the validity of the adopted design and technological decisions, monitoring the specified de-

sign parameters and characteristics of the work process, assessing the performance and reliability of 

products  [17; 18]. 

For this purpose, during the implementation of the project, a test bench complex was developed 

and manufactured on the territory of the “Ustanovo” suburban testing ground (Fig. 6). The test bench 

includes the following systems:  

– fuel component supply system. It consists of two parts: an oxidizer supply system and a fuel sup-

ply system. Structurally, these systems are made separately in the oxidizer and fuel compartments. The 

compartments are subject to requirements for the tightness of the systems, the use of materials that do 

not react with fuel components and prevent sparking during the operation of the stand. The system 

includes two high-pressure cylinders with oxygen gas and methane gas, lines for supplying fuel com-

ponents made of stainless steel, and gas reducers; 

– ignition system of fuel components in the combustion chamber. Consists of power supply unit 

and spark plug 6213 NGK SILMAR9A9S; 

– measurement system. This system is the most important when conducting bench tests, since it is 

from the results of measuring a wide range of parameters of the propulsion system that both the condi-

tions for conducting bench tests and the operation of the engine are determined. It includes a draft 

measuring device, pressure and flow sensors of components. In this regard, the measurement system 

must perform the function of visual monitoring of the main parameters of the engine and the stand, 

remote measurement according to a given program, storing information on media, and also ensure 

high accuracy and safety of measuring instruments and have high noise immunity of its measuring 

instruments;  

– control system. Designed for automatic starting, changing operating and stopping modes, auto-

matic control of some basic engine parameters. When critical values are reached, it gives a signal and 

also provides, if necessary, an emergency stop, automatic control of pipeline valves and maintenance 

of specified pressures. When performing preparatory and final operations, manual control of the stand 

elements is used; 

– safety system. Explosion and fire safety of the stand consists of dividing the stand into compart-

ments of a chamber, oxygen cylinders, methane cylinders, control lines, fire extinguishing equipment, 

as well as emergency stop control . 
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Рис. 6. Общий вид рабочей зоны стендового испытательного комплекса 

 

Fig. 6. General view of the bench testing complex working area 

 

The first fire bench tests of a low-thrust rocket engine manufactured using additive technologies 

(code name: LTRE “Fakel-1”) took place on September 15, 2023 (Fig. 7). In accordance with the devel-

oped and approved test cyclogram, five starts were carried out with a working cycle duration of 1.5 s, 

followed by purging of the lines with air for 180–300 s. A stable appearance of a torch at the nozzle exit, 

a stable cut-off of the supply of fuel components and the cessation of combustion of the mixture of com-

ponents in the combustion chamber were recorded. The thrust measuring device measured the engine 

thrust, which approximately corresponds to the calculated value Р = 200 Н (20 kg).  

In order to guarantee the safety of personnel and test bench equipment, the supply pressure of gaseous 

components at the engine inlet was reduced by 35–40% compared to the design pressure in the combus-

tion chamber  (рк = 1 МPa). In this case, the achieved thrust value at reduced pressure should be ex-

plained by the operation of the nozzle in the overexpansion mode, since the ambient barometric pres-

sure  (conditionally рн = 0,1 МPa) significantly exceeds the calculated pressure of the gas flow at the 

nozzle exit  (ра = 0,00085 МPa).  

 

 
 

Рис. 7. Огневые испытания РДМТ 

 

Fig. 7. LTRE fire test 

 

After dismantling, a visual inspection of the condition of the engine surfaces was carried out (visual 

defect detection of the product – according to industry terminology). During an external inspection of 

the external and internal surfaces of the engine (in accessible places) using local illumination and a 
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standard technical magnifying glass of four times magnification, no surface damage was found that 

would prevent repeated testing.  

 

Conclusion 

In the process of implementing the scientific and educational project “Development, production by 

selective (additive) laser alloying and testing of a low-thrust demonstrator rocket engine operating on 

environmentally friendly fuel,” a significant amount of research, development, and educational and 

laboratory work was carried out to study and the practical application of innovative additive technolo-

gies, which have great potential for the accelerated development of the rocket and space industry.  

Project participants, including students from Reshetnev University, gained new knowledge and 

skills in conducting practical work in the field of mechanical engineering and metallurgical produc-

tion, metrology, assembly and installation operations, laser, electrochemical and other technologies 

used in rocket engine construction. New professional competencies were obtained that contribute to 

the intellectual development of Reshetnev University students – future specialists of aerospace indus-

try enterprises. 

At the same time, it should be concluded that the use of additive 3D printing technologies in the 

manufacture of complex and highly loaded rocket and space technology products requires a large 

complex of scientific research and production and technological tests to confirm the stability of char-

acteristics and reliability indicators with subsequent certification of the innovative technology for 

compliance with the requirements.  
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В данной работе рассмотрена конструкция двух камер сгорания газотурбинного двигателя, ра-

ботающего на природном газе. В одной камере сгорания имеется 32 горелки, в другой – 136 форсу-

нок, расположенных в два яруса во фронтовом устройстве. 

Основным фактором, влияющим на глобальное потепление, считаются значительные объемы 

выбросов парниковых газов, в первую очередь углекислого (СО2), выделяющихся в том числе  

при работе газотурбинных двигателей и энергетических установок. Снижение уровня СО2 путем 

формирования набора конструктивных мероприятий в камере сгорания – одна из актуальных  

задач двигателестроения, которую необходимо решить для удовлетворения современных экологи-

ческих требований, предъявляемых к газотурбинным двигателям, служащим приводами нагнета-

телей газоперекачивающих агрегатов. Представленное исследование посвящено анализу влияния 

изменения конструкции камеры сгорания на снижение уровня СО2 в выхлопных газах газотурбинно-

го двигателя НК-16СТ. Рассмотрено две модификации. Первый вариант – серийная камера  

сгорания с организацией диффузионного горения, второй – модернизированная с измененным 

фронтовым устройством. Каждая из рассмотренных камер была испытана в составе двигателя. 

Во время исследования непосредственно в шахте выхлопа производился отбор продуктов сгорания 

и определялись их концентрации, в том числе содержание СО2. В результате проведенных работ 

была подтверждена возможность уменьшения уровня концентрации СО2 в продуктах сгорания 

двигателя до 20 % без ухудшения его параметров. Такого эффекта удалось достигнуть за счет 

снижения полноты сгорания топлива в камере сгорания. Полученные данные по изменению кон-

центрации СО2 могут быть полезны при выборе наиболее подходящего режима работы двигателя 

во время его эксплуатации, а представленные подходы к организации процессов горения – использо-

ваны разработчиками при проектировании камер сгорания газотурбинных двигателей на природ-

ном газе. 

 

Ключевые слова: выброс углекислого газа, камера сгорания, газотурбинный двигатель, продукт 

сгорания, газоперекачивающий агрегат. 
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This paper considers the design of two combustion chambers of a gas turbine engine running on natural 

gas. One combustion chamber has 32 burners, and the other has 136 nozzles located in two rows in the 

flame tube head. 

A major contributor to global warming is considered to be the significant emissions of greenhouse gas-

es, primarily CO2, including those emitted by gas turbine engines and power plants. The reduction of car-

bon dioxide levels by developing a set of structural measures in the combustion chamber is one of the ur-

gent tasks of engine construction which requires a solution in order to meet modern environmental re-

quirements for gas turbine engines serving as blower drives for gas compressor units. The presented re-

search is dedicated to the analysis of influence of changes in combustion chamber design on reduction of 

CO2 level in exhaust gases of gas turbine engine NK-16ST. Two modifications of the combustion chamber 

are considered. The first one was a serial combustion chamber with diffusion combustion; the second one 

was a modernized combustion chamber with a modified front device. Each of the chambers considered was 

tested as part of the engine. During the study, combustion products were sampled directly in the exhaust 

tower and their concentrations, including the CO2 content, were determined. As a result of this work, it was 

confirmed that there is a possibility to reduce the concentration of CO2 in the engine combustion products 

up to 20 % without affecting the engine parameters. This reduction in carbon dioxide content was made 

possible by reducing the completeness of fuel combustion in the combustion chamber. The obtained data on 

changes in CO2 concentration can be useful in selecting the most suitable mode of engine operation, and 

the presented approaches to combustion processes organization can be used by developers in designing 

combustion chambers of natural gas-fired gas turbine engines. 
 

Keywords: carbon dioxide emission, combustion chamber, gas turbine engine, combustion product, gas 

compressor unit. 

 

Introduction 

A combustion chamber is one of the main elements that determine the reliability and efficiency of 

gas turbine engines (GTE). The operating process of a combustion chamber of a GTE is very complex 

and is determined by many factors: aerodynamics of air and gas flows, nature of fuel supply and its 

mixing with air and vaporisation, ignition, flame stabilisation, mass and heat exchange conditions, 

combustion patterns along the length of a combustion chamber. Despite significant differences in the 

general layout and great diversity in the design of individual elements of combustion chambers of var-

ious engines, they are based on common principles of the organisation of the working process [1]. 

A peculiarity of the combustion process in a gas turbine engine is that the total composition of the 

fuel-air mixture lies outside the flammability limits, and the cycle temperature is below the instantane-

ous ignition temperature of any hydrocarbon fuels. Combustion in the engine occurs in the air flow, 

the velocity of which is much higher than the flame propagation velocity of hydrocarbon fuels. The 

flow velocity in combustion chambers of stationary engines is 30-80 m/s, aviation engines is up to 50-

120 m/s. In addition, combustion must occur in a very limited volume, therefore with a high rate of 

heat release at rapid mixing and combustion processes. Irrespective of these limitations, the engine 

must ensure stable combustion, high combustion completeness, flammability and low toxic emissions. 

At present, the issues of reducing greenhouse gases, in particular, CO2 emissions in the exhaust 

gases of GTEs are relevant for power engineering and gas transport industries. Of particular interest is 
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the influence of combustion process in the combustion chamber on CO2 formation depending on GTE 

operation modes [2]. 

Modern gaseous fuels are a mixture of various hydrocarbon compounds. The conditional chemical 

formula of such fuels can be represented as follows: CmHn; for the methane m ~1, n ~4. 

In technical calculations atmospheric air is taken as a mixture of nitrogen and oxygen, then the 

conventional chemical formula of air can be represented by the ratio (О2 + 3.76N2). The ratio 3.76 

shows that the air contains approximately 3.76 nitrogen molecules per 1 oxygen molecule. 

The chemical reaction of hydrocarbon fuel oxidation in air can be written symbolically as a stoi-

chiometric equation 

 

4CmHn + (4m + n)·(O2 + 3.76N2) = 4mCO2 + 2nH2O + 3.76(4m + n)N2.                   (1)    

 

The stoichiometric equation is written under the assumption of complete conversion of fuel into the 

main products of combustion and complete chemical inertness of atmospheric nitrogen.  The stoichi-

ometric equation provides a macroscopic description of the fuel oxidation process and makes it possi-

ble to determine such important characteristics as the stoichiometric ratio for the fuel L0 and the com-

position of the products of complete combustion, namely: 

  
  20.2

0

4 3.76 34.32(4 ) kg of air
,

4( ) 12 kg of fuel

N

c М

m n m n
L

m n m n

    
 

   
                           (2) 

where µ is molecular weight of the respective substance, 

 2CO

4 100
%,

4 2 3.76 4

m
C

m n m n




  
                                                (3) 

 2Н O

2 100
%,

4 2 3.76 4

n
C

m n m n




  
                                                (4) 

 2N

3.76(4 ) 100
%.

4 2 3.76 4

m n
C

m n m n

 


  
                                                  (5)

 

For the methane m = 1, n = 4, then 

2 2 20 СО Н О N17.2;  9.5;  19;  71.5 %.L С С С   
 

In the process of oxidation of carbon-containing fuels, carbon monoxide CO is formed as an inter-

mediate substance. The conversion of CO into CO2 is determined to a greater extent by the elementary 

reaction [3] 

CO + ОН → CO2 + Н.                                                          (6) 

 

Since this reaction is the only one that determines the conversion of CO into CO2, it can be con-

cluded that all the carbon originally contained in the fuel is converted into CO2. It follows that the con-

tent of CO2 in the combustion products will be determined by the completeness or incompleteness of 

its oxidation reaction. 
 

 

Study object 

To determine the influence of combustion chamber design on the CO2 content in the combustion 

products, two types of combustion chambers are being considered in this paper. One is a serial one for 

the NK-16ST engine, the other is for the NK-16-18ST engine. 

The diffusion principle of fuel combustion is organised in the serial combustion chamber of the 

NK-16ST GTE. The chamber (Fig. 1) consists of outer 1 and inner 2 casings, collector 3, pipelines 4 
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for fuel supply from the collector to the nozzles 5, flame tube 6 including casings 7 with applied holes 

8 and mixer nozzles 9. The annular front device 10 accommodates 32 swirl burners 11. The flame tube 

(annular) consists of annular sections, between which an annular channel for supplying cooling air is 

formed, which provides convective-film cooling of the walls [4]. 

 

 

 
 

Рис. 1. Камера сгорания двигателя НК-16СТ 
 

Fig. 1. Combustion Chamber of the Gas-turbine Engine NK-16ST 

 

 

In each swirl burner, an individual fuel gas supply is carried out by means of nozzles providing a 

jet gas supply [5]. 

The flame tube front device of the NK-16-18ST GTE (Fig. 2) contains an annular head 1 including 

an outer and inner fuel manifold 2. On the wall of the outer fuel manifold four inlets are evenly lo-

cated, necessary for gas feeding into the inner cavity of the manifolds. The cavities of the manifolds 

are connected by means of channels 3 arranged in the front device. There are also staggered shaped 

windows 4 with a central hole and nozzle mounting posts 5 [6; 7]. 
 

 

 
 

Рис. 2. Камера сгорания двигателя НК-16-18СТ 
 

Fig. 2. Combustion Chamber of the NK-16-18ST Gas-turbine Engine  

 

 

Each chamber was tested as part of a gas turbine engine. The stand (Fig. 3), where the engine was 

installed, consists of an air inlet equalising pipe, the inlet of which is protected by a protective mesh. It 

is necessary to prevent the ingress of foreign particles into the the engine block. In order to transport 

the exhaust gases to the exhaust tower, an exhaust unit is installed in the exhaust part of the engine. An 

air compressor (pneumatic brake) was used as a loading device of the free turbine [8]. 
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Рис. 3. Схема стенда 
 

Fig. 3. Scheme of the Stand 

 

The stand is equipped with necessary measuring instruments. It has an oil system for lubrication of 

engine supports and units during testing. To ensure starting and fuel gas supply to the fuel supply ele-

ments, the stand contains a gas system. The engine parameters are monitored and its operation modes are 

adjusted from the control panel equipped with the monitors on which the measured parameters are dis-

played [9]. 

 

Test results 

During the tests, the engines were started and reached the modes necessary for building the throttle 

characteristic. At modes higher than 10 MW, in accordance with the standard [10], combustion prod-

ucts were sampled in the exhaust tower and the concentrations of toxic substances in them were de-

termined. 

A gas sampling probe immersed in a special window made in the wall of the exhaust tower was 

used for sampling, and the Testo 350 gas analyser was used to determine the concentration of toxic 

components in the combustion products. The measured value of oxygen (O2) concentration in the 

combustion products is used to calculate the CO2 content: 
 

 
    2max 2

2

CO 21 O
CO

21

c c
c


 ,                                               (7) 

 

where c(CO2 max) is a maximum concentration value CO2, %; 21 is O2 concentration in the air, %; c(O2) 

is measured O2 concentration in combustion products, %. 

According to the high speed of the instrument, the time of one measurement was 40 seconds. The 

data processed by the gas analyser were displayed on the screen and also recorded using a printing 

device embedded into the gas analyser [11]. 

To convert mass concentrations of CO2 from % to g/m
3
, a number of conditions are assumed: the 

temperature of exhaust gases is 618.15 K, the pressure of exhaust gases is equal to atmospheric pres-

sure under normal conditions and corresponds to 101 325 Pa. 



 

 
 

Сибирский аэрокосмический журнал. Том 24, № 4 
 

 702 

The volume of one mole of carbon dioxide at a temperature of 618.15 K is calculated using the fol-

lowing formula 

2 2CO COG N

G
m T m T

N

T
V V

T

 
  

 
                                                         (8) 

and it is 50.69 litres, where GT  = 618.15 K, NT  = 273.15 K, 
2CO Nm TV  = 22.40 litres is the volume of 

one mole of CO2 at a temperature of 273.15 K.  

Since the mass of one mole of CO2 2COmМ  is 44 grams, the mass of 1 litre will be calculated ac-

cording to the ratio 
2 2CO CO Gm m TМ V  and it will be 0.868 g/l. The volume of 1% of 1 m

3
 is 10 litres. It 

follows that the mass of 1 % of 1 m
3
 is 10 litres ∙ 0.868 g/l and equals 8.68 g [12]. 

