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`	The mathematical model for 
evolution of legume-rhizobia 
mutualism based on the partners’ 
positive feedbacks resulted from 
their metabolic (C-N) exchange is 
presented. Negative FDS in rhizobia 
population, combined with the 
partners’ positive feedbacks ensure 
anchoring or even domination of 
the mutants which either acquired 
the mutualistic traits or changed 
the specificity in their expression 
with different host genotypes. The 
created model allows us to consider 
the mutualistic symbiosis as of a 
finely balanced population system 
in which the equilibrium may be 
shifted in favor of beneficial microbial 
genotypes due to natural selection 
for an improved symbiotic efficiency 
implemented in plant population. 

` Key words: mutualistic symbioses, 
plant-microbe interaction, positive 
feedbacks, frequency-dependent 
selection (FDS), Darwinian selection, 
root nodule bacteria, N2 fixation, 
mathematical simulation, symbiotic 
cheaters, evolution of symbioses. 

SIMULATION OF PLANT-BACTERIA CO-EVOLUTION 
IN THE MUTUALLY BENEFICIAL SYMBIOSIS

INTRODUCTION

Beneficial (mutualistic) symbioses represent a highly efficient strategy for 
adaptation of organisms to the changing and stressful environments (Douglas, 
1994). Due to symbioses with fungi or bacteria, plants can improve their nutri-
tion, defense from pathogens and herbivores, resistance to abiotic stresses and 
growth regulation (Tikhonovich and Provorov, 2007). However, mechanisms 
for origin and maintenance of symbiotic mutualism remain obscure since in 
populations of interacting organisms, the “altruistic” genes are supported the 
primary functions of which are to benefit the symbiotic partners, not the own-
ers of these genes (Person et al., 1962; Williams, 1966; Frank, 1994). For 
example, N2 fixed from atmosphere by root nodule bacteria (rhizobia) or phos-
phates assimilated from soil by arbuscular mycorrhizal (glomalean) fungi are 
donated from micro-symbionts to hosts and specialization for implementing 
these functions may be very deep, leading to a restriction of reproductive abil-
ity as it is typical for glomalean fungi (Smith and Read, 1997) and for rhizobial 
bacteroids (Brewin, 2004). Maintenance of the “altruistic” traits in microbial 
partners is easily explained for obligatory symbiotic interactions especially 
when the microbes are vertically transmitted in host generations (Darlington, 
1978; Douglas, 1998; Denison and Kiers, 2004; Gundel et al., 2007). In the 
absence of vertical transmission, evolution of mutualism may be suppressed 
by a lineage mixing in micro-symbiont populations which favors the cheating 
(non-beneficial or even pathogenic) genotypes that mimic “genuine mutual-
ists” without fulfilling their mutualistic obligations (Frank, 1996; Simms and 
Taylor, 2002). 

A failure to reveal the selective mechanisms supporting the mutualistic 
interactions is largely due to ignorance of the evolutionary potential of func-
tional feedbacks which integrate the partners due to operation at two levels: 
metabolic (bilateral exchange by nutrients) and population (co-evolutionary 
adaptations towards the environmental stresses). In antagonistic symbioses 
(pathogenic systems), the negative feedbacks dominate (Pimentel, 1968): in-
crease of fitness in either partner is usually correlated to the decreased fitness 
in the other partner (e. g., high virulence is beneficial for pathogens but delete-
rious for hosts and vice versa). However, in mutualistic interactions, partners’ 
feedbacks may be essentially positive since a symbiosis-specific increase of 
fitness in either partner improves fitness in the other one. Such feedbacks may 
result from operation of microbial genes which benefit the host directly, but for 
owners of this genes, improvement of fitness is mediated by a “return of costs” 
implemented by host more effectively the more benefit is obtained by host  
(“reciprocal altruism”; Frank, 1994). 

Symbioses between rhizobia (a collective name for gram-negative bacteria, 
e. g., Rhizobium, Sinorhizobium, Bradyrhizobium, Mesorhizobium form-
ing N2-fixing root nodules) and the leguminous plants (Fabaceae) represent 
very convenient models for analyzing the mechanisms of mutualism evolution 
because these symbioses are studied comprehensively at the molecular and 
population levels (Sessitsch et al., 2002). Herein, partners’ feedbacks may be 
quantified on the basis of exchange with C- and N-metabolites (Vance and 
Heichel, 1991): fixation of N2 by rhizobia stimulates photosynthesis (Bethlen-
falvay et al., 1978) the products of which are used in nodules not only for the 
energy supply of nitrogenase and for assimilation of ammonium, but also for 
multiplication of the intra-nodule rhizobia population (Streeter, 1995; Tim-
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mers et al., 2000). These feedbacks can ensure the regular 
reorganizations in endo-symbiotic microbial populations 
eliciting the selective pressures responsible for evolution 
of host-beneficial (mutualistic) traits. For example, allo-
cation of host-derived C compounds in favor of N2-fixing 
strains in combination with the hosts’ “sanctions” against 
non-N2-fixing strains (Denison and Kiers, 2004) can en-
sure the preferential in planta multiplication of N2-fixing 
strains resulted in the group (inter-deme) selection in fa-
vor of symbiotic mutualism (Provorov et al., 2008). How-
ever, efficiency of this selection may be restricted greatly 
by the mixed nodule infections due to which many nodules 
formed under field conditions contain compositions of N2-
fixing and non-fixing strains. The later may be the most 
active consumers of C compounds behaving as “symbiotic 
cheaters” which are often found in mutualistic symbioses 
in a stable equilibrium with “genuine mutualists” (Dar-
lington, 1978; Douglas, 1998; Simms and Taylor, 2002; 
Denison and Kiers, 2004).

In order to simulate evolution in rhizobia-legume 
mutualism, we modified the previously developed models 
of cyclic processes in microbe-plant systems (Provorov 
and Vorobyov, 2000, 2006) which represent formation of 
highly polymorphic and panmicitic rhizobia populations 
as a result of negative frequency dependent selection 
(FDS) operating during competition for nodulation. 
The positive partners’ feedbacks are described assum-
ing that: (i) plants and bacteria are represented by di-
morphic populations the components of which combine 
randomly into symbiotic systems differing in ability to 
fix N2; (ii) fitness (reproductive success) in both part-
ners is determined by the efficiency of N2-fixation. This 
approach enables us to study the interplay of FDS and 
Darwinian selection in co-evolving partners’ popula-
tions which results in anchoring and even domination of 
“genuine mutualists” (N2-fixing strains) over the “sym-
biotic cheaters” (non-fixing strains) maintained at an 
equilibrium in “plant-soil” system. 

CONsTRUCTION Of The mODel fOR 
mUTUalIsTIC symbIOsIs  

Let us consider that in the simulated system, micro-
symbionts occupy three habitats (soil, rhizosphere, nod-
ules), while the hosts occupy one habitat (wherein they 
exist as symbiotically active plants or as dormant seeds). 
The coordinated partners’ microevolution is represented 
by a cyclic process; genetic structure of symbiotic sys-
tem (frequencies of partners’ genotypes) formed at the 
end of t-th cycle constitute the starting conditions for the  
(t+1)-th cycle (in the relevant recurrent equations, variables 
depending on the number of cycle are given in italics).  

At each cycle, partners implement the successive in-
teractions: rhizobia inoculate symbiotic (rhizospheral and 
nodular) habitats in juvenile plants and colonize these 

habitats (multiply within nodules and rhizospheres) in 
mature plants. After seed formation, plants extinct and 
bacteria from rhizosphere and nodules are released into 
soil (Fig. 1). 

Model involves the partners’ feedbacks assuming that: 
1) frequency of N2-fixing strain in nodules determines the 
reproductive success in hosts (“bacteria→plant” positive 
feedback) and in endosymbiotic bacteria (auto-induc-
tion of bacteria propagation); 2) ratio of two genotypes 
in plant population determines the volumes of symbiotic 
(rhizospheral and nodular) sub-habitats provided by plant 
genotypes for bacteria occupation (“plant→bacteria” 
feedback).
Step 1. Mutational process  
in the soil bacterial population 

In the simulated system, rhizobia are represented by 
mutant (M) and its parent (P) contrasting in the abili-
ties to form N2-fixing symbioses with two available plant 
genotypes; plants — by a pair of genotypes each forms 
N2-fixing symbioses with one of two rhizobia strains. We 
consider two types of P→M mutations (reverse mutations 
are not considered): 

1-st type: M fixes N2 in symbiosis with both plant 
genotypes (“genuine mutualists”) while P is devoid of 
this ability (“symbiotic cheaters”); these mutations type 
represents acquisition of the host-beneficial (mutualistic) 
traits by bacteria; 

2-nd type: M fixes N2 in symbiosis with 1-st, not with 
2-nd plant genotype, while P fixes N2 with 2-nd plant 
genotype only; these mutations represents the changes in 
host-specific expression of beneficial traits in bacteria. 

At the beginning of Step 1, numbers of M and P cells 
are Q1MS.t and Q1PS.t, while to the end of Step 1 they are 
changed for Q2MS.t and Q2PS.t according to formulae from 
Table 1 (rearrangement 1.1). 
Step 2. Competitive processes related  
to seed germination and to inoculation  
of symbiotic habitats 

Competition in plant population during seed ger-
mination. At the beginning of Step 2, plant population is 
represented by seeds the numbers of which for 1-st and  
2-nd genotypes are Qp11.t and Qp12.t. During this Step, 
seeds germinate and juvenile plants compete for survival 
resulting in decrease of total population size to the con-
stant level (P0 = Qp21.t + Qp22.t) according to formulae 
from Table 2 (rearrangement 2.1). The structure of result-
ed population is characterized by variable αt = Qp21.t : P0  
(0 <αt <1) used later to determine the ratios of total num-
bers of bacteria hosted by 1-st and 2-nd plant genotypes 
within symbiotic habitats after their inoculation. 

Competition for inoculation of symbiotic habitats by 
bacteria. Juvenile plants offer the symbiotic habitats for 
inoculation which is represented as a migration of bacteria 
from soil into rhizosphere and nodules at the end of which 
the size and structure of soil population is restored due to 
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compensatory cell divisions. The total bacteria numbers 
(M+P) in symbiotic habitats of all plants are constants: 
R0, N0 are “Inoculation Volumes” (IV) offered by the 
plant population for bacteria introduced into rhizospheres 
and nodules, respectively. These habitats are dissected 
into sub-habitats formed by 1-st and 2-nd plant geno-
types and having IV sizes dependent on αt: R11.t = αt

×R0,  
R12.t = (1 – )αt

×R0 (rhizospheral sub-habitats); N11.t = αt
×N0, 

N12.t = (1 – )αt
×N0 (nodular sub-habitats).

After inoculation of rhizospheral sub-habitats, ratios 
of bacterial genotypes in them are the same as in soil. At 
the end of Step 2, rhizospheral sub-habitats maintain the 
bacteria numbers calculated according to formulae from 
Table 1 (rearrangements 1.2, 1.3).