The data on CO2 content in combustion products in % and g/m
3
 depending on the engine operation 

mode are summarised in the table. 

Fig. 4 shows that with increasing engine operation mode, the content of CO2 in the exhaust gases 

rises, which is associated with an increase in fuel and air consumption with power gain, and conse-

quently with an increase in the consumption of combustion products. 

In exhaust gases of the NK-16ST engine the level of CO2 carbon dioxide content is lower by  20 

% compared to the NK-16-18ST engine. 

If we adhere to the earlier assumption that the only mechanism of CO2 reduction is incomplete oxi-

dation reaction, then CO2 reduction should lead to an increase in CO emissions, which is confirmed by 

the measurement data (Fig. 5). 
 

 
  
 

Рис. 4. Содержание углекислого газа СО2  

в продуктах сгорания: 

♦ – двигатель НК-16СТ и ■ – двигатель  

НК-16-18СТ 
 

Fig. 4. Content of CO2 carbon dioxide  

in combustion products: 

♦ – engine NK-16CT and ■ – engine NK-16-18CT 

 

Рис. 5. Содержание оксидов углерода CO  

в продуктах сгорания: 

♦ – двигатель НК-16СТ и ■ – двигатель  

НК-16-18СТ 
 

Fig. 5. Content of carbon oxides  

in combustion products: 

♦ – engine NK-16CT and ■ – engine NK-16-18CT 

 

For the further analysis, the CO2 mass concentrations for each operating mode of NK-16-18ST and 

NK-16ST engines are presented and converted into g/m
3
 using the previously derived ratio of 1% = 

8.68 g/m
3
. 

CO2 content depending on engine operation mode 
 

NK-16-18ST 

 nLPc Nc CO, ppm CO2, % CO2, g/m
3
 

1 4900 10.515 41 1.71 14.84 

2 5100 13.577 26 1.89 16.41 

3 5250 16.064 18 2.00 17.36 

4 5350 18.201 15 2.10 18.22 

5 5450 20.133 13 2.20 19.09 

6 max 22.011 13 2.25 19.53 
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End of Table 
 

NK-16ST 

 NLPc Nc CO, ppm CO2, % CO2, g/m
3
 

1 4900 9.69 210 1.49 12.93 

2 5100 12.66 171 1.64 14.24 

3 5250 15.451 136 1.76 15.28 

4 5350 17.61 115 1.88 16.32 

5 max 18.864 102 1.95 16.93 

 

From Fig. 4 and the table it can be seen that the NK-16ST engine with a commercially available 

combustion chamber has a lower CO2 concentration level than the NK-16-18ST engine with a com-

bustion chamber having a multi-nozzle front device [13]. 

To calculate the completeness of fuel combustion the following dependence was used [14]: 
 

4

3
CO CH1 (0.20175 ) 10 ,G EI EI                                                     (9) 

 

where EICO is a carbon monoxide emission index; EICH4 is a methane emission index; the value 

0.20175 is a coefficient that takes into account the ratio of the net calorific value of carbon monoxide 

CO
NQ  to the lower calorific value of methane 4CН

NQ , which are CO 10096NQ   kJ/kg and 4CН
50042NQ   

kJ/kg. 

 

 
 

Рис. 6. Полнота сгорания топлива на различных режимах: 

♦ – двигатель НК-16СТ, ■ – двигатель НК-16-18СТ   
 

Fig. 6. Completeness of Combustion of Fuel on various power setting: 

♦ – engine NK-16CT and ■ – engine NK-16-18CT 

 

The emission indices iEI  for carbon monoxide and methane are calculated using the equation 

3
0(1 ) 10 ,i

i i i

a

EI L 
     


                                                  (10) 

where 0L  = 17.2 is a previously calculated stoichiometric methane combustion coefficient (kg of 

air/kg of fuel); i is a total or local air excess ratio; i  is a molar mass of the toxic substance to be 

determined (CO, CH4), g/mole; a  is a molar mass of the air, g/mole; i  is a volume fraction of toxic 

substance, ppm. 

The variation of combustion completeness is characterised by insignificant decrease within 0.5 % 

in the power range from 10 to 17 MW, thus at the 16 MW mode the average completeness for the NK-

16ST engine was ɳ = 0.985, for the NK-16-18ST engine - ɳ = 0.996 (Fig. 6). 

 



 

 
 

Сибирский аэрокосмический журнал. Том 24, № 4 
 

 704 

Conclusion 

The possibility of reducing the level of CO2 concentration in the engine combustion products up to 

20 % by reducing the completeness of fuel combustion in the combustion chamber was confirmed. 

The data obtained on the change of CO2 concentration with the change of engine operation mode 

can be useful in selecting the most appropriate mode to minimise CO2 during operation. 

The presented approaches to the organisation of combustion processes can be used by developers 

when designing combustion chambers of gas turbine engines operating on natural gas to minimise CO2 

emissions while ensuring CO optimum and combustion completeness. 
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Целью работы является определение параметров внутренней баллистики реактивного двига-

теля твёрдого топлива, установленного на реактивном пенетраторе, входящем в грунт с высокой 

скоростью вращения вокруг собственной оси. Методы исследования: для определения величины 

давления в камере вращающегося двигателя обычно используют известные уравнения баланса при-

хода и расхода газа, что и в случае невращающегося реактивного двигателя твёрдого топлива. 

Отличие внутренней баллистики вращающегося реактивного двигателя твердого топлива состо-

ит в том, что влияние вращения на рабочий процесс учитывается коэффициентом расхода газов 

из камеры вращающегося двигателя, изменением скорости эрозионного горения твёрдого топлива 

при вращении реактивного двигателя твёрдого топлива, коэффициентом тепловых потерь. Ре-

зультаты: установлено, что на параметры внутренней баллистики вращающихся реактивных 

двигателей твёрдого топлива основное влияние оказывают коэффициент расхода газов из камеры 

вращающегося двигателя, эффект эрозионного горения твердого топлива и изменение коэффици-

ента тепловых потерь. Приведены основные расчетные зависимости для определения давления в 

камере сгорания вращающегося двигателя твердого топлива для периодов выхода давления на 

стационарный режим работы двигателя, работа двигателя на стационарном режиме и в период 

свободного истечение газов из камеры реактивного двигателя твёрдого топлива. Представлена 

методика выбора линейных и угловых размеров сопла вращающегося двигателя. Приведена оценка 

силы тяги для одинарного сопла, вращающегося реактивного двигателя твёрдого топлива. Уста-

новлено, что величина силы тяги вращающихся двигателей (при прочих одинаковых условиях в ка-

мере сгорания) в 1,1–1,36 раза меньше, чем у невращающихся реактивных двигателей твёрдого то-

плива. Проведённые опыты показали уменьшение степени закрутки газового потока вращающихся 

двигателей твердого топлива при увеличении количества топливных шашек в заряде двигателя. 

Заключение: результаты, изложенные в статье, могут быть полезны для научных работников, 

аспирантов и инженеров, занятых созданием и эксплуатацией авиационной и ракетно-

космической техники, а также студентов технических вузов, обучающихся по соответствую-

щим специальностям. 

 

Ключевые слова: пенетратор, параметры и характеристики, вращение вокруг оси. 
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The purpose of the work is to determine the parameters of the internal ballistics of a solid propellant jet 

engine mounted on a jet penetrator entering the ground at a high rotation speed around its own axis. Re-

search methods: to determine the pressure in the chamber of a rotating engine, the known equations for the 

balance of gas inflow and consumption are usually used, as in the case of a non-rotating solid propellant 

jet engine. The difference between the internal ballistics of a rotating solid propellant jet engine is that the 

effect of rotation on the operating process is taken into account by the coefficient of gas flow from the 

chamber of the rotating engine; a change in the rate of erosive combustion of solid propellant during rota-

tion of a solid propellant jet engine; heat loss coefficient. Results: it was found that the parameters of the 

internal ballistics of rotating jet engines of solid propellant are mainly influenced by the coefficient of gas 

flow from the chamber of the rotating engine; effect of erosive combustion of solid propellant and change 

in heat loss coefficient. The main calculated dependencies for determining the pressure in the combustion 

chamber of a rotating solid propellant engine are presented for periods when the pressure reaches a sta-

tionary mode of operation of the engine, operation of the engine in a stationary mode and during the period 

of free flow of gases from the chamber of a solid propellant jet engine. A method for selecting the linear 

and angular dimensions of a rotating engine nozzle is presented. An estimate of the thrust force for a single 

nozzle rotating solid propellant jet engine is given. It has been established that the magnitude of the thrust 

force of rotating engines (under other identical conditions in the combustion chamber) is 1.1–1.36 times 

less than that of non-rotating solid propellant jet engines. The experiments carried out showed a decrease 

in the degree of swirl of the gas flow of rotating solid propellant engines with an increase in the number of 

propellant pellets in the engine charge. Conclusion: the results presented in the article can be useful for 

scientists, graduate students and engineers involved in the creation and operation of aviation and rocket 

and space technology, and can also be useful for students of technical universities studying in relevant spe-

cialties.  
 

Keywords: penetrator, parameters and characteristics, rotation around an axis. 

 

Introduction 

Theoretical and experimental studies on embedding solid bodies into the ground at the expense of 

kinetic energy accumulated outside the ground section of the trajectory show that the section of mo-

tion in the ground sometimes has a niticeable curvilinear character, in which a significant departure 

from rectilinear motion is possible, up to a complete turn of the penetrating body and movement of its 

bottom part forward. The character of motion is significantly influenced by forces, which in turn de-

pend both on the shape of the body and on the initial conditions of penetration, determined by the 

presence of the angle between the velocity vector and the axis of symmetry, as well as the angular ve-

locities of precession, nutation and proper rotation. 

When a jet penetrator with a running engine is embedded in the ground, its stability is affected (in 

addition to the above-mentioned factors) by such factors as the thrust magnitude, its eccentricity and 

the possibility of swirling motion. 

The purpose of this paper is to determine the internal ballistics parameters of a solid propellant jet 

engine mounted on a jet penetrator entering the ground with a high rotational velocity around  

its own axis. 
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To determine the pressure value in the chamber of a rotating engine, the well-known equations of 

the balance of gas inflow and outflow are usually used, as in the case of a non-rotating solid propellant 

jet engine. The difference between the internal ballistics of a rotating solid propellant jet engine is that 

the effect of rotation on the working process is taken into account [1]: 

– by the flow coefficient of gases from the rotating engine chamber  

1

1 υ

0
2

1
;

1 α
1

rot

cr

A = A
k

+
k +

 
 
 
 
 

                                                       (1) 

– by change in the rate of erosive combustion of solid propellant during the rotation of a solid pro-

pellant jet engine 

0.5ε 1 ;rot = + Bn                                                                 (2) 

– by the heat loss coefficient 

 0.4
2

1 0.16 1 tanα
χ ,

1 2ψ

cr

rot

+
=

+


                                                    (3) 

where 0А  is a flow coefficient of gases from the combustion chamber of a non-rotating solid propel-

lant jet engine. 

The value of the gas flow coefficient is determined according to the folloing dependence 

0
0 1,

T

M
A =

M


&

&
                                                                  (4) 

where 0М&  is a real (experimental) mass flow rate, taking into account all possible types of losses that 

reduce the gas flow rate through the nozzle; 
0χ

cr cr
т

p f
M =

RT
&  is theoretical gas flow rate through the 

nozzle; crp is braking pressure at the nozzle inlet; crf is a critical cross-sectional area of the nozzle; χ  

is a coefficient of heat loss; 0RT  is a reduced force of solid propellant; B = 63.7 10  at n 
310  

min

rot
; 

k is an adiabatic value; αcr  is angle of swirl of gas flow in the critical section of the engine nozzle;  

n is a number of revolutions of the rotating ground jet 

penetrator; υ  is a degree exponent in the propellant com-

bustion rate law; ψ  is a relative fraction of burnt charge. 

 

The algorithm for determining the pressure in the com-

bustion chamber of a rotating solid propellant engine 

1. Steady-state pressure at the stationary operation sec-

tion of the solid propellant jet engine. 

Fig. 1 graphically depicts the principle of stationarity of 

the operation of the rotating solid propellant jet engine. 

Here m&  is gas supply into the combustion chamber of 

the solid propellant jet engine; 0m&  and rotm&  are gas 

flow rate of the non-rotating and rotating engine, respec-

tively. 

 
 

Рис. 1. График, иллюстрирующий принцип  

стационарности 
 

Fig. 1. Graph illustrating the principle  

of stationarity 



 

 
 

Раздел 2. Авиационная и ракетно-космическая техника 
 

 709 

The graph shows that a decrease in the gas flow rate of a rotating engine leads to an increase in the 

steady-state pressure in its combustion chamber, i.e. 0.strotP P  

In this case the following equation is used for the calculation of strotP  

1

1

1

1
,

ν

strotP =
N

 
 
 

                                                               (5) 

where 1
ε

N
N = ; 

0т rot

P

RT
 

 
;  rot   is from  3 ; 2

0

rot k cr

g т т rot

A p f
N

S U RT




 
; 

       1 3 2 3 4 0   т c crU f T f p f f χ   – тU = 1 2 3 4   f f f f  is solid propellant burning speed depending 

on the charging temperature   3f Т , pressure in the combustion chamber  2 cf p , degree of swirl 

 3 αcrf  of gas flow and the Pobedonostsev criterion  4 0f χ  [2; 3]. 

Fig. 2 shows the dependence of the steady-state pressure in the chamber of a rotating solid propel-

lant jet engine on the degree of swirl of the gas flow. 

 

 
 

Рис. 2. Зависимость величины установившегося давления  

в камере сгорания от степени закрутки газового потока 
 

Fig. 2. Dependence of the steady-state pressure  

in the combustion chamber on the degree  

of swirl of the gas flow 

 

 

The calculations strotP  were performed for a real engine of a 40 mm diameter model ground jet. 

Here ∆ marks are used to indicate experimental values of steady-state pressure. A good agreement be-

tween the calculated and experimental data can be seen. 

Thus, the steady-state pressure in the chamber of solid propellant jet engine varies depending on 

the speed of its rotation around its own axis. In this case, with the increase in the degree of swirl of the 

gas flow, the value of the steady-state pressure increases, the rate of pressure build-up in the process of 

the engine entering the steady-state mode of operation decreases, and at a given propellant mass, the 

engine operation time decreases (Fig. 3). 
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Рис. 3. Типовые зависимости давления в камере сгорания для вращающихся РДТТ: 

1 – для вращающегося РДТТ; 2 – для невращающегося РДТТ; 3 – отмечается некоторое  

увеличение установившегося давления в камере для вращающихся двигателей при 
3 об

10
мин

n < ;  

4 – показана возможность появления второго максимума, величина которого больше первого 
 

Fig. 3. Typical pressure dependences in the combustion chamber for rotating solid propellant rocket engines:  

1 – for a rotating solid propellant rocket engine; 2 – for a non-rotating solid propellant jet engine;  

3 – there is a slight increase in the steady-state pressure in the chamber for rotating engines at 310n <  rpm/min;  

4 – shows the possibility of the appearance of a second maximum, the value of which is greater than the first 

 

 

It should be noted that the pressure in the combustion chamber of a rotating engine can be cor-

rected either by using an afterburning volume in its design, which increases the free volume of the 

combustion chamber, or by changing the thermal and hydraulic loss coefficients. The hydraulic loss 

coefficient can be calculated using the following formula 

 1.375
2

0 1 tg ,cr                                                                (6) 

where 0  is a hydraulic loss coefficient at one-dimensional gas flow through the pipe at 0cr  . 

The calculations show that cr  value due to hydraulic losses to the values 0,2cr   is almost un-

changed, Therefore, its reduction should be taken into account at 0.3 0.4cr   , when cr  is reduced 

by 13–35 %. 

 

2. Switching of a rotating solid propellant jet engine to steady-state mode 

When calculating the pressure-time dependence of the rotating solid-propellant engine on the 

steady-state mode of operation, as in the case of the flow rates of a solid propellant jet engine  [3; 4], 

the following parameter is determined 

 2 cr 0 1rot rot

g

A bf RT
a

W

   
 ,                                                    (7) 

where rotation is taken into account by introducing the coefficients rotA  and rot ; b and   are coeffi-

cients in the propellant combustion law; g gW uS   is gas supply to the combustion chamber; u is a 

combustion rate; gS  is a combustion surface of the propellant charge. 

After that, the total time for the solid propellant jet engine to reach steady-state is calculated 
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1

1

11
ln

1

b
р

p

a p






 


,                                                              (8) 

where p  = 0.99 is limit relative pressures in the combustion chamber in the process of the solid-

propellant jet engine reaching the steady-state mode of operation; bp  is pressure in the chamber when 

the charge is ignited. 