As we demonstrated previously (Provorov and Vo-
robyov, 2000, 2006), during inoculation of nodular sub-
habitats, in rhizobia population the negative Frequency 
Dependent Selection (FDS) occurs which is based on the 
empirically determined non-linear dependency between 
bacterial ratios in nodules and in inocula (Amarger and 

Lobreau, 1982). Inoculation of nodular sub-habitats is 
a stochastic process represented by Bernoulli scheme. If 
number of M at 1-st microevolutionary cycle is not suf-
ficient to inoculate a nodular sub-habitat, integral prob-
ability of this event is calculated for a sum of 1…j cycles. 
This probability allows us to determine the j-th cycle at 
which the nodule occupation by M starts (at an integral 
probability ≥0.95). At the end of Step 2, numbers of bac-
teria in nodular sub-habitats of 1-st and 2-nd plant geno-
types are calculated according to formulae from Table 1 
(rearrangements 1.4, 1.5).

The resulted frequencies of N2-fixing rhizobia strains in 
the nodular sub-habitats of 1-st and 2-nd plant genotypes 
(0 ≤ ψ1.t, ψ2.t ≤ 1; Table 1, rearrangements 1.4, 1.5) are 
used later as the measures of symbiotic efficiency. This ap-
proach is based on the data demonstrating that in nodules 
containing a mixture of strains contrasting in ability for 
N2-fixation, the nitrogenase activity may be intermediate 
with respect to nodules containing either of these strains 
solely (Bassam et al., 1987).

Fig. 1. Schematic representation of t-th microevolutionary cycle of the rhizobia-legume system evolving under the impacts of 
partners’ feedbacks. 

 Broken thin arrows represent the partners’ feedbacks determined by parameters: αt (proportion of 1-st genotype in plant 
population); ψ1.t and ψ2.t (frequencies of N2-fixing strains in the nodular sub-habitats of 1-st and 2-nd plant genotypes after 
their inoculation). Solid arrows show migration of bacteria among habitats (from soil to rhizosphere during transition from 
Step 1 to Step 2; from rhizosphere and nodules into soil during transition from Step 3 to Step 4). 

 Microevolutionary factors operating through the t-th cycle are describes in Section 2, while their mathematical descriptions 
are given in Tables 1 and 2. 
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Table 1 
Alterations in numbers of mutant (M) and parental (P) bacteria at the successive Steps of t-th microevolu-
tionary cycle
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t

S
tr
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n

Numbers  
of cells  

at the Step

Formulae * Parameters used

N
 o

f r
ea

r-
ra

ng
em

en
t

Start Finish

Step 1 (mutational process in soil habitat)

S
oi

l

M Q
1MS.t

Q
2MS.t Q

2MS.t
 = Q

1MS.t
 + q · Q

1PS.t

Q
2PS.t

 = (1 – q) · Q
1PS.t

0 < q << 1 — proportion of P cells which 
are converted into M cells due to muta-
tions

1.1

P Q
1PS.t

Q
2PS.t

Step 2 (competition for inoculation of symbiotic habitats)

1-
st

 r
hi

zo
-

sp
he

ri
c

M 0 Q
3MR.1.t 0R11.t tR = α ⋅

11.t 2MS.t
3MR.1.t

R QQ INT
S
⋅ =   

3PR.1.t 11.t 3MR.1.tQ R Q= −

α
t
 — proportion of 1-st genotype in plant 

population.
R0 — total Inoculation Volume (IV) 
for rhizospheric habitat in both plant 
genotypes.
R

11.t
, R

12.t
 — IVs for rhizospheric sub-

habitats in 1-st and 2-nd plant geno-
types.
S — capacity of soil habitat.
INT[ ] — function extracting the integral 
part from a fractional number

1.2

P 0 Q
3PR.1.t

2-
nd

 r
hi

zo
-

sp
he

ri
c

M 0 Q
3MR.2.t ( ) 01 R12.t tR = α ⋅

12.t 2MS.t
3MR.2.t

R QQ INT
S
⋅ =   

3PR.2.t 12.t 3MR.2.tQ R Q= −

− 1.3

P 0 Q
3PR.2.t

1-
st

 n
od
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ar

M 0 Q
3MN.1.t 0N11.t tN = α ⋅

a1

1 a1
1

c1
c1

t
11.j 2MS.j

1.t a
j 2MS.j 2PS.j

N Q
y

Q Q=

⋅ ⋅
=

⋅ +∑

( )
( ) ( )

 <
= ≥ =
 − >

11

11

11

0, T
3, T

, T
3MN.1.t 1.t

1.t 1.t -1

t
Q INT y t

INT y INT y t

3PN.1.t 11.t 3MN.1.tQ N Q= −
:1.t 3MN.1.t 11.tQ Nψ =

N0 — total IV of nodular habitat in both 
plant genotypes.
N

11.t
  — IV for nodular sub-habitat in 1-st 

plant genotype.
y

1.t
 — integral probability for occupation 

of this sub-habitat by M during cycles 1..t.
c1, a1 (0 < c1, 0 < a1 < 1) — parameters 
for non-linear stochastic model of the sub-
habitat inoculation.
T11 — number of the first cycle at which 
the occupation of sub-habitat by M starts.
ψ

1.t
 — frequency of N2-fixing genotype 

(M) in the sub-habitat

1.4

P 0 Q
3PN.1.t

Step 3. Microevolutionary processes related  
to colonization of symbiotic habitats  
and to seed formation 

Colonization of symbiotic habitats by bacteria. Let us 
assume that the reproductive potential of partners which 
represents a universal measure of their fitness (Timofeeff-
Ressovsky et al., 1977) depends on the symbiotic efficien-
cy. This assumption is based on the data demonstrating 
that the more proportion of nodules contain Fix+ strain, 
the more nutrients are obtained by plants (fixed N used for 
seed formation) and by bacteria (C compounds allocated 
to the nodules and used for the cell propagation) (Streeter, 
1995; Timmers et al., 2000; Kiers et al., 2003). 

The influence of symbiotic efficiency on bacterial fitness 
is presented as the dependencies of “Colonization Volumes” 
(CV) offered by plants for bacteria in symbiotic sub-habitats 

on the initial frequencies of N2-fixing strains in nodules, ψ1.t 
and ψ2.t (these dependencies are approximated by functions 
from Table 1, rearrangements 1.6-1.9). 

In order to describe the relevant microevolutionary 
processes we suggest that colonization of symbiotic sub-
habitats occurs due to multiplication of bacteria which re-
side in these sub-habitats after inoculation. During colo-
nization of symbiotic sub-habitats, competition between 
bacteria genotypes occurs due to their differential multi-
plication. The ratios of P : M multiplication rates in rhi-
zospheral (v1, v2) and nodular (ω1, ω2) sub-habitats de-
termine the relevant Darwinian selection pressures. Their 
operation is described by logistic equations adapted for 
the pairs of genotypes in populations with fixed finite sizes 
(Kubitschek, 1974) which are dependent on coefficients 
ψ1.t and ψ2.t  (Table 1, rearrangements 1.6–1.9). 
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M 0 Q
3MN.2.t ( ) 01 N12.t tN =    −α ⋅

a1

2 a2
1

c2
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t
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2.t a
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N Q
y

Q Q=

⋅ ⋅
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= ≥ =
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12
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0, T
3, T

, T
3MN.2.t 2.t

2.t 2.t -1

t
Q INT y t

INT y INT y t

3PN.2.t 12.t 3MN.2.tQ N Q= −

1-st mutation type
2-nd mutation type

ψ
−

=  −

:
:

3MN.2.t 12.t
2.t

3PN.2.t 12.t

Q N
Q N

N
12.t

 – IV for nodular sub-habitat in 2-nd 
plant genotype.
y2.t – integral probability for occupation of 
this sub-habitat by M during cycles 1..t.
c2, a2 (0 < c2, 0 < a2 < 1) – parameters 
for non-linear stochastic model of the 
sub-habitat inoculation.
T12 – number of the first cycle at which 
the occupation of sub-habitat by M starts.
ψ

2.t
 – frequency of N2-fixing genotype in 

the sub-habitat (for the 1-st type of mu-
tations, N2-fixing genotype is represent-
ed by M, for the 2-nd type of mutations it 
is represented by P)

1.5

P 0 Q
3PN.2.t

Step 3 (colonization of symbiotic habitats)

1-
st

 r
hi

zo
-

sp
he

ri
c

M Q
3MR.1.t

Q
4MR.1.t αt × R21 — maximal total number of 

M+P cells (Colonization Volume, CV) 
in this sub-habitat at ψ1.t = 1.
R

31.t
 — CV under real ψ1.t ≤ 1.

υ1 — ratio of P : M multiplication rates.

1.6

P Q
3PR.1.t

Q
4PR.1.t

2-
nd

 rh
iz

os
ph

er
ic M Q

3MR.1.t
Q

4MR.1.t (1 – αt) R22 — maximal CV for sub-habi-
tat at ψ2.t = 1.
R

32.t
 — CV under real ψ2.t ≤ 1.

υ2 — ratio of P : M multiplication rates.

1.7

P Q
3PR.1.t

Q
4PR.1.t

1-
st

 n
od

ul
ar

M Q
3MN.1.t

Q
3MN.1.t αt × N21 — maximal CV for sub-habitat 

at ψ1.t = 1.
N

31.t
 — CV under real ψ1.t ≤ 1.

ω1 — ratio of P:M multiplication rates.

1.8

P Q
3PN.1.t

Q
3PN.1.t

2-
nd

 n
od

ul
ar

M Q
3MN.2.t

Q
3MN.2.t (1 – αt) N22 — maximal CV for sub-habi-

tat at ψ2.t = 1.
N

32.t
 — CV under real ψ2.t ≤ 1.

ω2 — ratio of P:M multiplication rates.

1.9

P Q
3PN.2.t

Q
3PN.2.t

Step 4 (release from symbiotic habitats and competition for survival in soil habitat)

S
oi

l

M Q
5MS.t

Q
6MS.t w — ratio of P:M extinction rates.

L
t
 — amplitude of population wave.

1.10

P Q
5PS.t

Q
6PS.t

Table 1 (continue) 

* Variables (parameters dependent on the number of cycle, t) are given in italics.
In order to implement recurrent calculations, M and P bacteria numbers obtained at the end of Step 4 of t-th cycle used as starting 
conditions Step 1 of (t+1)-th cycle:  Q

1MS.t+1
 = Q

6MS.t
, Q

1PS.t+1
 = Q

6PS.t
.
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Formation of seeds by plants.
Impacts of mutualistic interaction on host fitness is 

reflected by linear dependencies of the numbers of seeds 
formed by 1-st and 2-nd plant genotypes (Qp31.t, Qp32.t) on 
the ψ1.t and ψ2.t  values. These dependencies correspond to 
Darwinian selection in plant population which is depen-
dent on the symbiosis efficiency as it is represented by for-
mulae from Table 2 (rearrangements 2.2, 2.3).
Step 4. Decomposition of symbiosis