 

 
 

Рис. 4. Зависимость давления в камере сгорания от времени  

при выходе двигателя на установившийся режим 
 

Fig.  4. Dependence of pressure in the combustion chamber  

on time when the engine reaches steady state 

 

 
The calculations given for a 240 mm diameter rotating ground jet penetrator at swirl angles cr = 

0.1; 0.2; 0.3 showed that: 1) engine steady-state time increases by 23 % with increasing rotational 

speed at  

cr  = 0.1, by 46 % at cr  = 0.2 and by 130 % at cr  = 0.3, i.e. from 0.13 s to 0.3 s; 2) increases the 

steady-state pressure compared to a non-rotating engine. 

In order to obtain the dependence (Fig. 4), р  was first defined using the fomula (8), then three 

following values were chosen 1 , 2 , 3 , which are in the interval between р  and 0, and according 

to the value of these times the relative pressures 1p 2p 3p were determined by the formula 

 

1

1
1

1 1
a i

bip p e


     
 

,                                                     (9) 

Then pi  were recalculated into real design pressures according to the dependence: 

 stroti ip p p ,                                                              (10) 

where ip  is calculated up to p  = 0.99. 
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3. Calculation of pressure during the period of free flow of gases from the chamber of a solid 

propellant jet engine  

As in the case of calculation of the after-effect period for a non-rotating engine, the end of charge 

combustion time is determined by the formula [3-5] 

 k

e

u
  ,                                                                    (11) 

where e is a burning vault thickness; for a tubular charge burning on the outer (D) and inner (d) sur-

faces it is, in particular, equal to 

4

D d
е


 .                                                                  (12) 

Taking into account the dependence of the charge burning rate on the pressure in the combustion 

chamber, it is evident that the end of combustion time for the rotating engine will be less than the end 

of combustion time for the charge of the non-rotating engine, because the steady-state pressure of the 

rotating engine is greater than the steady-state pressure of the non-rotating engine. 

The time of full flow of gases from the combustion chamber after combustion of solid propellant is 

calculated by the following formula  

0.1
1

1
1.8

krot
fr

p

В

  
    

   
,                                                        (13) 

where 
2 01

2

rot cr rot

km

A f b X RTK
В

W


 ; kp  = 1.8 bar is the pressure in the combustion chamber up to 

which the supercritical flow formula is valid.  

The pressure dependence on the free gas flow time is determined in the following sequence: 

1) time fr  is divided into three intervals, where 1 , 2  and 3  are less than fr ; 

2) 1p , 2p and 3p are calculated by the formula ip  = 
2

1(1 )

krot

k

k
i

p

B  

. 

The curve passing through the calculation points describes the period of free gas flow from the ro-

tating solid propellant jet engine. 

Fig. 5 shows the graph of dependence of the free flow time from the rotating engine chamber on 

the degree of swirl of a 240 mm diameter ground jet penetrator. 

It was obtaned at cr > 0, 0.173 s;fr   at 

αcr = 0.1, αcr = 0.2 and αcr = 0.3, fr1τ = 0.22 s, 

fr2 0.32 s   and fr3 0.55 s  , respectively.  

It can be seen from the graph (Fig. 5) that the 

time of free flow of gases from the combustion 

chamber after the end of propellant combustion 

increases with the increment of swirl parameters 

and, consequently, the number of revolutions of the 

jet penetrator. 

 

Selection of linear and angular dimensions 

of the rotating engine nozzle 

The dimensions of a single nozzle or nozzles of 

the nozzle block of a rotating solid propellant jet 

 
 

Рис. 5. Расчётная зависимость времени истечения 

от угла закрутки газового потока РДТТ 
 

Fig. 5. Calculated dependence of the exhaust time  

on the swirl angle of the gas flow of a solid propellant  

jet engine 
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engine are selected according to the same dependences as for a transforming engine, but taking into 

account the previously established dependences and coefficients. 

Using dependences (5) for calculations of steady-state pressure in the chamber of a rotating engine, 

it is possible to find the area of the critical cross-section of the engine nozzle using the formula [1] 

0

1
2

,
r rot

cr v
rot rot

s U X RT
f

A bp

 






                                                       (14) 

4

π

cr
cr

f
d =

n
,                                                                (15) 

where n is the number of nozzles;  rot crA  ,  rot crX   are coefficients; rotp  is a design pressure at 

the engine chamber wall. 

The comparative analysis of the calculations of the supersonic nozzle part of rotating and non-

rotating engines showed that the optimum angle of the supersonic part of the rotating engine corre-

sponds to the optimum angle of the nozzle of a non-rotating solid propellant jet engine and is equal to 

20°. The experimental data presented in [1] confirm this conclusion and also show that it is necessary 

to choose a larger nozzle entrance angle in the presence of flow rotation than for a nozzle with one-

dimensional flow. 

Fig. 6 shows the experimental dependence of the single impulse Jun on half of the nozzle entry an-

gle α. The graph shows that Jun reaches a maximum at 2α = 180°, i.e., at a flat wall of the nozzle block. 

This effect is explained by the fact that the flat wall completely dampens the axial component of the 

gas flow velocity and increases its radial component, which increases the gas flow rate through the 

nozzle. 

 

 
 

Рис. 6. Зависимость величины единичного импульса  

от половины угла входа в сопло двигателя 
 

Fig. 6. Dependence of the magnitude of a unit impulse  

on half the angle of entry into the engine nozzle 

 

For a single nozzle, the thrust formula can be written as follows 

1 2rot d rot cr rotP K p f A   ,                                                      (16) 

where dK  is a thrust coefficient; crf  is a nozzle critical cross-sectional area; 1  = 0.95–0.98 is 

a velocity coefficient; 2  is a nozzle flow coefficient at gas flow without swirling;  

rotA = f  cr  is a flow coefficient for rotating gas flow. 
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Thus, knowing the laws of pressure change in the combustion chamber of a rotating a solid propel-

lant jet engine and using the above formulae for thrust force, it is possible to graphically construct 

 rotP   dependences for any type of a rotating engine [6-8]. 

The analysis of dependences for the thrust force of rotating ground jet vehicles allows us to state 

that the thrust force value of such engines will be less than that of non-rotating ones, all other condi-

tions being equal. 

The difference in thrust forces will be determined by the following ratio  

0

rot

А

А
= 

1

1

0cr

v
rotcrP

P

 
 
 

= 

1

121 α
1

v

cr

k
+

k

 
  

,                                           (17) 

then 
1

10 1
1

v

cr

rot

P k

P k

     
.                                                       (18) 

For real solid propellants υ = 0.5–0.67 at cr = 0.1–0.15 the value of thrust relations is within  

0

rot

P

P
 = 1.1–1.36, i.e. the thrust of a non-rotating engine is 10-36 % greater than that of a rotating  

engine [9–11]. 

The experimental studies of rotating solid propellant jet engines equipped with multi-ball solid 

propellant charges have shown that (unlike solid propellant jet engines with single-ball charges) pres-

sure nonuniformity in the combustion chamber is observed only in the pre-nozzle chamber. Herewith, 

the more draughts in the charge, the less is the degree of swirl both in the channel of a single draughts 

and in the pre-nozzle block as a whole [12-15]. 

 

Conclusion 

Within the framework of the conducted research the following tasks have been solved: 

1. It has been established that the internal ballistics parameters of rotating solid propellant jet en-

gines are mainly influenced by the coefficient of gas flow rate from the rotating engine chamber, the 

effect of erosive combustion of solid propellant, and the change in the heat loss coefficient. 

2. The basic calculation dependences for determining the pressure in the combustion chamber of a 

rotating solid propellant engine are given for the periods of pressure release on the stationary mode of 

engine operation, engine operation on the stationary mode and during the period of free flow of gases 

from the chamber of a solid propellant jet engine. 

3. The methodology for selecting linear and angular dimensions of the nozzle of a rotating engine 

is presented, which allowed a comparative analysis of the calculations of the supersonic part of the 

rotating and non-rotating engines. 

4. An estimate of the thrust force for a single nozzle of a rotating solid propellant jet engine is giv-

en. It is found that the thrust force of rotating engines (with other identical conditions in the combus-

tion chamber) is 1.1–1.36 times less than that of non-rotating solid propellant jet engines. 

5. The conducted experiments showed a decrease in the degree of swirl of the gas flow of rotating 

solid propellant engines with increasing the number of propellant draughts in the engine charge. 
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В условиях непрерывного финансирования программ Министерства обороны Российской Феде-

рации особенно остро встает вопрос поиска наиболее результативных путей модернизации изде-

лий вооружения и военной (специальной) техники, наработки в области которых максимальны и 

процессы их совершенствования могут занять не более нескольких лет. К таким изделиям, в част-

ности, можно отнести авиационное артиллерийское оружие (ААО), перспективы использования 

которого сохраняются на весь период существования армии с вооружением обычного типа. Ос-

новным фактором, влияющим на качество функционирования ААО, считается теплофизическое 

нагружение малокалиберного артиллерийского ствола (далее – ствол) в процессе стрельбы. Про-

блема повышения точности определения температурного поля ствола вновь актуализирована 

ужесточением условий нанесения ударов по целям. На первый план выдвинулись вопросы, тесно 

связанные с интенсификацией режимов применения ААО. Это вопросы нагрева, охлаждения, проч-

ности при нагреве, износа, живучести стволов, вопросы безопасности и эффективности стрель-

бы. Несмотря на методологическую очевидность аналитических и численных подходов формализа-

ции теплопередачи в стволе, их практическая реализация довольно сложна. Физико-

математический смысл этой причины следующий: возможная неустойчивость решений; проявле-

ние осцилляций в областях больших градиентов; одновременное присутствие в областях решений 

сверхзвуковых, звуковых и дозвуковых зон; существование ламинарных, турбулентных течений и 

других нелинейных образований; нетривиальность постановки граничных условий; наличие термиче-

ского сопротивления поверхностей и т. д. Однако практические нужды обеспечения безопасности и 

повышения эффективности огневой эксплуатации ААО диктуют необходимость получения близкого 

приближения рассматриваемой задачи к ее возможно существующему точному аналитическому 

решению. Целью работы установлено совершенствование математического аппарата, моделирую-

щего температурное поле ствола на основе сочетания методов теплообмена и математической 

физики. Проверкой достоверности разработанной математической модели (далее – модель, если из 

контекста изложения материала ясно, что речь идет именно о предлагаемом инструментарии), 

установлены факты отсутствия методических ошибок при формировании составных блоков модели 

и повышения точности дефиниции теплового нагружения ствола на 9,4 %. Исходя из акцентов заяв-

ленной проблемы, аргументированы направления совершенствования модели. 
 

Ключевые слова: режим стрельбы, теплопроводность, дифференциальное уравнение, разност-

ное уравнение, аппроксимация, достоверность. 
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In the conditions of continuous financing of the programs of the Ministry of defense of the Russian Fed-

eration, the question of finding the most effective ways to modernize weapons and military (special) equip-

ment, the developments in which are maximum and the processes of their improvement can take no more 

than a few years, is particularly acute. Such products, in particular, include aviation artillery weapons 

(AAO), the prospects for the use of which remain for the entire period of the army's existence with conven-

tional weapons. The main factor influencing the quality of the AAO functioning is considered to be the ther-

mophysical loading of a small-caliber artillery barrel (hereinafter referred to as the barrel) during firing. 

The problem of increasing the accuracy of determining the temperature field of the barrel is again updated 

by tightening the conditions for striking targets. Issues closely related to the intensification of AAO applica-

tion regimes have come to the fore. These are issues of heating, cooling, thermal strength, wear, barrel sur-

vivability, issues of safety and firing efficiency. Despite the methodological evidence of analytical and nu-

merical approaches to formalizing heat transfer in the wellbore, their practical implementation is rather 

complicated. The physical and mathematical meaning of this reason is as follows: possible instability of so-

lutions; manifestation of oscillations in areas of large gradients; simultaneous presence in the solution re-

gions of supersonic, sonic and subsonic zones; the existence of laminar, turbulent flows and other non-linear 

formations; non-triviality of setting boundary conditions; the presence of thermal resistance of surfaces, etc. 

However, the practical needs of ensuring safety and increasing the efficiency of fire operation of AAO dic-

tate the need to obtain a close approximation of the problem under consideration to its possibly existing ex-

act analytical solution. The aim of the work is to improve the mathematical apparatus that simulates the 

temperature field of the shaft based on a combination of heat transfer methods and mathematical physics. By 

verifying the reliability of the developed mathematical model (hereinafter referred to as the model, if from 

the context of the presentation of the material it is clear that we are talking about the proposed tools), the 

facts of the absence of methodological errors in the formation of the constituent blocks of the model and the 

increase in the accuracy of determining the thermal loading of the wellbore by 9.4 % were established. 

Based on the accents of the stated problem, the directions for improving the model are argued. 
 

Keywords: firing mode, thermal conductivity, differential equation, difference equation, approximation, 

reliability. 
 

Introduction 

An analysis of existing trends in the development of artillery convincingly shows that at present the 

main attention of specialists is not so much the creation of new models, but rather the optimization of 

the tactical and technical characteristics of serial types of AAO [1]. An important obstacle when 

searching for the reserve functionality of AAO is manifested in the phenomenon of heating the barrel, 

which is cyclically subjected to high thermomechanical loads created by firing modes. The barrel 

largely determines the combat properties of the AAO, since it is in the barrel that the ballistic charac-

teristics are realized and the design of all elements of the “cartridge-barrel” system largely depends on 

its design. As a result, the scientific and technical task of formalizing the temperature field of the 

barrel seems to be a priority task of AAO research. 

The physical meanings of the automatic firing process indicate the need for an indispensable de-

scription of the non-stationary heating and cooling of the barrel by solving the differential equation of 
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thermal conductivity and the conditions of uniqueness with variable, continuous and discontinuous coef-

ficients [2]. However, the exact solution of the thermophysics equation is limited for a certain range of 

problems. Such problems include the multidimensional, nonstationary, nonlinear problem of heat 

transfer in a cylindrical wall with a cross section varying along its length. Without dwelling on the di-

verse variations of approximation schemes for the differential heat equation and uniqueness conditions in 

various subject areas, we note the most successful approaches developed by domestic and foreign scien-

tists. Thus, in the articles [3–5], experimental research schemes and methods for processing output data 

are proposed that provide increased accuracy in determining body temperature and expanded the meas-

urement range; the article [6] presents a unique thermal model developed based on the apparatus of 

probability theory; in the article [7], the temperature fields of finned walls of various configurations were 

determined by numerical solutions of the multidimensional heat conduction problem; the article [8] pro-

posed tools for mathematical modeling (hereinafter referred to as modeling) of the temperature field in 

gas turbine units, taking into account as much as possible the set of parameters in multifactor boundary 

conditions of the boundary layer; in the article [9], correlation regression dependencies of the optimal 

extrema of loading barrels of small arms and cannon artillery weapons were obtained. Examples of 

works on similar topics in the field of aviation artillery science include the articles [10–13]. 

Despite the fact that in the analyzed works almost all of the presentation of the material, naturally, 

is of a purely specific nature, some ideas of colleagues turned out to be useful in achieving the goal of 

this work. 
 

Formation of a model scheme for studying the temperature field of the barrel 

Obtaining the desired solution to the problem posed in a non-stationary formulation, with thermo-

physical coefficients depending on temperature, is carried out in a sequence that ensures step-by-step 

specification of dependent actions. 

Since the barrel has the shape of a limited cylinder of finite length, with the structural absence of 

heat sources in the internal sections of the barrel, the basic equation of thermal conductivity is pre-

sented in a cylindrical coordinate system in the form [2; 14; 15]: 
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where T – barrel temperature; t – time; a – thermal diffusivity coefficient of barrel steel; z, r, θ, – ra-

dius vector, applicate and polar angle, respectively, of the cylindrical coordinate system. 

Coefficient a in the equation (1) is significant for non-stationary thermal processes and character-

izes the rate of change in body temperature: 
 

          ,
ρ

λ

с
a   (2) 

 

where λ, с, ρ – coefficients of thermal conductivity, specific heat capacity and density, respectively, of 

barrel steel. 

If the thermal conductivity coefficient of barrel steel λ characterizes the ability of a material to 

conduct heat, then the thermal conductivity coefficient of barrel steel a is a measure of the thermal 

inertia properties of the body under study. The rate of temperature change at any point in the barrel 

will be greater, the greater the value of the coefficient a, which is revealed by the test condition when 

operating with formula (2), formed as a table of dependences of the thermal conductivity coefficients λ 

and specific heat c of the barrel steel on the barrel temperature T [16]. 

The most complete mathematical models of heat exchange processes occurring in various products 

with various configurations take into account the presence of uneven space-time fields in the desired 

quantities: temperatures of solids, liquids, gases, heat flows, radiation intensities, etc. [6–9]. Such 

mathematical models are systems of partial differential equations, integral and integrodifferential 
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equations. However, the solution to the problem under consideration is limited to the construction of a 

model based on specific assumptions, which is explained by the following reasons: 

– direct implementation of complete thermal mathematical models is possible exclusively for ele-

mentary volumes under simple boundary conditions; 

– the use of an absolute mathematical model of the functioning of a pulsed heat engine is compli-

cated by the difference in the boundaries of the AAO elements and a large number of not always de-

terministic initial data; 

– the issue of harmonizing the accuracy characteristics of physical and mathematical methods with 

the available characteristics of computer time, memory and bit grid involves the consistent use of more 

simplified, compared to the full, mathematical models that describe the thermophysical loading of the 

barrel with varying degrees of detail. 

When solving the problem of the most complete and objective determination of the temperature 

field of a barrel heated by firing, the following assumptions are made that relate to the basic assump-

tions of the subject area of knowledge:  

– the initial temperature of the barrel is approximately equal to the ambient temperature (T0 = T2) or 

corresponds to its distribution over the surface of the barrel; subsequent loading with shots is charac-

terized by the presence of a very specific temperature field of the barrel before each shot;  

– the material of the barrel steel ОХН2МФА is considered isotropic and homogeneous, that is, the 

coefficients of thermal conductivity λ and specific heat capacity c of the barrel steel do not depend on 

spatial coordinates;  

– the contact of the cartridge case with the chamber wall is assumed to be ideal, due to the tight 

pressing of the cartridge case under the influence of the pressure of the powder gases (hereinafter re-

ferred to as gases) when fired; 

– the cartridge is represented as a model temperature concentrator and is simulated by a concen-

trated heat capacity with constant thermophysical characteristics. 

The first and second assumptions about the mechanism of heat transfer in the barrel allow us to as-

sume that there are no temperature fluctuations T on the outer and inner surfaces of the barrel sections 

after the shot. Then the isothermal surfaces remain cylindrical, having a common axis with the pipe, 

and the barrel temperature T will change only in the radial and longitudinal directions, that is, ∂T/∂θ = 

0 and ∂
2
T/∂θ

2
 = 0 [2; 14]. Of the three coordinates written in equation (1) for the three-dimensional 

case, when considering the applied axisymmetric problem of determining the temperature field of the 

barrel, two coordinates z and r will remain. In addition, since the barrel is a body of rotation and is 

symmetrical about the longitudinal axis, after some transformations carried out for the convenience of 

data grouping, formula (1) is reduced to the equation for finding a two-dimensional temperature field 

of the barrel on the plane (0, z, r):  
 

          .
11

































r

T
r

rrz

T

zt

T

a
 (3) 

 

It should also be noted here that the accepting of the extreme two assumptions determines the need, 

discussed above, to take into account in equation (3) the dependence of the thermal conductivity coeffi-

cients λ and specific heat capacity c of barrel steel, included in formula (2), on the barrel temperature T 

when studying applied issues of safe placement of the next cartridge in the barrel heated by shooting. 

The basic differential equation of thermophysics (3) establishes a connection between temporal and 

spatial changes in temperature at any point in the barrel at which the phenomenon of thermal conduc-

tivity occurs. A differential equation of the form (3) can have an infinite number of solutions. Isolating 

from this set a solution that reflects the conditions of thermal interaction in the barrel and specifies the 

problem posed was carried out by adding geometric, boundary and physical conditions of uniqueness 

to equation (3). The boundary conditions of uniqueness are further understood as a set of initial and 

boundary conditions. 
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When arguing the geometric conditions of unambiguity, the world's lightest 30-millimeter aircraft 

gun GSh-301 with a unique single-barrel automation circuit, which is in service with most modern 

aircraft and is planned to equip future aircraft weapons systems, was chosen. Since the barrel is a 

symmetrical body of rotation relative to the longitudinal axis, the introduction into consideration of a 

truncated region consisting of internal Γ1, external Γ2 and vertical boundaries Γ3, Γ4 located on one 

side of the longitudinal axis of the trunk is quite sufficient. Fig. 1 shows a diagram of the axial sym-

metry of the AAO type GSh-301 barrel in a cylindrical coordinate system (0, z, r,), specifying the dia-

gram presented in article [17] by including the boundary designations Γ1 – Γ4, required for further 

clarifications. As before, the z axis coincides with the longitudinal axis of the barrel, and the tempera-

ture distribution in each calculated cross section of the barrel is symmetrical relative to the channel 

axis T = T(r).  
 

 
 

Рис. 1. Схема осевой симметрии ствола авиационной пушки ГШ-301 
 

Fig. 1. Scheme of axial symmetry of the GSh-301 aircraft gun barrel 

 

In the process of applying AAO, the flight of an aircraft, as a rule, is carried out in a quasi-steady 

mode v2 ≈ const and, based on the first assumption, the initial conditions of the problem are written in 

the form:  

          T(z, r, 0) = T2 = const . (4) 
 

The boundary conditions for the simulated process must reflect the conditions of thermal interac-

tion between the environment and the surface of the body. In general, boundary conditions can be 

specified in several ways. In the theory of heat transfer, boundary conditions of four types are 

distinguished [2; 14]. First type boundary conditions are specified in the form of temperature distribu-

tion on the surface of bodies. A mathematical description of heat transfer by first type boundary condi-

tions is used for given temperature changes at the boundaries of bodies or very intense thermal con-

ductivity on surfaces, when the temperatures of the surfaces are close to each other. The range of such 

practical problems is limited, and first type boundary conditions are used mainly in estimation calcula-

tions. Boundary conditions of the second kind are specified by the distribution of heat flux density on 

the surface of the body. The physical essence of the heat exchange conditions corresponding to second 

type boundary conditions reflects the heating and cooling of bodies through radiation, when heat ex-

change occurs mainly according to the Lambert-Beer law with uniform heating of the surface of the 

body. Third type boundary conditions are specified in the form of a dependence of the heat flux den-

sity due to thermal conductivity from the body on the temperatures of the body surface and the envi-

ronment. The mathematical description of the processes of heating and cooling a body is carried out 

by Newton's law. Analytical expressions for boundary conditions of the third kind have found wide 

application in studies of heat transfer at the boundaries of materials and substances. Fourth type 

boundary conditions (conjugation conditions) are specified as conditions for the continuity of the tem-

perature field and conservation of energy on the contact surfaces of multilayer structures. 

In research practices heat transfer in solid bodies flown around by gas flows, setting third type 

boundary conditions at the boundary between the body and the flow has found wide application. Also 

taking into account the fact that the barrels are not thermally insulated, when solving the problem of 
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determining the temperature field of the barrel of the GSh-301 aircraft gun, we will set the boundary 

conditions in the form of ambient temperatures and the laws of heat exchange between this environ-

ment and the surface of the barrel, depending on the design characteristics and conditions functioning. 

At the inner Γ1 and outer Γ2 boundaries of the barrel, we will set the dependence of the thermal con-

ductivity coefficient of the barrel steel λ on the gas temperature T1 and air temperature T2, respectively.  

At the inner boundary Γ1 of the barrel, convective heat exchange will take place between hot gases 

and the barrel channel:    

            ,αλ 11с

0

TT
r

T

r





  (5) 

 

where r0 – inner barrel radius; α1 – heat transfer coefficient from gases to the bore. 

Here and below, the dependence of the quantities under consideration on the current time t is obvi-

ous. 

We note that to calculate the boundary conditions of heat transfer in the barrel channel, it is neces-

sary to determine the intra-ballistic parameters of gases from the solution to the main problem of in-

ternal ballistics, set out in article [18]. 

At the outer boundary Γ2 of the barrel, convective heat exchange occurs between the incoming air 

and the outer surface of the barrel:  

            ,αλ 22с TT
r

T

jyr





  (6) 

 

where 
jyr  – thickness (outer radii) of barrel elements; α1 – heat transfer coefficient from the outer sur-

face of the barrel to the air. 

The development of a mathematical model of heat exchange inside and in the vicinity of the barrel 

during near-wall flows of coolants, which makes it possible to determine the heat transfer coefficients 

from gases to the barrel channel α1 and from the outer surface of the barrel to air α2, present in formu-

lae (5) and (6), respectively, is the subject of the article [13 ]. 

In accordance with the second assumption, the vertical boundaries of the barrel Γ3 and Γ4 are con-

sidered adiabatic, that is, the heat flow through these boundaries can be neglected:  
 

          ,0,0
0









 lzz z

T

z

T
 (7) 

where l – barrel length. 

During bursts of shots, the channel and the outer surface of the barrel have quite high temperatures, 

so it is necessary to take into account the design features of the AAO reference sample. Modeling of 

the process of functioning of the standard cooling system of the GSh-301 aircraft gun is realized by 

introducing a local heat transfer coefficient. 

In order to increase the accuracy of modeling the temperature field of the barrel, the influence of 

the cartridge case located in the chamber during the shot was taken into account. Based on the third 

assumption, it is possible to schematize heat transfer by describing the phenomenon of thermal 

conductivity. Since the thickness of the shell wall is relatively small, it is assumed that it will instantly 

warm up to the gas temperature when firing T1. The boundary condition on the surface of the chamber 

at characteristic points of the barrel, where direct contact of the cartridge case with the wall occurs, is 

formulated as first type boundary condition [2; 14]:  
 

          1( 0...0,175; 0) .T z r T    (8) 
 

The nonstationary temperature field of the barrel is definable with the known differential equation 

of the process (3) and given additional conditions (4) – (8), which completely determine the boundary 

value problem: 
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

   
 


   
  

 (9) 

 

Thus, with a number of simplifying assumptions, the problem of loading the barrel is formulated in 

a complete form. However, as noted in the papers [2; 14; 19–22], the objective lack of an exact ana-

lytical solution to direct, multidimensional, unsteady, nonlinear heat transfer problems in areas with a 

complex boundary configuration leads to the need to use numerical methods. 

 

Synthesis of a finite-difference scheme for calculating the temperature field of the barrel 

For most structures of complex shape, which also includes the shaft design, the system of eigen-

functions and the spectrum of eigenvalues of the corresponding homogeneous problem are not known 

and not tabulated [19]. Therefore, for such bodies, in this case, it is convenient to use the finite 

difference method as the most universal [19–22]. 

The area of continuous change of the argument is replaced by a discrete set of points, the intersec-

tions of which form nodes, that is, the construction of a difference grid (hereinafter referred to as the 

grid), as well as the reduction of the system of partial differential equations (9) to a finite-difference 

scheme, that is, the composition of a system of finite-difference algebraic (hereinafter referred to as 

difference) equations are performed by analogy with the techniques described in the publication [17]. 

Some of the author's duplication of information is mediated by the concentration of classical physical 

and mathematical meanings of the question of heating and cooling the barrel. 

The area ΩT of continuous change in the arguments of the desired value T is replaced by a certain 

finite set of points lying in this region. The grid points for forming the finite difference of the function 

of the integer argument Tkj along the z axis are designated by k, and similar points along the r axis are 

designated by j. In accordance with the specifics of the problem being solved, the region ΩT is trans-

formed into the area for calculating the temperature Tkj at kj -points of the barrel sections.  In accor-

dance with the selected coordinate system (0, z r,) in the direction of the z axis, the barrel is divided 

into ϑ equal parts ϑ = l / Δz, and in the direction of the r axis into ν equal parts ν = ry / Δr, where Δz, Δr 

are grid steps at the corresponding coordinates; ry – maximum barrel thickness. To do this, ϑ – 1 rays 

are drawn in the direction perpendicular to the z axis and ν – 1 rays are directed in the direction 

perpendicular to the r axis, as shown in Fig. 2. As a result of this partition, we have a grid consisting 

of a set of internal (in Fig. 2 indicated by ) and boundary (in Fig. 2 indicated by ) nodes. Since, in 

the case under consideration, Δz = l / ϑ = const and Δr = ry / ν = const, then the set of nodes zk, defined 

by points with numbers k = 0, 1, 2, ..., Kϑ and the set of nodes rj, defined by points with numbers j = 0, 

1, 2, …, Jν, is a uniform spatial grid in the area .
kjТ  

Unlike the previous version [17], here we consider two possible approaches to setting geometric 

conditions for uniqueness when the boundary nodes of the grid do not coincide with the boundaries of 

the barrel. One of them is the introduction of additional nodes at points where the grid lines do not 

coincide with the elements of the trunk geometry. The second approach is that the geometry of the 

trunk is approximated by lines passing through the boundary nodes of the grid, and the geometric 

conditions of uniqueness are transferred to these lines. Due to the inexpediency of introducing 

additional nodes, which leads to a significant complication of the problem of constructing a difference 
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scheme, the second approach turned out to be more preferable, since it does not introduce additional 

difficulties in writing difference equations. The approximation of the trunk geometry is realized by 

conditionally dividing it into a finite number of sections, each of which is characterized by length and 

thickness, which are reduced to spatial grid steps Δz and Δr along the z and r axes, respectively. 

 

kjТ
r z

 
 

Рис. 2. Сеточная схема ствола авиационной пушки ГШ-301 
 

Fig. 2. Grid diagram of the GSh-301 aircraft gun barrel 

 

By analogy with the grid for the spatial domain 
kjТ , a temporary grid of the domain iТ

  for cal-

culating the value T 
i
 is introduced in the set of nodes τi,, defined by points i = 0, 1, 2, …, Iο, where i 

and Iο are the current and boundary, respectively, grid points for the formation of the finite difference 

barrel temperature T over time t. The time grid step t is designated Δτ. 

The solution to the non-stationary problem of thermal conductivity in the barrel predetermines the 

unconditional intersection of one-dimensional spatial grids in each direction with a time grid in the 

following form: 

          
ο

ν

1 1
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0 0

1 1

ν ο
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i ikk
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     

       

  
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3
0

,

42 10 м, τ 0, τ .I t


 
 
 
 

    

 (10) 

 

Expression (10) forms a stencil of a space-time grid, 

the diagram of which along the longitudinal coordinate 

z is shown in Fig. 3. 

To construct difference analogues of differential 

operators of the system of equations (9), the method of 

formally replacing derivatives with finite-difference 

relations was used. This method is the most justified 

and applicable in problems of this class and is based on 

the Taylor series expansion of fairly smooth functions, 

which, as a rule, allows one to preserve the local 

properties of differential equations [15]. In addition, 

the method of approximating derivatives by Taylor 

series has two main advantages: 

– when the size of the unit cell tends to zero, the dif-

ference equation is reduced to a differential equation, 

that is, the compatibility of the equations is ensured, 

which is an important criterion for stability; 

Iο ‒ 1

0

1

2

i

Iο

1 2 k Kϑ‒1 Kϑ
 

 

Рис. 3. К выбору пространственно-временной 

сетки (на примере пространственной коорди-

наты z и времени t) 
 

Fig. 3. On the choice of a space-time grid 

(on the example of the spatial coordinate z  

and time t) 
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– Difference equations of any degree of accuracy can be obtained by adding or removing the re-

quired number of terms in the approximating series, and if mathematical verification is necessary, the 

accuracy of the approximation is estimated from the discarded terms of the series. 

The most natural way to replace the derivative is based on defining the derivative (for example, 

with respect to the z coordinate) as a limit [15; 19]: 
 

           
0

1
lim ( ) ( ) .
z

T
T z z T z

z z 


   

 
 (11) 

 

If we fix the step Δz in equality (11), we obtain an approximate formula for the first derivative ex-

pressed in terms of finite differences. 

For the so-called right difference relation or “forward” difference: 
 

            1
( ) ( ) .

T
T z z T z

z z


   

 
 (12) 

 

Similarly, the left difference relation (the “backward” difference) is introduced, written in the form: 
 

            1
( ) ( ) .

T
T z T z z

z z


   

 
 (13) 

 

When solving heat conduction problems, it is necessary to approximate the second derivative. For 

the second derivative, a linear combination of relations (12) and (13) is considered: 
 

           
2

2 2

1
( ) 2 ( ) ( ) .

T
T z z T z T z z

z z


      

 
 (14) 

 

Each transition to one step “forward” is conventionally designated by “+1”, and “backward” by “-

1”. Then, for the k grid point of the formation of a finite difference in the value of Tkj along the z axis, 

the right difference relation (12) is transformed to the form:  
 

          1

1
( ) .k k

T
T T

z z



 

 
 (15) 

 

The left difference relation is transformed similarly (13): 
 

          1

1
( ) .k k

T
T T

z z



 

 
 (16) 

 

The difference analogue of the second derivative, corresponding to formula (14), is represented by 

the relation 
 

          
2

1 12 2

1
( 2 ) .k k k

T
T T T

z z
 


  

 
 (17) 

 

The formulas (11) – (17) and their justifications are also valid when replacing the derivative with 

respect to coordinate r in the system of equations (9) by difference relations. In this case, in analogue 

equations, instead of the variable z, the variable r will be present, and the index k will be replaced by 

the index j. We will keep in mind the discovered analogies further, sometimes without resorting to 

direct detailing of the difference scheme for the spatial variable r. 