At the beginning of Step 4, plants have completed the 
seed formation and extinct while bacteria from rhizosphere 
and nodules are released into soil where a temporary excess 
of cells is formed (“population wave” with the amplitude 
calculated as a ratio of total number of bacterial cells to 
the constant capacity of soil habitat, S). Afterwards, num-
ber of bacteria is reduced to the equilibrium level S due to 
differential extinction of two genotypes. The relevant Dar-
winian selection pressure is quantified by the ratio of the 
P : M extinction rates (w). The resulted numbers of P and 
M bacteria are determined by logistic equation (Table 1, 
rearrangement 1.10). 

faTe Of mUTUalIsTIC TRaITs IN a baCTeRIal 
pOpUlaTION CO-evOlvINg WITh The plaNTs

The created model was used to implement the com-
puter experiments, which enable us to trace the mainte-
nance of mutualistic traits in bacterial populations based 

on the symbiosis-specific selective pressures operating in 
combination with the plant-bacteria positive metabolic 
feedbacks (which result in correlated changes of partners’ 
reproductive potentials). Specifically, we address: (i) sup-
port of balanced polymorphism (genetic homeostasis) in 
the system of co-evolving bacterial and plant populations; 
(ii) fate of the mutant (M) bacterial genotypes which ac-
quired an ability for mutualism or changed specificity of its 
expression.

For implementing computer experiments, we created 
the package of programs (MathCad 2000) using the basic 
values of constant system parameters (Table 3). We ana-
lyzed the dynamics of genetic structure in symbiotic system 
characterized at t-th microevolutionary cycle by propor-
tions of: (1) M at the beginning of Step 1 (βt = Q1MS.t : S);  
(2) 1-st plant genotype at the end of Step 2 (αt). The start-
ing values of these parameters (α1 = 0.001, β1 = 0) corre-
spond to very low polymorphism in the simulated system.

The computer experiments suggested that with in-
creasing the cycle number (t → ∞), parameters of genetic 
structure (αt, βt) approximates the finite values (α∞, β∞) 
corresponding to steady state (genetic homeostasis) in 
symbiotic system. We analyzed the dependency of equi-
librium point (determined by α∞ and β∞) on parameters of 
linear (c1, c2, cp) and non-linear (a1, a2, λ) transforma-
tions of genotype ratios in partners’ populations. Param-
eters of the first group determine the Relative Competitive 
Ability (RCA) of bacterial or plant genotypes expressed in 

Table 2 
Alterations in the numbers of different genotypes in plant population at Steps 2 and 3 of t-th microevolu-
tionary cycle

Step

G
en

ot
yp

e

Numbers of 
plants at the 

Step* Formulae** Parameters used

N
 o

f r
ea

rr
an

ge
-

m
en

t

Start Finish

2

1-st Qp
11.t

* Qp
21.t

P0 — total number of plants at the end 
of Step 2.
cp, λ (cp > 0, λ > 0) – coefficients for 
model of competition which occurs 
during the seedling  development. 
αt – proportion of 1-st genotype in the 
resulted plant population

2.1

2-nd Qp
12.t

* Qp
22.t

3

1-st Qp
21.t

Qp
31.t

*
αt · P21 — maximal number of seeds 
formed by 1-st plant genotype at ψ

1.t
 = 1

2.2

2-nd Qp
22.t

Qp
32.t

*
(1 – αt) · P22 — the same for 2-nd plant 
genotype at ψ

2.t
 = 1

2.3

* Till the start of Step 2 and after the finish of Step 3 the plant population is represented by dormant seeds.
** Variables (parameters dependent on the number of cycle, t) are given in italics.
In order to implement recurrent calculations, number of seeds for 1-st and 2-nd plant genotypes obtained at the end of Step 3 of t-th 
cycle are used as the starting conditions Step 2 of (t+1)-th cycle:  Qp

11.t+1
 = Qp

3.t
,  Qp

12.t+1
 = Qp

32.t
.
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the absence of FDS (we called these parameters “RCA in-
dices”), while parameters of second group determine FDS 
pressures in partners’ populations (“FDS indices”). The 
effects of variation in each of these parameters were stud-
ied under the fixed values of the other parameters (Table 3) 
according to parameter variation method (Strigul and 
Kravchenko, 2006).

We demonstrated that the steady state in symbiotic 
system may be reached under two microevolutionary re-
gimes: oscillatory (typically, represented by damping os-
cillation) and quasi-monotonous (Fig. 2). The first regime 
(under which the βt function surpasses no less than four 
extremes) is characterized by the “constant of oscilla-
tion damping” (τ) determined using the graphical method 
(Fig. 2A); decrease of τ corresponds to a suppression of os-
cillations. The model analysis demonstrate that oscillatory 
regime is implemented when the negative FDS pressure 
in plant population is low (λ values are close to 1) while 
the quasi-monotonous regime (βt function surpasses no 
more than three extremes; Fig. 2C) is implemented when 
this pressure is high (λ values are sufficiently less than 1). 

Due to transition of plant population from negative FDS 
(λ < 1) to positive FDS (λ > 1), non-damping oscillations 
may be induced (τ = ∞). The FDS pressure implemented 
in bacteria population (determined by coefficients a1, a2) 
also influences τ value but to a lesser degree than FDS in 
plant population (determined by coefficient λ; Fig. 3).  