When constructing relations that approximate the time derivative ∂T/∂t in the system of equations 

(9), it is permissible to use temperature values at kj-points of the barrel sections at different times:  

Tk,j,i,  T k,j,i–1,  T k,j,i–2, … . However, in the practice of solving most applied problems of thermal conduc-

tivity, in the vast majority of cases, exclusively two-layer (in time t) difference schemes are used, ap-

proximating the values of the desired temperatures at the current i-th and previous (i – 1) time point. 
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Much less frequently, the temperature values at the (i – 2)
nd

 moment of time are taken into 
st
 account 

by obtaining three-layer difference schemes [19–22]. 

When obtaining variants of two-layer difference schemes, the time derivative is approximated by 

the “backwards” time difference: 

          1 1
( ) .

τ

i iT
T T

t


 

 
 (18) 

 

Spatial differential operators in a two-layer difference scheme are also approximated based on the 

temperature values Tkj at kj -points of the barrel sections at the i-th and (i – 1)
 st

 moments of time. In 

this case, two limiting cases are possible. 

In the first case, only the temperature values Tkj at kj -points of the barrel sections for the current i 

moment of time are involved in the approximation. Thus, for the spatial variable z, the one-

dimensional space-time approximation of the first differential operator to the system of equations (9) 

will have the form: 
 

          
2

1 12 2

1
( 2 ) .i i i

k k k

T
T T T

z z
 


  

 
 (19) 

 

In the second case, during approximation, only the temperature values Tkj at kj -points of the barrel 

sections for the previous time point (i – 1)
 st

 are used: 
 

          
2

1 1 1
1 12 2

1
( 2 ) .i i i

k k k

T
T T T

z z

  
 


  

 
 (20) 

 

In accordance with options (18) – (20), we present two types of difference equations that approxi-

mate the first equation of system (9) in a one-dimensional version: 
 

          
1

1 1 2

1 1
( 2 ) ;

τ

i i
i i ik k

k k k

T T
T T T

a z



 


  
 

 (21) 

 

          
1

1 1 1
1 1 2

1 1
( 2 ) .

τ

i i
i i ik k

k k k

T T
T T T

a z


  
 


  

 
 (22) 

 

A difference equation of the form (22) makes it possible to express the solution to the problem of 

thermal conductivity in the wellbore in explicit form on the i time layer through the known solutions 

on the previous (i – 1)1
st
 layer. Difference equation (22) forms an explicit difference scheme. Algo-

rithms for the numerical calculation of the system of equations (9) using an explicit difference scheme 

are quite compact when programming, but they impose requirements on computer time. 

The difference scheme specified by a difference equation of the form (21) is more complicated, 

since each difference equation of the form (21), in addition to the unknown solution for the k-th spatial 

point, includes two more sought-after solutions for the neighboring (k – 1)-th and (k + 1)-th spatial 

points. All the sought solutions turn out to be “tied” with each other into a common non-degenerate 

system of difference equations. Thus, in this case, at each i-th time layer, the solutions are determined 

not by explicit formulas of the form (22), but from the solution of the system (Kϑ – 1) of difference 

equations, as a result of which the difference scheme specified by the difference equation of the form 

(21) is implicit. Effective algorithms for solving the system of equations (9) using an implicit differ-

ence scheme are much more complicated than numerical algorithms using an explicit difference 

scheme, but the time for solving the problem can be significantly reduced by a rational choice of steps 

Δz, Δr and Δτ.  

The obvious difference in the behavior of the solutions obtained in cases of implementation of the 

template in Fig. 3 using explicit (22) and implicit (21) difference schemes, a proper physical and 

mathematical explanation can be given. The value of the time derivative with an explicit difference 



 

 
 

Раздел 2. Авиационная и ракетно-космическая техника 
 

 727 

scheme (22) is calculated from the values of the desired function at the beginning of the time interval, 

therefore the increment (
1 i

k

i

k TT  ) does not depend on the obtained values, and the absolute value of 

this increment is proportional to the step. As a result, at some critical step Δτ, new values 
i

kT  can be 

obtained that contradict the physical meaning of the problem (for example, a drop in the barrel tem-

perature T on the i-th time layer compared to the (i – 1)-th time layer with continued exposure to gas 

temperature T1). In the implicit difference scheme (21), the increment (
1 i

k

i

k TT ) depends on all val-

ues 
i

kT  on the new time layer, that is, there is a kind of “feedback” that does not allow obtaining ab-

surd increments of the grid function. However, the practice of solving real problems does not at all 

exclude the advisability of including an explicit difference scheme in the stencil shown in Fig. 3. 

Firstly, when describing the fast processes under study, the advantage of the implicit scheme, which 

consists in a more free choice of the value of the time step Δτ, may not appear. Secondly, explicit 

schemes are more resource-intensive, especially when calculating on computers with several parallel 

processors, which are widely used nowadays. 

Due to the uniformity of the grid over all spatial coordinates, the fact of difference approximation 

of the differential operator for the variable r for each value of z at any local point, both along an iso-

lated coordinate r and when solving a problem with a time variable t simultaneously, can be shown in 

a similar way. 

One of the most important achievements of computational mathematics is the development of vari-

ous difference schemes for solving multidimensional partial differential equations of thermophysics 

[19–22]. The desire to obtain a close approximation of the problem of temperature loading of the 

barrel to its possibly existing exact analytical solution was facilitated by selection and some techniques 

for transforming the longitudinal-transverse difference scheme of the Peaceman-Rackford two-

dimensional sweep method. The main advantages of the preferred explicit-implicit difference scheme 

include: a combination of the strengths of explicit difference schemes (low computer time consump-

tion at the time step Δτ) and implicit difference schemes (unconditional stability, that is, the ability to 

ensure the accuracy of the solution at any degree of mesh detail); possibility of application to multidi-

mensional areas and co-occurring processes; adaptability to compiling efficient machine codes on 

high-speed computers with a sufficiently large amount of RAM. 

The course of the two-dimensional physical process of heating and cooling the barrel at each time 

step Δτ in spatial steps Δz and Δr is delivered as a result of the sequential implementation of one-

dimensional processes, each of which begins from the distribution of the temperature field of the bar-

rel that arose after the end of the previous one-dimensional process. Based on this representation, 

called splitting [20; 22] modeling of one-dimensional processes is carried out implicitly, and the se-

quential action of processes is taken into account in an essentially explicit way. Given the given 

boundary conditions and the same initial temperature T0 at all points in the region of a complex-shaped 

barrel, the optimal solution is achieved by reducing the multidimensional problem at each time step Δτ 

to a set of one-dimensional problems solved by the sweep method. 

The specificity of the stability of the implicit approximation of locally one-dimensional problems 

with any division of the time step Δτ determined the method for increasing the accuracy of the forma-

tion of an array of barrel temperatures T. The essence of the method is to select a template on the time 

grid containing a half-integer layer: 

          1
1/2

τ τ
τ 0,5 τ,

2

i i
i





    (23) 

as shown in fig. 4. 

Then, taking into account difference equations (21) and (22), difference relation (23), as well as the 

discussed spatial analogies, the finite-difference approximation of the first equation of system (9) ac-

cording to the longitudinal-transverse difference scheme for the direction z for any value of r will be 

look like: 
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Рис. 4. К выбору временнóго шаблона продольно-поперечной разностной схемы 

методом двумерной прогонки Писмена – Рэкфорда 
 

Fig. 4. To the choice of the time template of the longitudinal-transverse difference scheme 

by the method of two directions of Peaceman – Rackford 

 

 

The boundary and initial conditions along the z coordinate for each fixed value of r are approxi-

mated as follows 

– initial condition: 

          

0
2

1

0 ,
;

0 .

kj

i i
kj kj

i T T

i T T 

  


  
 (25) 

– boundary conditions: 

          

1/2 1/2
1 2

1/2 1/2
( 1)

,
.

.

i i
j j

i i
K j K j

T T

T T
 

 

 


 


 
 (26) 

 

When synthesizing a modified two-layer difference scheme, the solution to the non-stationary heat 

conduction problem on a separate layer can be considered as the initial condition for subsequent lay-

ers. Consequently, we write the finite-difference approximation of the first equation of system (9) for 

the direction r for any value of z in the following form: 
 

          

1/2 1 1 1 1/2 1/2 1/2
( 1) 1 1 ( 1) ( 1) ( 1)

2 2

( ) 21
.

0,5 τ ( ) ( )
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kj kj j k j j j kj j k j k j kj k j
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a r r z

      
          

 
   

 (27) 

 

The boundary and initial conditions along the z coordinate for each fixed value of r are approxi-

mated as follows: 

– initial condition: 
 

          1 1/2 1/2i i i
kj kj kjT T T    – solution to the equation (24); (28) 
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– boundary conditions: 
 

          

 

 ν ν

ν

1 1
1 11 2

1 1 1

1 1
( 1) 1 1

2 2

λ α , ,

.

λ α , .
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с k k

i i
k J kJ i i

с kJ k

T T
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r

T T
T T

r

 
 

 
  


   

 


 
    

 (29) 

 

Eliminating possible discrepancies, we note that in difference relation (29) 
1

1, i
kT  and 

1

2 , i
kT  denote, 

respectively, the temperatures of gases and air at the k-th spatial grid point on the (i + 1)-th time layer. 

From equations (24), (27) it is clear that in the constructed difference scheme the transition from 

the i-th to the (i + 1)-th time layer occurs in two stages with steps of 0.5 Δτ = 0.5 (τi+1 – τi). Along with 

the main values of the grid function 
i

kjT  and 
1i

kjT , intermediate values ,2/1i
kjT  are introduced which 

are formally considered as the values of Tkj at (τi+1 – 2τi+1/2). Relation (24) contains three unknown 

quantities ,,, 2/1

)1(

2/12/1

)1(







i

jk

i

kj

i

jk TTT  values 
i

jk

i

kj

i

jk TTT )1()1( ,,   can be determined on the initial layer by 

integrating systems of equations of internal and intermediate ballistics [18]. That is, by relation (24) 

the difference scheme is classified as implicit in the z coordinate and explicit in the r coordinate. For 

any value of r, the numerical solution can be found by sweeping in the z direction. The desired tem-

perature values Tkj at kj -points of the barrel sections are related to each other “horizontally” and “ver-

tically”. Moreover, the unknowns of any internal horizontal straight line “interact” on the time half-

layer exclusively with the unknowns of two adjacent straight lines – the upper and lower ones. Next, 

using relation (27), which contains three unknown quantities ,,, 1

)1(

11

)1(







i

jk

i

kj

i

jk TTT  (the values 

2/1

)1(

2/12/1

)1( ,, 





i

jk

i

kj

i

jk TTT  are recorded by sweeping in the z direction at values of r), the difference scheme 

is translated into a form that is implicit in the r coordinate and explicit in the z coordinate. Therefore, 

the final distribution of temperature Tkj at kj-points of the barrel sections is found by sweeping in the 

direction r at any value of z, where the transition between time layers is also performed in half-steps in 

the longitudinal and transverse directions, respectively, along the rows and columns on the grid. 

The problem of optimal selection of grid steps Δz, Δr, Δτ and thus the number of its nodes is not 

easy. On the one hand, the greater the accuracy required, the finer the step is desirable. On the other 

hand, too small a step significantly increases the requirements for the speed and memory capacity of 

computers. Obviously, there must be some meshes with an optimal number of nodes. We will optimize 

the grid based on the conditions for the best convergence of the results of the numerical calculation 

with the likely existing true analytical solution and borrowed experimental data.   

First of all, in order to most accurately determine the temperature field of the barrel, it is advisable 

to solve the problem taking into account the configuration of the rifling, since their presence leads to 

uneven temperature distribution along the perimeter of the rifled part of the barrel bore [9; 10]. The 

initial requirement of incomparably small size Δr of the grid pitch along the r axis in relation to the 

height of the rifling field is obvious. In general, the value Δr of the grid step along the r axis is as-

signed according to the approximate dependence of the stationary and linear components [23]:  
 

          
 1 1 0

λ
,

α

T
r

Т Т T

 
 

  
  

 

where ΔT – temperature gradient on the heat exchange surface (for AAO ΔT ≤ 323 K). 

Since the velocity of the projectile (gases) when fired v1 in time t and along the barrel length l 

gradually increases, reaching the value vд at the muzzle of the barrel, this feature does not allow con-

structing a uniform grid in time Δτ, since along the barrel length l the grid step size Δz along the z axis 

will also increase. This, in turn, can lead to the fact that the accuracy of the solution results obtained at 

different points in the area of discrete changes in the arguments 
kjТ  of the value Tkj will differ sig-

nificantly from each other, which is unacceptable. Taking into account also the fact that calculations at 
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each i-th time layer are performed both on the basis of the value of the previous (i – 1)-th and the pre-

vious (i – 0.5)-th time layer, the error will accumulate quite quickly. In order to eliminate this event, 

when calculating the heating of the barrel during the time of movement of the projectile (gases) along 

the barrel bore tд, it is advisable to use a variable time step Δτ ≠ const, assigned when solving the main 

problem of internal ballistics [18]. Further, during the aftereffect period tп and in the time intervals 

between bursts of shots Δt, a constant time step Δτ = const is established, assigned, in turn, for the pe-

riod of intermediate ballistics:   
  

          

д

1

д

д

0,0002 , if ;
( )

τ

0,0002 , if .

l
t t

v l

l
t t

v

 


  
 


 (30) 

 

In contrast to the spatial grid, the set of nodes τi, defined by points i = 0, 1, 2, ..., Iο is a non-uniform 

temporary grid in the area .iТ
   

The justification for the value Δz of the grid step along the z axis, providing the desired accuracy, 

of the solution was made using the stability condition for the explicit components of the difference 

scheme (24)–(29) [20; 22], including, among other things, the constancy of the time step Δτ of the 

lower part of formula (30): 

          
2( )

2 , for τ const, const .
τ

z
a a


   


  (31) 

 

Formula (31) shows a strict connection between the value Δz of the grid step along the z axis and 

the values Δτ of the grid step over time t, since the accuracy of solving the problem directly depends 

on the correct choice of the latter. From the stability condition (31) follows a guide to action - the re-

finement of the spatial grid must be accompanied by the refinement of the time grid. For example, 

when the number of spatial nodes zk increases by 4 times, it is necessary to increase the number of 

time steps t of the difference grid Δτ by 16 times. Previously, the need to comply with condition (31) 

led to the fact that when determining the step size Δτ in solving real non-stationary problems of ther-

mophysics, it was not possible to proceed only from the nature of the physical process being studied. 

This in some cases led to unacceptable costs of machining time. In addition, with an unreasonably 

large number of time nodes τi, a rounding error was observed, which occurs during numerical calcula-

tions in calculating machines of early generations.  

The stability property of the explicit part of the difference scheme (24) – (29) has also been estab-

lished in practice, by ascertaining the absence of “divergent mode” of the numerical solution in the 

process of trial calculations.  

When considering the approximation property of the formed difference scheme (24)–(29), a special 

concept of the so-called total approximation was introduced [20; 22] of locally one-dimensional dif-

ference schemes, which is as follows. Each of the intermediate difference equations (24) or (27) sepa-

rately may not have the approximation property. However, the discrepancy arising at the first time 

half-step, as a rule, is compensated at the second time half-step with the correct combination of spatial 

steps Δz, Δr and time step Δτ, so that in general the approximation error is obtained, tending to zero at 

the given degree of detail of the space-time grid.  

Such a way of discretizing the computational domain should be recognized, although labor-

intensive, but also the most acceptable for solving an applied problem of thermophysics.  

Thus, a discrete set of grid points is characterized by coordinates and parameters: 
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Thus, the resulting expressions (24)–(29) constitute a method for numerically solving the boundary 

value problem (9) for determining the grid temperatures of the barrel 
i

jkT . Taking into account 

nonlinearity of the first kind in the numerical solution of the system of equations (9) is organized by an 

iterative process, in which the determination of the next approximation is carried out by including a 

linear solution, in which the coefficients of thermal conductivity λ and specific heat c of barrel steel 

are calculated from the values of barrel temperatures T found on previous iteration. The formation of a 

non-stationary temperature field of the GSh-301 aircraft gun barrel is generally feasible by software 

organization of a matrix of values 
i

jkT  when studying the application modes of AAO.    

In the papers [19–22] it was proven that in the presence of approximation and stability, conver-

gence of all types of difference schemes will always take place. However, this fact does not exclude 

the scientific and methodological significance of the procedure for checking the improvement in the 

convergence of the results of modeling the thermophysical loading of the system in comparison with 

the known results.  

 

Checking the reliability of the thermophysical model of barrel loading 

Applied research into the quality of AAO is preceded by checking the developed model for the 

adequacy of reflecting the simulated thermophysical processes occurring in a gas-dynamic pulse ma-

chine. Establishing the set of properties of the model that determine its suitability for conducting 

diverse numerical experiments is possible by comparing the modeling results with experimental data, 

as well as with the known averaged results of some theoretical works that are closest to the 

experimental data. This approach can significantly increase the reliability of the conclusions. 

Based on these positions, the verification of the degree of objective representation by the calcula-

tion results of the actual values of the main parameter was carried out by numerical modeling of the 

process of heating and cooling of the barrel surface worked out at the test site during and after shoot-

ing a combat set of 75 rounds. The content of firing modes and conditions for the use of AAO are lim-

ited to the type of information that does not require further specifications. The combined results of the 

full-scale experiment and calculation are shown in the form of graphs of the dependence of the barrel 

temperature T on time t in Fig. 5. 

 

 
 

Рис. 5. Зависимость температуры ствола авиационной пушки ГШ-301в районе компенсатора 

от времени при отстреле боевого комплекта в 75 патронов 

 

Fig. 5. Dependence of the barrel temperature of the GSh-301 aircraft gun in the area of the compensator 

on time when firing a combat set of 75 rounds of ammunition 
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Analysis of the results obtained shows that there is a fairly good correlation between experiments 

and calculated data. Satisfactory agreement between the modeling results and the experimental data is 

confirmed by the fact that the averaged relative error in determining the barrel temperature T in the 

reference section does not exceed 0.6 %. In most works in the field of aviation artillery science, in-

cluding the works of the co-author of the article, the discrepancy between this value in numerical and 

full-scale experiments is about 10 % [9; 11].  

Thus, an increase in the accuracy of simulating thermal loading of the barrel by 9.4 % was 

achieved: 

– taking into account the nonlinearity of the thermophysical properties of the barrel steel material 

λ (T), c(T); 

– choosing the values (probably close to optimal) of the grid steps Δz, Δr in the corresponding co-

ordinates z, r, as well as the size of the step Δτ in time t in the thermophysical model of barrel loading; 

–  an effective combination of the advantages of explicit and implicit difference schemes in the 

constructed explicit-implicit difference scheme for finite-difference approximation of the heat transfer 

problem in a body with a complex geometric shape. 

The formalization of thermophysical processes of heat propagation in a thermally loaded AAO 

element is logically completed by a package of application programs designed to calculate the thermal 

state of the barrel during firing and determine safe firing modes for a range of flight conditions of the 

carrier aircraft [24]. Algorithms for the numerical calculation of the system of equations (9) using the 

corresponding finite-difference scheme (24) – (29) were debugged using the Microsoft Developer Stu-

dio software product, the Fortran Power Station 4.0 environment and the FORTRAN 90 algorithmic 

language. 

 

Prospects for further improvement of the model 

The software organization for calculating the temperature field of the barrel when using AAO 

comes down to multiple (according to firing modes) solution of the system of equations (24)–(29) with 

the initial distribution of the barrel temperature T, which is established at the beginning of the next 

shot and is determined by solving the same system of equations (24)–(29) for the previous shot. The 

proposed tools make it possible to adequately simulate the temperature field of the barrel under vari-

ous firing conditions and create a basis for the composition of the maximum effective firing modes. 

At the same time, there are practical applications of medium-sized special mechanical engineering, 

for which some of the assumptions adopted in the paper have to be removed. Thus, when analyzing 

the heating of a barrel in the area of gas outlet openings of gas automatics or muzzle devices, it is nec-

essary to take into account local heat flows in the elements connected to the barrel. Then we should 

move on to a much more complex three-dimensional formulation in coordinates (0, z, r, θ). The need 

to solve three-dimensional heat transfer problems is not excluded when analyzing the effectiveness of 

cooling fins or grooves, the thermal state of the rifling, and taking into account the technological varia-

tion in the thickness of the barrel. In addition, when studying the mechanism of barrel wear when ana-

lyzing the thermally stressed state of a thin surface layer of metal adjacent to the channel surface, it is 

inevitable to take into account the dependence of the thermophysical characteristics of the barrel steel 

on not only temperature, but also on spatial coordinates. In practical calculations, it is increasingly 

necessary to abandon the assumption of the constancy of the thermophysical characteristics of the car-

tridge. Calculations based on the so-called “instantaneous” values of the thermophysical characteris-

tics of the elements of ammunition located in the barrel during breaks between automatic firing help to 

clarify the thermodynamic state of the “cartridge-barrel” system and more closely link it with the 

combat properties of the AAO. 

To obtain more complete information about the accuracy characteristics of the model, it is advis-

able to additionally conduct a series of flight experiments that provide natural conditions for thermal 

loading of the barrel. Then the assessment of the averaged relative error in modeling the heating and 

cooling of the barrel will undoubtedly be more objective.  
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Conclusion 

By matching the accuracy characteristics of physical and mathematical methods for solving heat 

transfer problems and related problems with the colossal characteristics of speed, memory and bit grid 

of modern computer machines, a model of increased accuracy was synthesized, which differs from the 

known ones by the variable selection of the pitch of the template-grid of the barrel of the GSh-301 air-

craft gun. The applied significance of the model is demonstrated by the availability of methods for its 

adaptation to solving other problems of thermodynamics and mechanics of the strength of barrels. 
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Статья содержит результаты научных исследований по моделированию технологических па-

раметров электронно-лучевой сварки. При моделировании использовался материал ВТ-14 толщи-

ной 0,16 см. Целью моделирования выбрано повышение качества сварного шва за счет оптималь-

ной формы и отсутствие дефектов в виде пор и трещин. В расчетах применен концентрирован-

ный источник энергии, эквивалентный электронно-лучевому пучку. В ходе исследования теплового 

процесса нагрева материала авторами разработаны и опробованы критерии, позволяющие опти-

мизировать такие параметры сварки, как скорость сварки и положение фокусного пятна относи-

тельно поверхности нагреваемой детали. Авторы в своих расчетах применили оригинальный ме-

тод нахождения скорости сварки и координаты фокусного пятна по функционалам тепловой мо-

дели. Используемые математические модели позволили построить контуры зон термического 

влияния, соизмеримые с формами шва, полученными на образцах во время сварки с технологически-

ми режимами, соответствующими расчетным при моделировании параметрам. Такой способ ис-

следований позволил существенно сэкономить затраты на отработку технологического режима 

сварки для макетного узла Разработанный авторами алгоритм был успешно опробован на мате-

риале АМГ-6 с толщиной 10 см. В процессе моделирования сварки для больших толщин получены 

результаты, которые необходимо учитывать при оптимизации параметров сварки изделий с 

большой толщиной. Актуальность излагаемого материала подтверждается востребованностью к 

качеству технологии сварки конструкций электронным пучком. Исследования авторами этого на-

правления позволят существенно расширить возможности в применении электронно-лучевой тех-

нологии для ракетно-космической техники. 

Ключевые слова: скорость сварки, фокусное расстояние электронного пучка, форма шва, мощ-

ность электронно-лучевого оборудования, погонная энергия. 
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The article contains the results of scientific research on modeling the technological parameters of elec-

tron beam welding. The modeling used a material VT-14 with a thickness of 0.16 cm. The purpose of the 

simulation is to improve the quality of the weld due to the optimal shape and the absence of defects in the 

form of pores and cracks. A concentrated energy source equivalent to an electron beam is used in the cal-

culations. During the study of the thermal process of heating the material, the authors developed and tested 

criteria that allow optimizing welding parameters such as welding speed and the position of the focal spot 

relative to the surface of the heated part. In their calculations, the authors applied an original method of 

finding the welding speed and the coordinates of the focal spot according to the functionals of the thermal 

model. The algorithm developed by the authors was successfully tested on AMG-6 material with a thickness 

of 10 cm. In the process of modeling welding for large thicknesses, results have been obtained that must be 

taken into account when optimizing the welding parameters of products with large thickness. The relevance 

of the presented material is confirmed by the demand for the quality of the technology of welding structures 

with an electron beam. Research by the authors of this direction will significantly expand the possibilities 

in the application of electron beam technology for rocket and space technology. 

 

Keywords: welding speed, focal length of the electron beam, seam shape, power of electron beam 

equipment, linear energy. 

 

Introduction 

To create permanent connections, electron beam welding (EBW) is often used in the production of 

rocket and space technology. In the process of obtaining welded joints, for various reasons, defects 

appear that reduce the strength of a part or metal structure, violate the tightness of containers made by 

welding, and also contribute to a decrease in the reliability of operation of this unit as a whole. 

The connection of parts requires uniformity of the heating zone of the joint, since if its heating is 

uneven, defects in welded joints arise. The required parameters of the welding process are usually se-

lected using full-scale experiments. However, conducting full-scale experiments is expensive and re-

quires a lot of time. 

The research of many domestic and foreign authors is devoted to solving the issues of improving 

the quality of the welding process (Zuev I.V., Trushnikov D.N., Hara K., Vinogradov V.A., Sasaki S., 

Krivenkov V.A., Kutsan Yu.G. ., Anderl P. et al.) [1–4]. In his research, Rodyakina R.V. [5] develops 

a technique for simulating the process of passing an electron beam through a layer of evaporated 

metal. The authors Motasov M.I., Dovydov D.A., Alekseev V.S. [6] consider a simulation model of a 

beam focusing control system using the Simulink software environment, which is part of the MAT-

LAB package. Drozd A.A. [7] in his research uses a numerical method that allows one to simulate the 

processes of development of thermal stresses and deformations during spot electron beam welding; the 

model takes into account phase transitions during heating, melting, evaporation and crystallization. 

V.N. Tarasova [8] developed a computer modeling method that can significantly reduce the time spent 

on manufacturing welded products and predict the results under predetermined conditions. The authors 

V.V. Melyukov and D.A. Tarabukin [9] proposed a method of mathematical and numerical modeling 

of the thermal welding process to determine the power of the welding source and to reduce the time 

and volume of a full-scale experiment when debugging the mode. 

 

1. Application of theory of thermal processes to EBW 

Most of the existing designs have a number of disadvantages: there is no ability to realize the de-

veloped methods in the production conditions due to their difficulty, narrow-focus of development, 

and the inability to optimize technological parameters when entering new materials into the techno-

logical process. The optimization of the technological parameters of the welding process when enter-

ing new materials requires full-scale experiments, which leads to an increase in material and labor 

costs. The proposed techniques and the model in this study, as well as the ACS developed by the 

EBW, allow you to solve the above problems, and reduce the number of defects arising from the weld-

ing project, both for existing welding modes and when commissioning a new product. 
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For the authors, the technology that is used for the shi-rock nomenclature of the thicknesses of the 

connected structures is of greatest interest. In the works [10-17], the authors propose materials on the 

modeling of the EBW process in order to find the optimal mode for thicknesses from 0.1 mm to 30 

mm. The gained modeling experience led the authors to the idea of studying the possibility of using 

EBW for significantly large thicknesses of the welded products. Thus, the goal was to evaluate the 

possibilities of modeling the heat process of heating the material under study with a concentrated 

source of energy in a wide range of thickness and the use of modeling results for practical use on elec-

tron beam equipment. 

When modeling the process of electron-beam welding, a classic method of presenting the process 

(Fig. 1) was used in the form of moving instantaneous energy sources (Fig. 2), the amount and location of 

which fully corresponds to a real electronic beam. 

 

 

 
Рис. 1. Представление ЭЛС в графическом виде 

 

Fig. 1. Representation of the EBW in graphical form 

 

 

 
Рис. 2. Представление ЭЛС в графическом виде: 

δ – толщина детали; 1Q  – мгновенный точечный источник; 2Q  – мгновенный  

линейный источник; 3Q  и 4Q  – фиктивные точечные источники 
 

Fig. 2. Representation of the EBW in graphical form: 

δ – part thickness; 1Q  – instant point source;  

2Q  – instant linear source; 3Q  и 4Q  – fictitious point sources 

 

 

The temperature of the heating of the material due to the effects of the selected sources in accor-

dance with [18] and the principle of superposition is calculated by (1): 

 
4

комп
1

, , , , ,QT Ti i
i

x y z v t
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where  
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 –the temperature from expo-

sure to the corresponding instantaneous sources in accordance with Fig. 2. 

The used heat process model (1) was investigated and tuned for the VT-14 material with a melting 

thickness of 1.5 ± 0.5 mm. To compare the shape of the cross -section of the seam and the modeled 

zone of thermal influence, the correspondence of the ratio of the size of the width to the depth of the 

seam was made. In Fig. 3 shows the results of the modeling and the form of the grinding of the corre-

sponding welding mode. The schedule of the zone of thermal influence was obtained by the number 

(1) and the selection of the section of the heating zone according to the coordinates corresponding to 

the greatest deviation of the temperature of the thermal influence (for VT-14-600 ºС) from the heating 

exhaust position. 
 

        
 

Рис. 3. Изображения формы шлифа и зоны термического влияния  

при глубине шва 1,6 мм и ширине 2,5 мм 
 

Fig. 3. Images of the shape of the slot and the zone of thermal influence  

at a seam depth of 1.6 mm and the width is 2.5 mm 

 

 

2. Development of mathematical functionality 

To calculate the technological process parameters as the welding speed, the form of a fuel distance 

and the required EBW power, the authors have developed a model of mathematical functionality (2) 

(analogue of the medium-sequatratic deviation), the criterion of the optimal (3) of which allows you to 

determine the indicated parameters of the technological process for material of any thickness. 

  2

норм норм1
1

1
T TJ

1

n

i

in 

 


;                                                   (2) 
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According to the developed criterion, the parameters of the technological process will be the solu-

tion of the system (4) 

 

1

1

1

0,

0,

0,
Q

J

J

J

v

z















                                                                     (4) 

 

where v – welding speed; z – the position of the focal spot; Q – the energy of the heating source (equal 

to the sum of instantic point Q1 and linear Q2 sources). 

To search for the required technological parameters of the EBW (energy, time, welding rate), an 

algorithm was developed, presented in the form of a block diagram in Fig. 4. 

The algorithm is based on the models proposed in this study (1) - (4). After the initialization of the 

technological parameters, the following parameters are set: T-the temperature of the granular zone of 

thermal influence (from minimum to maximum), t is the time of integration, V is the speed of welding, 

Q is the energy of the heating sources, x-coordinates in length of the product, y - coordinates in width 

of the product, z - coordinates in height of the product. Further, values are co-preserved in the database 

for further use in future calculations. If the experiment is new, then to calculate the energy of the heat-

ing source, the values of the temperature, integration time and welding rate are set, after the heating 

temperature (1) with the current fictitious and real sources is calculated. Next, using Crichera optimal-

ity (2), the required energy is calculated, providing a uniform zone heating the weld. To find the inte-

gration time, the resulting energy is set and the temperature of the boundary zone of thermal influence, 

then the temperature of the het is calculated by variating the rest of the parameters in a certain range. 

Knowing the optimal values of the energy, integration time, the welding speeds are calculated, simi-

larly to the previous stages. 

Applying the specified algorithm for parts with a thickness of up to 100 mm, the authors faced with 

a feature that showed itself when calculating the coordinates of the focal spot of the electric beam and 

the distribution of energies of instant sources. With an increase in the thickness of the welded material 

extremum of functional (3) disappears. This is explained by the fact that the welding of large thick-

nesses is carried out by an electron-beam gun with a narrow focus. 

The idea of a simple recharge of these parameters using the optimization criterion (3) is a task re-

quiring large time costs, which often leads to the practical inappropriateness of work in this direction. 

 
3. Development of physical functionality 

When studying the technology of welding of structures with different thicknesses of melting,  

the authors faced the task of choosing specific energy values for Q1 and Q2 sources. What is the  

way to choose these values depends on the studied thicknesses of the parts. Often, during the moisten-

ing of thermal processes, researchers choose the magnitude of the energy of the point based  

on experimental material in order to obtain an adequate mathematical model [19–22]. The authors 

acted in a similar way, choosing the best correspondence in the ratio between the width of the seam 

and its depth. 
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Рис. 4. Блок-схема алгоритма поиска требуемых  

технологических параметров процесса сварки 
 

Fig. 4. Block diagram of the algorithm for finding the required  

technological parameters of the welding process 
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To reduce the time of searching for the specified ratio, the authors have developed physical func-

tionality (5) and the optimization criterion for this functionality (6): 

 

2

2 норм
норм

Q
Q   J t

v

 
        

;                                                   (5) 

 

2

2 норм
норм

Q minQ   J t
v

 
        

,                                        (6) 

where Q – the energy of the heating source, including selected sources Q1 and Q2; v – welding speed;  

t – the time for achieving the boundary of the zone of the thermal influence of the lower boundary of 

the heating zone. 

Modeling the heating process during welding using both optimal criteria showed a good correlation 

of the developed functionals. This was the basis for combining the optimality criteria in obtaining a 

general solution in the search for required EBW technological parameters. 

The use of physical functional when modeling the EBW process significantly reduces the computa-

tional resource, since it uses the original system of equations of the thermal process (1) in a simplified 

version (to determine only v - welding speed and t - time to reach the boundary of the heat-affected 

zone of the lower boundary heating zones). 