The computer experiments demonstrate that under os-
cillatory regime, establishment of balanced polymorphism 
in bacterial population (β∞ > 0) requires the FDS opera-
tion during inter-strain competition for nodulation of 2-nd 
plant genotype (a2 < 1) while in the absence of this selec-
tion (a2 = 1), M can not be anchored and the bacterial 
polymorphism is not established (β∞ = 0). However, under 
quasi-monotonous regime, bacterial polymorphism may 
be established if FDS is implemented during competition 
for nodulation of only 1-st plant genotype (a1 < 1; a2 = 1) 
or of only 2-nd plant genotype (a1=1; a2<1). Under 
both regimes, full absence of FDS in bacterial population 
(a1 = a2 = 1) results in the absence of its polymorphism 
since the mutations changing the symbiotic properties are 
not anchored (β∞ = 0). 

Table 3 
Basic values of the constant parameters of the model used in computer experiments

Constants* Designations Microevolutionary regimes

Oscillatory Quasi- 
monotonous 

Bacterial population (composed of mutant, M and parent, P)

Coefficient of mutation pressure q 10–9 10–9

Total Inoculation Volume (IV) for rhizospheric sub-habitats of both plant genotypes R0 1011 1011

Parameters of colonization of 1-st and 2-nd rhizospheric sub-habitats R21 = R22 2 × 1011 2 × 1011

Relative (P : M) multiplication rates in 1-st and 2-nd rhizospheric sub-habitats v1 = v2 0.9 0.9

Total Inoculation Volume (IV) for nodular sub-habitats of both plant genotypes N0 5 × 1011 5 × 1011

Parameters of colonization of 1-st and 2-nd nodular sub-habitats N21 = N22 6 × 1011 1012

RCA index for inoculation of 1-st nodular sub-habitat с1 0.2 0.5

FDS index for inoculation of 1-st nodular sub-habitat а1 0.7 0.6

RCA index for inoculation of 2-nd nodular sub-habitat с2 5 1.1

FDS index for inoculation of 2-nd nodular sub-habitat а2 0.7 0.6

Relative (P : M) multiplication rates in 1-st and 2-nd nodular sub-habitats ω1 and ω2 0.9 and 1.1 0.9 and 1.1

Volume of soil habitat S 1012 1012

Relative (P : M) extinction rates in soil habitat w 1.1 1.1

Plant population (composed of 1-st and 2-nd genotypes)

Total number of plants at the end of Step 2 of t-th cycle P0 107 5 × 107

Maximal numbers of plants of 1-st and 2-nd genotypes at the end of 
Step 3 of t-th cycle (at ψ1.t = ψ2.t = 1 )

P21 and P22 3 × 108 and 
2 × 108

2 × 108 and 
108

RCA index for competition for survival at the seed germination ср 2 1.5

FDS index for competition for survival at the seed germination λ 0.98 0.6

* RCA – relative competitive ability, FDS – frequency dependent selection.  
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An important goal for analyzing the model was to re-
veal the conditions under which the M having novel N2-
fixing capacities dominate in population (β∞ > 0.5). We 
demonstrated that this domination occurs for both muta-
tion types under quasi-monotonous regime, and for 2-nd 
M type under oscillatory regime (Tables 4, 5). For 1-st 
mutation type (“genuine mutualist”), domination un-
der oscillatory regime is restricted to the maximal tested 
values of RCA indices in plant population (cp ≥ 3) or of 
RCA index in bacterial population competing for nodula-
tion of 1-st plant genotype (c1 ≥ 0.3) (Table 4). These 
data suggest that genetic stability of system (represented 
by quasi-monotonous regime) is favorable for evolution 
of mutualistic interactions. Moreover, under the oscilla-
tory regime of microevolution, establishment of mutual-
ism leads to a genetic stabilization of symbiotic system: 
for 1-st type of bacterial mutations, τ values are lower 
(oscillations are suppressed) with respect to 2-nd type of 
mutations (Fig. 3). 

Surprisingly, we revealed a decrease of bacterial poly-
morphism (represented by an increase of difference be-
tween β∞ and 0.5 value typical for a maximally diverse 
dimorphic population) resulted from an enhancement 
of negative FDS in bacteria (indicated by the decreases 
of FDS indices a1 and a2) (Table 5). In the previously 
suggested models (Provorov and Vorobyov, 2000, 2006) 
which did not account for the plant polymorphism (and 
therefore did not address the partners’ co-evolution) en-
hancement of FDS in bacterial population uniformly re-
sulted in an increase of its polymorphism (as it normally 
occurs in free-living organisms). It is important to note 
that enhancement of negative FDS in plant population 
(decrease of λ) always results in the increase of bacte-
rial polymorphism (approximation of β∞  to 0.5; Table 5) 
suggesting that FDS implemented in plants is more im-
portant for supporting the bacterial polymorphism than 
“own bacterial” FDS.

The suggested model allows us to look for the reverse 
impacts of selection pressures implemented in bacte-
ria on the dynamics of plant population. These impacts 
are pronounced since at the absence of FDS (λ = 1) or 
even at the positive FDS (λ = 1.05) in plant popula-
tion it maintains a polymorphism (α∞ > 0) supported by 
FDS implemented in bacterial population (Table 6). The 
domination of 1-st plant genotype (α∞ > 0.5) which is 
initially rare (α1 = 0.001) is restricted to oscillatory re-
gime implemented with 1-st type of bacterial mutations 
(Tables 6, 7).

It is important to note that Darwinian selection imple-
mented in bacterial population have the negligible impacts 
on the symbiosis microevolution. Only a slight dependency 
of the homeostasis point (α∞, β∞) was found for the Darwin-
ian selection pressure implemented during the differential 
P and M extinction in the soil habitat (w), while no influ-
ence of Darwinian selection pressures implemented during 

Fig. 2. Dynamics of plant and bacterial populations leading 
to genetic homeostasis in symbiotic system. 