As the starting material, the authors chose a technological mode used in production conditions. Us-

ing models (1, 3, 5), the parameters included in these equations were calculated. The calculation re-

sults are presented in the table. 

 

 

Calculation results for VT-14 with a thickness of 0.16 cm 

 

Delta = 0.16 см (f = 0) 
Q 

 [Cal.] 

Q1 

[Cal.] 

Q2 

[Cal.] J1 Q / v 
v 

[cm/s] 

t 

[s] 
Q · t J2 

800 560 240 0.062243 484.485 1.65 0.236 188.8 0.000291516 

810 567 243 0.062089 486.4865 1.665 0.2346 190.026 0.000208469 

820 574 246 0.061959 488.0952 1.68 0.2332 191.224 0.00014109 

830 581 249 0.061844 489.6755 1.695 0.2318 192.394 8.82512E-05 

840 588 252 0.061739 491.2281 1.71 0.2304 193.536 4.88335E-05 

850 595 255 0.061649 492.7536 1.725 0.229 194.65 2.17259E-05 

860 602 258 0.061591 494.2529 1.74 0.2276 195.736 5.82972E-06 

870 609 261 0.061522 495.7265 1.755 0.2262 196.794 6.22367E-08 

880 616 264 0.061473 497.1751 1.77 0.2248 197.824 3.35895E-06 

890 623 267 0.061452 498.5994 1.785 0.2234 198.826 1.46767E-05 

900 630 270 0.061436 500 1.8 0.222 199.8 3.29965E-05 

910 637 273 0.061431 502.7624 1.81 0.2203 200.473 1.4464E-05 

920 644 276 0.061438 505.4945 1.82 0.2186 201.112 3.10314E-06 

930 651 279 0.061451 508.1967 1.83 0.2169 201.717 1.45467E-07 

940 658 282 0.0615 510.8696 1.84 0.2152 202.288 6.89928E-06 

950 665 285 0.061547 513.5135 1.85 0.2135 202.825 2.4751E-05 

960 672 288 0.061954 516.129 1.86 0.2118 203.328 5.51664E-05 

970 679 291 0.062063 518.7166 1.87 0.2101 203.797 9.96923E-05 

980 686 294 0.062167 521.2766 1.88 0.2084 204.232 0.000159957 

990 693 297 0.06226 523.8095 1.89 0.2067 204.633 0.000237674 

1000 700 300 0.062375 526.3158 1.9 0.205 205 0.000334638 
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Based on the results of the table, graphs for functionals (3) and (5) were constructed (Fig. 5). 

 

 
 

Рис. 5. Графики зависимостей функционалов  
 

Fig. 5. Graphs of functional dependencies 

 

 

We search for optimal parameters using accepted criteria (4) and (6). The coordinates where the ex-

trema of both functionals coincide are taken as a solution. 

In our case, there is some discrepancy, so the coordinate of the right extremum for the functional J2 

was chosen. The table highlights the technological mode and the one that is accepted as optimal. The 

dimensions of the technological mode are shown in Fig. 3. Fig. 6 shows the simulation results and the 

shape of the section corresponding to the selected optimal welding mode. 

 

       
 

Рис. 6. Изображения формы шлифа и зоны термического влияния  

при глубине шва 1,6 мм и ширине 2,4 мм 
 

Fig. 6. Images of the shape of the slot and the zone of thermal influence  

at a seam depth of 1.6 mm and the width is 2.4 mm 
 

 

As you can see, optimization did not produce significant improvements in reducing the seam width 

relative to the depth. This is primarily due to the fact that the focal spot of the electron beam was on 

the surface of the part. The authors conducted studies on the effect of the position of the focus relative 

to the surface of the part on the functionality (3). It was found that the values of the functional will be 

the smallest in the case when the focus of the electron beam is located inside the part at approximately 

a depth equal to half the penetration depth (Fig. 7). 
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Рис. 7. График изменения функционала для толщины 0,16 см 
 

Fig. 7. Functional change graph for 0.16 cm thickness 

 

Taking into account the change in the focus position, the authors conducted an experiment with the 

previously proposed welding mode. Fig. 8 shows the simulation results and the shape of the section 

corresponding to the selected optimal welding mode. 

 

       
 

Рис. 8. Изображения формы шлифа и зоны термического влияния  

при глубине шва 1,6 мм и ширине 2,4 мм 

 

Fig. 8. Images of the shape of the slot and the zone of thermal influence  

at a seam depth of 1.6 mm and the width is 2.4 mm 

 

The modeling results and experimental data showed that with the use of the obtained experimental 

studies, the side walls of the prototype weld became more parallel, which meets the requirements for 

reducing residual stresses in welding parts, which significantly improves the quality indicators of the 

technological process. 

When modeling the welding process for large thicknesses (from 3 cm or more), the authors encoun-

tered the following phenomenon: when determining the optimal focal length using the minimum of the 

functional (2), the extremum of the function is not observed (Fig. 9). 

The authors did not have the opportunity to obtain technological parameters for samples of welds 

of large thicknesses. Therefore, they made the assumption that the position of the focal spot does not 
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affect the welding process. An explanation for this may be the ability of welding equipment to weld at 

such depths. As a rule, power plants equipped with electron beam guns with narrow-focus gun charac-

teristics are used for this purpose. The authors carried out a simulation similar to that presented for the 

aluminum alloy AMG-6 of the predicted model of the thermal welding process of large penetration 

depths, which allows for an assessment of the capabilities of welding products on existing equipment 

or the selection of a suitable power plant for this. As can be seen from Fig. 10, in addition to the com-

mon coordinate for criteria (3) and (5), the presence of several extrema in the second functional ex-

pands the picture of the search for optimal parameters of electron beam welding, not limiting itself 

only to the extremum common with the first functional. 
 

 
 

Рис. 9. График изменения функционала для толщины 10 см 
 

Fig. 9. Functional change graph for 10 cm thickness 

 

 

 
 

Рис. 10. Графики поведения функционалов от вводимой энергии 

для АМГ-6 толщиной 10 см 
 

Fig. 10. Graphs of the behavior of functionals from the input energy  

for AMG-6 with a thickness of 10 cm 
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The combined use of functionals allows for modeling to combine two physical properties of the 

material heating process: the temperature characteristics of the heating zone and the effective energy 

input of heating sources. 
 

Conclusion 

The results of scientific research carried out by the authors make it possible to theoretically deter-

mine such possible parameters of electron beam welding technology as the speed of movement of the 

material being welded and the required energy of the heating source for parts with a wide range of 

welded thicknesses. The use of electron beam technology for the manufacture of rocket and space 

technology products will significantly influence the quality of welded joints due to the optimal choice 

of the specified welding parameters. 
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Обеспечение жизнедеятельности человека в течение нескольких лет в изолированных условиях 

будущих марсианских и лунных баз представляется возможным при организации круговоротного 

процесса преобразования органических отходов, в том числе экзометаболитов человека (кал. ури-

на), в необходимые ему продукты: воду, кислород и пищу. Перспективным способом организации 

такого круговоротного процесса является создание трехзвенной замкнутой экосистемы (ЗЭС): 

человек, звено получения удобрений из органических отходов и растения – где растения синтезиру-

ют необходимые человеку продукты. В работе рассмотрена оригинальная схема комплексной ус-

тановки очистки жидких продуктов переработки экзометаболитов человека от поллютантов  

в процессе получения питательных растворов для выращивания растений в условиях ЗЭС. Перера-

ботку экзометаболитов человека осуществляли в устройстве физико-химического окисления  

в водной среде перекиси водорода под действием переменного электрического тока – в реакторе 

«мокрого» сжигания. Подобрано периферийное оборудование для организации системы автомати-

ческого управления установкой очистки, выявлены проблемы и разработаны подходы в автомати-

зации тнехнологических процессов и создании программного обеспечения для взаимодействия чело-

века с предлагаемой установкой. Выполнены эксперименты по выращиванию растений салата, 

подтверждающие эффективность предлагаемых процессов очистки жидких продуктов перера-

ботки экзометаболитов человека. Сделан вывод, что созданная комплексная установка очистки, 

оснащенная предлагаемым программным обеспечением, может быть использована для научных 

исследований применительно к тематике ЗЭС, в том числе космического назначения. 
 

Ключевые слова: управление технологическим процессом, системы жизнеобеспечения, утилиза-

ция органических отходов, обессоливание, растительное звено. 
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Ensuring human life activity for several years in isolated conditions of future Martian and lunar bases is 

possible with the organization of a circular process of converting organic waste, including human exome-

tabolites (feces . urine), into the products he needs: water, oxygen and food. A promising way to organize 

such a circular process is to create a three–link closed ecosystem (CES): a person, a link for obtaining fertil-

izers from organic waste and plants - where plants synthesize the products necessary for a person. The paper 

considers the original scheme of a complex installation for the purification of liquid products of processing of 

human exometabolites from pollutants in the process of obtaining nutrient solutions for growing plants in a 

CES. The processing of human exometabolites was carried out in a device for physicochemical oxidation of 

hydrogen peroxide in an aqueous medium under the action of alternating electric current – in a “wet” com-

bustion reactor. Peripheral equipment was selected for the organization of the automatic control system of the 

cleaning plant, problems were identified and approaches were developed in the automation of technological 

processes and the creation of software for human interaction with the proposed installation. Experiments on 

the cultivation of lettuce plants have been carried out, confirming the effectiveness of the proposed processes 

of purification of liquid products of processing of human exometabolites. It is concluded that the created inte-

grated cleaning plant, equipped with the proposed software, can be used for scientific research in relation to 

the subject of CES, including space purposes. 

 

Keywords: process control, life support systems, utilization of organic waste, desalination, plant link. 

 

Introduction 

The problem of creating closed ecosystems (CES) to ensure human life during long-term space flight 

and stay on celestial bodies (Moon, Mars, asteroids, etc.) is currently receiving increasing attention from 

leading space agencies and other major research centers  [1; 2]. In Russia, the Institute of Biophysics SB 

RAS(Siberian Branch of Russia Academy of Science) is actively engaged in the development of closed 

ecosystems for space purposes [3]. At the same time, much attention is paid to the creation of models of 

closed ecosystems. Various patterns of circular processes are worked out on their basis, which can then 

be the basis for the creation of full-scale closed ecosystems with humans. Future closed ecosystems 

should include both biological and physico-chemical methods of waste oxidation for their subsequent 

inclusion in cycling processes  [4–17]. To ensure the effective operation of the physical and chemical 

processes of oxidation of organic and inorganic waste in CES, it is extremely important to create and 

sustainably operate a set of necessary instruments and equipment. An integral part of such equipment is 

an installation for the purification of liquid products of human waste processing (feces, urine), since the 

process of waste oxidation produces pollutants that inhibit plant growth.   

The Institute of Biophysics of the SB RAS is conducting research on the creation of such cleaning meth-

ods in relation to closed ecosystems. In particular, software is being developed to automate cleaning 

processes  [17; 18]. 

The purpose of this work is biotesting of solutions obtained after purification and the development 

of a digital automated control system for the installation of physical and chemical purification of min-

eralized human exometabolites. 

 

Methods and approaches  

Long-term daily direct application of mineralized exometabolites into the irrigation solution will 

cause its salinity due to the high NaCl content in human urine [19; 20]. In addition, the “wet” combus-

tion method is practically unable to utilize urea, which increases the risk of the development of oppor-

tunistic urobacteria in the system [21] and reduces the availability of nitrogen for the plant CES link. 

Therefore, the complex of physical and chemical processing of organic waste includes, in addition to 

“wet” combustion, several more sequential processes for purifying solutions of mineralized exome-

tabolites, for each of which a reactor has been developed [18]: 1) decomposition of urea; 2) release of 

Cl2; 3) synthesis of HCl; 4) release of alkali; 5) release of Na2CO3; 6) synthesis of NaCl. Together, 

these 6 reactors are a plant for the purification of liquid products of physical and chemical processing 

of human waste products.  
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To assess the influence of liquid products of the physicochemical oxidation of human exometabo-

lites on plants, we used previously developed methodological approaches for preparing nutrient solu-

tions on this basis for their subsequent use in an experimental model of a closed ecosystem, subject to 

regular (once every 7 days) replacement of 1/8 of the nutrient solution with water. That is, in 8 weeks 

there was a complete change of solution  [22]. 

Studying the influence of possible pollutants in a nutrient solution required testing the possibility of 

long-term use of permanent solutions prepared on the basis of liquid products of the mineralization of hu-

man exometabolites for growing plants. The object of research was the “Moscow Greenhouse” variety let-

tuce. Plants in an experimental model of a closed ecosystem were grown using hydroponics on expanded 

clay. The technology and growing conditions are similar to those described earlier.  [22; 23]. The duration 

of cultivation from germination to technical maturity is 21 days. In the experimental version, the solution 

was prepared based on liquid mineralization products. Control options – standard Knop solution: control 1 

– permanent solution with correction, control 2 – every 7 days the solution was changed to a freshly pre-

pared one. During plant growth, correction of permanent irrigation solutions was carried out with initial 

solutions based on the content of available forms of nitrogen. 

When creating an automated control system and software for a treatment plant, a uniform approach 

is desirable, thanks to which the same type of process parameters and reactor programming menus will 

be displayed in the same way, and the same type of automatic control algorithm for all reactors will be 

used. This is important, since the reactors are different, and it is more convenient for the operator to 

control and configure them with a uniform interface display. In addition, the automation system and 

software being developed should be easily adaptable to connecting possible new reactors to the struc-

ture of the treatment plant. Following this logic, the automation and software must be adaptable to 

connecting the “wet” combustion reactor and other reactors of the physicochemical waste mineraliza-

tion subsystem [17]. This seems possible, since the program interaction scheme that meets the speci-

fied requirements for the automation and software of the treatment plant is the same for the “wet” 

combustion reactor (Fig. 1) . 

 

 
 

Рис. 1. Схема взаимодействия программ 

 

Fig. 1. Scheme of program interaction 

 

In order to ensure interaction with peripheral devices, including sensors, relays, servos and others, 

it was decided to use the Arduino platform due to its ease of programming, wide support for hardware 
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modules and sensors. The Arduino IDE development environment is chosen for Arduino program-

ming. For software development, with a focus on creating a convenient interface for the end user, an 

additional development environment was added – Visual Studio using a programming language C#. 

 

Methods and approaches  

A study of the influence of pollutants in a nutrient solution showed that the biomass of lettuce 

plants grown in non-replaceable solutions of the experimental and control variants did not differ sig-

nificantly, just as there were no significant differences from the biomass of plants grown in control 

solutions that were regularly replaced (see table).  

 

 

Dry weight (g) per plant of lettuce variety “Moscow Greenhouse”, grown on solutions prepared  

on the basis of liquid products mineralization of human exometabolites  

 

Тип питательного раствора Общая биомасса Биомасса листьев 

Несменяемый раствор экзометабо-

литов 
3.3±0.4 2.9±0.3 

Несменяемый раствор Кнопа  

(контроль 1) 
2.8±0.5 2.4±0.5 

Сменяемый раствор Кнопа  

(контроль 2) 
2.7±0.9 2.1±0.4 

 

Type of nutrient solution Total biomass Leaf biomass 

Permanent solution of exometabolites 3.3±0.4 2.9±0.3 

Non-replaceable Knop solution  

(control 1) 
2.8±0.5 2.4±0.5 

Replaceable Knop solution  

(control 2) 
2.7±0.9 2.1±0.4 

 

 

Thus, the fundamental possibility of long-term use of nutrient solutions prepared on the basis of 

liquid products of the mineralization of human exometabolites for growing plants of the phototrophic 

link of a closed ecosystem has been experimentally demonstrated . 

Based on the analysis of the processes of the physico-chemical unit for processing human waste, 

the automatic reactor control algorithm was taken as the basis for logical control [18, Fig. 2, B)], the 

logic of which is to maintain the parameters of the technological process conditions in the specified 

ranges and stop the process when the target parameter reaches the specified value.  The work [18] does 

not disclose the operating principle of the unit for adjusting the conditions parameters, which is a 

problematic point when trying to create a unified structure of the automatic control algorithm for the 

treatment plant. This is due to the fact that the processes in the reactors of the installation are varied: 

they occur in the liquid and gaseous phase, have one or several stages, and may require partial opera-

tor intervention. Therefore, maintaining certain condition parameter values ultimately requires differ-

ent hardware and logic solutions. As a result, despite the possibility of uniformly displaying the pa-

rameters of technological processes, the software settings for the operation of different reactors and 

control algorithms will differ from each other.  

The need for an individual approach to settings for each reactor of a treatment plant indicates the 

possibility of using common software for all reactors of the physico-chemical mineralization subsys-

tem of waste [17], including a “wet” combustion reactor, the operating algorithm of which differs 

from the operating algorithm of the treatment plant (Fig. 2)  
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Рис. 2. Алгоритмы работы реакторов:  
А – без контроля параметров условий процесса; Б – с контролем параметров условий процесса 

 

Fig. 2. Reactor operation algorithms:  
A – without control of the parameters of the process conditions; Б – with control of the parameters  

of the process conditions 

 

 

As a result, software was developed in which, for user convenience, the operator’s workspace is di-

vided into tabs, where each tab has its own reactor (Fig. 3). Each tab has fields for displaying indica-

tors in text format, buttons for reactor control, fields for plotting graphs based on measurement results, 

as well as operating time and current date. 

By pressing the “Start” button, a signal is sent to the connection port, then the Arduino begins to 

transmit readings of the running process. The data is displayed in the appropriate fields, and based on 

this data, the construction of the graphs presented in Fig. begins. 3, where each tab corresponds to a 

reactor/process of physical and chemical processing of human waste products. Four-color tab marking 

is proposed to indicate the state of processes:  

state 1 – the process is not running, not the current tab;  

state 2 – process not running, current tab;  

state 3 – the process is running, not the current tab;  

state 4 – process running, current tab.  

Reactor operation settings allow you to enter parameter values for each purification process to 

automatically maintain and adjust the conditions for its occurrence. 
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Рис. 3. Окно ПО во время работы:  
А – отображение параметров текущего процесса (выделение Na2CO3);  

Б – отображение настроек реактора выделения Na2CO3 
 

Fig. 3. The software window during operation:  
A – displaying the parameters of the current process (Na2CO3 extraction);  

Б – displaying the settings of the Na2CO3 extraction reactor 
 

 

When the process is started, in addition to outputting data in the current time, the data is written to 

a text document. All measurement results are saved in separate folders in the software directory. The 

file names contain the exact launch date. And the documents themselves describe the number of the 

launched reactor and the results of measurements over time.  

 

Conclusion  

 

Peripheral equipment for organizing an automatic control system was selected, problems were 

identified and approaches were developed to automate these processes and create software for human 

interaction with the proposed installation. Experiments on growing lettuce plants were carried out, 

confirming the effectiveness of the proposed purification processes for liquid products of the process-

ing of human exometabolites. Thus, the created complex purification installation, equipped with the 

proposed software, can be used for scientific research in relation to CES topics, including space appli-

cations.  
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По удельному расходу энергии процессы формообразования располагаются в трёх энергетиче-

ских уровнях. Электрофизические и электрохимические методы обработки металлов находятся на 

третьем уровне, где удельные энергозатраты составляют более 610
4
 Дж/см

3
. Анализ литератур-

ных данных показал противоречивость удельных затрат некоторых авторов. Удельные энергоза-

траты электроконтактной обработки никак не могут быть соизмеримыс затратами при элек-

трохимической обработке из-за разных размеров удаляемых частиц с поверхности обрабатывае-

мой детали. Литературные данные по удельным энергозатратам электро-контактно-химической 

обработки металлов вибрирующим инструментом в электролите отсутствуют, поэтому прове-

дены эксперименты с фиксацией осциллограмм тока, напряжения и межэлектродного зазора. 

Приведена методика расчёта удельных энергозатрат по осциллограммам процесса. Рассчитаны 

затраты энергии на вибрацию электрода-инструмента, которые на порядок меньше на электро-

контактно-химическую обработку. При уменьшении амплитуды вибрации или увеличении напря-

жения на электродах процесс в межэлектродном зазоре переходит в размерную обработку дугой. 

При электро-контактно-химической обработке металлов вибрирующим инструментом в воде 

удельные энергозатраты равны (3,5–3,8)·10
5 

Дж/см
3
, что соответствует электроконтактной 

обработке. Предполагается, что использование водных растворов нейтральных солей приведёт  

к снижению затрат энергии. 
 

Ключевые слова: удельные энергозатраты, электро-контактно-химическая обработка, вибра-

ция, амплитуда, частота, осциллограмма, расчёт. 
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According to the specific energy consumption, the shaping processes are arranged in three energy lev-

els. Electrophysical and electrochemical methods of metal processing are at the third level, where the spe-

cific energy consumption is more than 6·10
4
 J/cm

3
. The analysis of the literature data showed the inconsis-

tency of the specific costs of some authors. The specific energy consumption of electrical contact process-

ing cannot be commensurate with the costs of electrochemical processing due to the different sizes of the 

particles removed from the surface of the workpiece. There are no literature data on the specific energy 

consumption of electro-contact-chemical treatment of metals with a vibrating instrument in the electrolyte, 

therefore, experiments have been carried out with the fixation of current, voltage and interelectrode gap 

oscillograms. The method of calculation of specific energy consumption according to the oscillograms of 

the process is given. The energy costs for vibration of the electrode-tool are calculated, which are an order 

of magnitude less for electro-contact-chemical treatment. When the vibration amplitude decreases or the 

voltage on the electrodes increases, the process in the interelectrode gap turns into dimensional arc proc-

essing. When electro-contact-chemical treatment of metals with a vibrating tool in water, the specific en-

ergy consumption is equal to (3.5–3.8) · 10
5
 J/cm

3
, which corresponds to electrocon- 

tact treatment. It is assumed that the use of aqueous solutions of neutral salts will lead to a reduction in 

energy costs. 

 

Keywords: specific energy consumption, electro-contact-chemical treatment, vibration, amplitude, fre-

quency, oscillogram, calculation. 

 

Introduction 

Specific energy consumption is one of the important indicators affecting the economic efficiency of 

the molding process. Specific energy consumption is defined in kWh/kg, J/cm
3
. In [1; 2] it is recom-

mended to determine the properties of metals per unit volume when revealing the regularities of metal 

behavior under various physical processes. 

According to this characteristic, all the forming processes are arranged in three energy levels. The 

first level includes the processes that require a minimum of energy to break the bonding forces be-

tween only a part of atoms or molecules of the body. This level extends up to the melting energy of 

metals (Table 1), i.e., approximately up to 10
4
 J/cm

3
 [3]. 

The second level includes processes that require energy inputs to break the bonds between all at-

oms and molecules of the body. Casting is a characteristic process for this condition. It is not clear 

why reaming and grinding are located in this level, because there is no breaking of bonds between all 

atoms and molecules. Metal removal occurs in the form of chips [4]. The second energy level is lo-

cated between the melting energy of 10
4
 J/cm

3
 and the vaporization energy of metals 610

4
 J/cm

3
. 

 

 

Table 1  

Energy levels of shaping processes 
 

Energy level Shaping method 
Specific 

energy consumption, J/cm
3 

Cold deformation 110
1
410

1
 

Stamping 210
1
6.510

1
 

Cold extrusion 5.510
2
8.510

2
 

Turning 1.710
3
2.510

3
 

Broaching 2.510
3
3.710

3
 

I 

Milling 510
3
7.510

3
 

Hot deformation 910
3
3.410

4
 

Casting  1.410
4
2.510

4
 

Reaming 1.210
4
310

4
 

II 

Grinding 5.510
4
710

4
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Ending of Table 1 

 

Energy level Shaping method 
Specific 

energy consumption, J/cm
3
 

Dimensional electrochemical 

treatment 

4.2510
5
4.3510

5
 

Treatment:  

anodic mechanical 1.710
5
5.210

5
 

electrocontact 2.310
5
4.610

5
 

electropulse 3.510
5
7.110

5
 

electrospark 1.110
6
2.910

6
 

ultrasonic 610
5
3.610

6
 

III 

light-beam 2.810
7
4.710

7
 

 

In the third energy level there are processes, which require energy for complete destruction of 

bonding forces between all atoms or molecules of the body. Characteristic for this level are dimen-

sional electrochemical treatment, electrospark and electro-pulse treatments, treatment with electron 

and light beams. This level is located above the vaporization energy of metals, i.e. above 610
4
 J/cm

3
. 

As the hardness and strength of materials increase, energy consumption increases (Fig. 1) [4] and 

treatment productivity decreases. Modern metals and alloys have a tensile strength of more than 200 

MPa, so high energy consumption of electro-treatment is quite justified, as other shaping methods be-

come uncompetitive in terms of productivity. 

 

 
 

Рис. 1. Энергоёмкость некоторых видов обработки: 

1  обработка лезвийным инструментом; 2  шлифование;  

3  электроимпульсная; 4 – ЭХО 
 

Fig. 1. Energy intensity of some types of processing 

1 – blade tool processing; 2 – grinding; 3 – electric pulse; 4 – electrochemical treatment 

 

Analysis 

The data given in [4-6] and Tables 1-3 do not agree with the values of specific energy consumption 

during electrochemical processing presented by the authors [7; 8] (Table 4). According to these authors, 
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the costs at electrochemical treatment are 940 times higher than at electrocontact treatment. Tables 1 

and 2 show that the specific energy consumption of electrocontact and electrochemical treatments are 

commensurable, which does not correspond to reality because the removal of metal from the treated sur-

face occurs with different particle sizes, in the first case in the form of molten metal droplets, in the sec-

ond case in the form of metal ions. 

Detailed indicators of varieties of electrophysical treatment methods are given in the reference 

book [6] Table 3. 

 

Table 2 

Specific energy consumption of electric methods of treatment 
 

№ Treatment Specific energy consumption, J/cm
3
 

1 Electrospark 11–29 

2 Electropulse 3.5–7.1 

3 Electrochemical 4–6 

4 Electrocontact 2.3–4.6 

 

Table 3 

Main properties of electrophysical methods of metal processing 
 

Treatment method Average specific productivity, cm
3
/s 

Average specific energy consump-

tion, J/cm
3
 

Electrosparking: 

rough 

finishing  

precision 

 

9.3 ·10
–3

–1 · 10
–2 

8 ·10
–4

–1.6 · 10
–3 

1.7 ·10
–6

–1.7 · 10
–5

 

 

(4.3–7.2) · 10
5 

(1.4–2.0) · 10
6 

(2.0–2.5) · 10
6
 

Electroimpulse: 

rough 

finishing 

 

1.7 ·10
–2

–1.8 · 10
–1 

8 ·10
–4

–8 · 10
–3

 

 

(3.5–7.1) · 10
5 

(2.6–5.8) · 10
5
 

Electrocontact: 

cutting 

turning 

skinning 

piercing 

 

1.6 ·10
–2

–1.3 · 10
–1 

1.6 ·10
–2

–6.5 · 10
–1 

15–17 
 

8.3 ·10
–3

–2.5 · 10
–2

 

 

(0.3–1.2) · 10
5 

(1.2–1.4) · 10
5 

(2.3–4.6) · 10
5 

(0.12–5.8) · 10
4
 

 

In Table 3, the specific energy consumption for electrical contact piercing of holes is questionable, 

which is an order of magnitude lower than for other types of this processing. The removal of erosion 

products from the holes is difficult during electrocontact piercing, so additional energy consumption is 

required. 

 

Table 4 

Specific energy consumption of certain electrochemical methods of treatment 

 

№  

п/п 

Treatment Specific energy consumption, J/cm
3
*10

5
 

1 Electrochemical 2.52–5.61[5]; 5.61–11.2[6] 

2 Electrical discharge 1.68–3.36 

3 Electrocontact 0.28–0.56 

 

More data on electrochemical treatment specific energy consumption in kWh/kg are available in 

the reference book [9]. Taking into consideration the density of metals the calculation of energy con-

sumtion per volume item of material being processed was fulfilled. Table 5 shows the results of this 

calculation for some metals. 



 

 
 

Сибирский аэрокосмический журнал. Том 24, № 4 
 

 764 

Table 5 

Specific energy consumption of electrochemical dimensional treatment of metals in aqueous solutions  

of neutral salts, J/cm
3
 10

5 

 

Metal 25%NaCl 30%NaNO3 15%Na2SO4 

Steel U10 1.96 6.44 70.84 

Steel 35HGS 3.28 3.84 28.03 

Steel 4H5V2FS 3.12 4.37 34 

Aluminium 1.55 1.94 65.5 

Nickel 2.14 22.3 39.2 

Titanium alloy ВТ8 3.49 5.33 258 

 

Table 5 shows that the lowest specific energy consumption is characteristic of electrochemical 

treatment in aqueous sodium chloride solution. This is explained by the presence of activating chlorine 

anion in the electrolyte which favours the formation of intermediate complex compounds [10]. During 

electrochemical treatment in aqueous sodium sulphate specific energy consumption increases by 10-15 

times the reason for which is passivation of the anode [11]. This phenomenon is especially characteris-

tic of titanium alloy BT8 since titanium is an active metal, its standard electrode potential is 1.2 V [12] 

and its surface always has an oxide film. 
 

Methodology 

Experimental studies were carried out on an electrotreatment unit with a linear electrodynamic mo-

tor described in the scientific journal [13]. To fix the electrode tool a fixture was made to ensure the 

flow of water (weak electrolyte) through the interelectrode gap. The methodology of experimental stu-

dies is described in [14]. The treated metal is HVG steel. However this paper doesn’t provide a meth-

odology for calculating the specific energy consumption of electro-contact-chemical treatment of met-

als in the electrolyte based on oscillograms of the process. 
 

 
 

Рис. 2. Осциллограмма напряжения и тока ЭКХО 
 

Fig. 2. Oscillogram of the voltage and current of the electro-contact-chemical treatment 

 

Calculation of specific energy consumption based on the oscillogram. Typical oscillogram of current, 

voltage and interelectrode gap during electro-contact chemical treatment with vibrating electrode-tool in 

water is shown in Fig. 9. The data were obtained at an average electrode voltage of 16.7 V and a tool 

oscillation amplitude of 0.75 mm. At the oscillation amplitude of 0.25 mm and the average velocity of 

water flow in the interelectrode gap of 1 m/s and less, the current and voltage oscillogram characteristic 

of dimensional arc machining is observed [15; 16]. 
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The oscillogram is divided into sections I, II, III, IV. Section I is the pre-breakdown period - the time 

of streamer formation - the discharge channel. Section II - breakdown of the interelectrode gap, III - con-

tact of electrodes, IV - period when the current is caused by anodic dissolution of the treated metal (elec-

trochemical treatment). The square of each triangle is determined, thus the amount of electricity passed 

in each period (sections I - IV) will be known. Next, the average voltage value at each section is deter-

mined from the oscillogram data. 

For section I we have  

1

2
I I I Iq h a M M


 , 

Where Ih  is the height of the triangle of section I; Ia  is the length of the base of the triangle of section 

I; IM  is the current scale, IM =2.5 A/mm; M


 is the time scale, M


=0.48 ms/mm. 

After calculating the amount of electricity for all sections we get 

 

356,25 10Iq 
   Кл; 376,6 10IIq 

   Кл; 

3600 10IIIq 
   Кл; 3162 10IVq 

   Кл. 

Average voltage at the sections is 

24,3IU   В;  17,5IIU   В;  11,3IIIU   В;  25,7IVU   В. 

Pulse energy at the sections is 

1,351IQ   Дж;  1,348IIQ   Дж;  6,78IIIQ   Дж;  4,155IVQ   Дж. 

Taking into account the frequency of oscillation of the electrode-tool (50 Hz), processing time and 

the volume of removed metal, the specific energy consumption is determined as follows 

W = [(Q1 + Q2 + Q3 + Q4) * f * t] / V, 

where f is the oscillation frequency, s
–1

; t is the treatment time, s; V is the volume of removed metal, 

cm
3
. 

Specific energy consumtion is W = (3.5–3.8)·10
5 
J/cm

3
. 

In addition to the electrical energy consumed for the electro-machining process, it is necessary to 

take into account the energy consumption for the vibration of the electrode-tool. This energy is deter-

mined by the well-known formula 

Wв = m * f
 2 

* A
2
, 

where m is the mass of the electrode-tool with the device for its fixing, kg; A is the amplitude of vibra-

tion of the electrode-tool, m. After substituting the data into the above formula it turns out that the en-

ergy consumption for the vibration of the tool electrode is an order of magnitude less than for the 

processes of electro-contact-chemical treatment. 
 

Conclusion 

Specific energy consumption is an important indicator when selecting a method of treatment of 

metals and alloys. For materials difficult to be machined by mechanical methods, the alternative is the 

methods of electrical treatment. The analysis of literature data has shown that indicators on specific 

energy consumption are contradictory, and for the combined electro-contact-chemical method of proc-

essing by vibrating electrode in water this characteristic is practically absent. Calculation by oscil-

lograms of the process shows that specific energy consumption of electro-contact-chemical treatment 

by vibrating electrode in water corresponds to electro discharge treatment and electrochemical treat-

ment in aqueous solution of sodium chloride or sodium nitrate. At electro-contact-chemical treatment 

in aqueous solution of the above mentioned salts it is necessary to expect decrease of specific energy 
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consumption as energy losses on heating of electrolyte decrease due to decrease of its electrical resis-

tance, and chlorine and nitrate ions reduce activation energy of the treated metal. 
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