A — proportions of 1-st genotype in plant population (α
t ) and of mu-

tant in rhizobia population (βt) as dependent on the number of cycle 
(t) under the oscillatory regime of microevolution (βt function surpass 
no less than four extremes). Points used to determine the “constant 
of oscillation damping” (τ) are: 1 and 3 — first two maximums of βt 
oscillations, 2 and 4 — first two minimums of βt oscillations; 5 — 
crossing of lines 1–3 and 2–4. The τ value is determined as the dif-
ference between numbers of cycles corresponding to points 5 and 1. 
B — phase portrait of trajectory in damping oscillatory process 
presented in Fig. 2A (the equilibrium point is determined by α∞ 
and β∞ values). 
C — changes of α

t  and βt values under the quasi-monotonous re-
gime (βt function surpass no more than three extremes).

А

С

B
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Fig. 3. Dependency of the constant of oscillation damping (τ) on parameters of selective pressures elicited by 1-st and 2-nd 
types of bacterial mutations 

A — on frequency-dependent selection (FDS indices) in bacterial population (a1, a2) and in plant population (λ);
B — on relative competitive ability (RCA indices) in bacterial population (c1 c2) and in plant population (cp); 
C — on constant w reflecting the Darwinian selection pressure in the soil population. 
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Table 4 
Impacts on the finite β∞  value of relative competitive ability (RCA) indices in bacterial population when 
competing for 1-st (c1) and 2-nd (c2) plant genotypes as well as RCA indices in plant population (cp)

Oscillatory regime Quasi-monotonous regime

c1 1-st type of mutations 2-nd type of mutations c1 1-st type of mutations 2-nd type of mutations

0.1 0.129 0.617 0.3 0.737 0.677

0.15 0.234 0.704 0.4 0.761 0.715

0.2 0.344 0.768 0.5 0.784 0.752

0.3 0.554 0.863 0.6 0.806 0.786

0.4 0.732 0.936 0.7 0.824 0.817

       c2           c2

2 0.258 0.492 0.9 0.790 0.732

3 0.306 0.642 1.0 0.787 0.743

5 0.344 0.768 1.1 0.784 0.752

7 0.360 0.826 1.2 0.782 0.759

10 0.372 0.873 1.3 0.780 0.766

     cp            cp

1 0.075 0.602 1 0.579 0.553

1.5 0.206 0.705 1.3 0.720 0.688

2 0.344 0.768 1.5 0.784 0.752

3 0.586 0.843 2 0.880 0.853

4 0.763 0.885 3 0.952 0.937

Table 5 
Impacts on the finite β∞ value of frequency-dependent selection (FDS) indices in bacterial population when 
competing for for 1-st (a1) and 2-nd (a2) plant genotypes as well as FDS indices in plant population (λ)  

Oscillatory regime Quasi-monotonous regime

a1 1-st type of mutations 2-nd type of mutations a1 1-st type of mutations 2-nd type of mutations

0.5 0.245 0.829 0.4 0.800 0.776

0.6 0.300 0.796 0.5 0.793 0.765

0.7 0.344 0.768 0.6 0.784 0.752

0.75 0.362 0.756 0.7 0.773 0.736

0.8 0.379 0.744 0.8 0.758 0.718

a2 a2

0.5 0.334 0.814 0.4 0.780 0.765

0.6 0.339 0.791 0.5 0.782 0.759

0.7 0.344 0.768 0.6 0.784 0.752

0.75 0.346 0.757 0.7 0.787 0.743

0.8 0.349 0.747 0.8 0.790 0.733

λ λ

0.8 0.456 0.749 0.5 0.732 0.709

0.9 0.399 0.760 0.55 0.756 0.729

0.98 0.344 0.768 0.6 0.784 0.752

1.0 0.329 0.771 0.65 0.817 0.778

1.05 0.289 0.772 0.7 0.853 0.808



`	экологическая генетика     ТОМ VI   № 2   2008 ISSN 1811–0932

SIMBIOGeNeTICS 45

Table 6 
Impacts on the finite α∞  value of frequency-dependent selection (FDS) indices in bacterial population when 
competing for 1-st (a1) and 2-nd (a2) plant genotypes as well as FDS indices in plant population (λ)  

Oscillatory regime Quasi-monotonous regime

a1 1-st type of mutations 2-nd type of mutations a1 1-st type of mutations 2-nd type of mutations

0.5 0.780 0.213 0.4 0.333 0.342

0.6 0.739 0.230 0.5 0.311 0.325

0.7 0.706 0.246 0.6 0.284 0.305

0.75 0.693 0.253 0.7 0.243 0.285

0.8 0.681 0.260 0.8 0.219 0.264

         a2           a2

0.5 0.697 0.216 0.4 0.312 0.323

0.6 0.702 0.232 0.5 0.299 0.315

0.7 0.706 0.246 0.6 0.284 0.305

0.75 0.709 0.253 0.7 0.268 0.293

0.8 0.711 0.216 0.8 0.250 0.278

           λ           λ

0.8 0.597 0.266 0.5 0.301 0.319

0.9 0.653 0.255 0.55 0.293 0.313

0.98 0.706 0.246 0.6 0.284 0.305

1.0 0.721 0.244 0.65 0.274 0.297

1.05 0.759 0.242 0.7 0.262 0.286

Table 7 
Impacts on the finite  α∞  value of relative competitive ability (RCA) indices in bacterial population when 
competing for 1-st (c1) and 2-nd (c2) plant genotypes as well as RCA indices in plant population (cp) 

Oscillatory regime Quasi-monotonous regime

с1 1-st type of mutations 2-nd type of mutations с1 1-st type of mutations 2-nd type of mutations

0.1 0.872 0.346 0.3 0.176 0.228

0.15 0.789 0.286 0.4 0.226 0.261

0.2 0.706 0.246 0.5 0.284 0.305

0.3 0.555 0.196 0.6 0.305 0.360

0.4 0.432 0.165 0.7 0.421 0.423

        с2          с2

2 0.606 0.365 0.9 0.253 0.276

3 0.668 0.311 1.0 0.269 0.292

5 0.706 0.246 1.1 0.284 0.305

7 0.721 0.207 1.2 0.299 0.316

10 0.731 0.169 1.3 0.314 0.325

         ср          ср

1 0.948 0.412 1 0.350 0.367

1.5 0.835 0.311 1.3 0.305 0.326

2 0.706 0.246 1.5 0.284 0.305

3 0.463 0.168 2 0.253 0.271

4 0.269 0.122 3 0.229 0.239
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the differential P and M multiplication in rhizospheral (v1, 
v2) and nodular (ω1, ω2) habitats was revealed (data not 
shown). No effect of v1, v2, ω1, ω2 on constant of oscilla-
tion damping (τ) was revealed and only w variation exhibit 
a slight influence on τ (Fig. 3C). These data suggests that 
in bacterial populations, Darwinian selection (in contrast 
to FDS) has no significant role in evolution of mutualistic 
traits. However, in plant population both Darwinian selec-
tion and FDS are highly important for supporting the sym-
biotic mutualism.

DIsCUssION

The facultative mutualism represents an evolutionary 
enigmatic phenomenon since in many symbiotic systems, 
partners maintain the genes (express the traits) which 
benefit the co-habitants even at the expense of survival in 
the owners of these genes/traits. It was argued repeatedly 
(Frank, 1996; Douglas, 1998; Simms and Taylor, 2002; 
Gundel et al., 2007) that mutualistic traits should be sta-
ble in the microbes which are involved in the obligatory 
symbioses and are vertically transmitted in host genera-
tions (“forced altruism” based on the full dependency of 
both partners on mutualistic interactions; Darlington, 
1978). For facultative symbioses, mechanisms for mutu-
alism evolution are poorly understood because a mixing 
of lineages in free-living microsymbiont populations can 
reduce the host benefit due to distribution of “symbiotic 
cheaters” which should be adaptively advantageous with 
respect to “genuine mutualists” (Frank, 1996; Douglas, 
1998).

 Within the “reciprocal altruism” hypothesis, evolu-
tion of facultative mutualism may be ascribed to group 
selection, which favors the microbial genotypes express-
ing the host-beneficial traits due a return of costs for this 
expression (Frank, 1994). With respect to rhizobia-le-
gume symbiosis, this hypothesis assumes that allocation 
of plant-derived C-compounds implemented in favor of  
N2-fixing strains leads to inter-deme or kin selection in 
rhizobia population (Provorov et al., 2008) enhanced by 
host “sanctions” against non-fixing strains (Denison, 
2000). This mechanism may be effective only if the in 
planta multiplication of rhizobia is essentially clonal 
(i. e., N2-fixing nodules do not contain the strains which 
are not capable of N2 fixation). However, the empirical 
data demonstrate that field rhizobial populations are 
crowded by the ineffective but virulent (cheating) strains 
responsible for the broad distribution of mixed (Fix+ + 
Fix–) nodular infections (Bassam et al., 1987; Denison, 
2000). Under these conditions, “symbiotic cheaters” 
which mimic the “genuine mutualists” are expected to 
dominate in the system and can even block the mutu-
alism evolution since they extract nutritional resources 
from host but do not spend their own resources for ex-
pressing the host-beneficial traits.

However, a stable co-existence of “symbiotic cheaters” 
and “genuine mutualists” was revealed in N2-fixing sym-
bioses formed by dicots with rhizobia or Frankia as well 
as in photosynthetic symbioses between invertebrates 
and phototrophic microbes (Douglas, 1998). Moreover, 
legume-rhizobia symbioses had undergo a prolonged evo-
lution towards an improved mutualism efficiency as it is 
evident from increasing complexity of nodular structure 
(Sprent, 2007) and from the progressive specialization of 
the rhizobial nitrogenase system for symbiotic purposes 
(Provorov et al., 2008). Such evolution is not correlated 
to transformation of the facultative mutualistic symbioses 
into obligatory ones which may be blocked by a high cost 
of vertical transmission (Genkai-Kato and Yamamura, 
1999) or by an excessive ecological specialization of host 
restricting its adaptive amplitude (Douglas, 1998).

In this paper we present the mathematical model which 
describes the evolution of mutualism in facultative rhizo-
bia-legume symbiosis under the impacts of positive part-
ners’ feedbacks based on the metabolic (C-N) exchange. 
We demonstrate that frequency dependent selection (FDS) 
operating in the co-evolving populations in combination 
with Darwinian selection and positive partners’ feedbacks 
may ensure anchoring or even domination of “genuine mu-
tualists” in spite of continuous competition with “symbi-
otic cheaters”. Specifically, we suggest that FDS in bacte-
rial population ensures an equilibrium between “genuine 
mutualists” and “symbiotic cheaters” that may be shifted 
in favor of the first symbiont type due to Darwinian selec-
tion implemented within plant population under impact 
of improved symbiotic efficiency. The revealed correlation 
between establishment of mutualism and genetic stability 
in rhizobia-legume system may be valid for different sym-
bioses (Law and Levis, 1983; Pellmur and Huth, 1994). 

In a more general context, the created model allows us to 
represent the facultative symbiosis as an integrated system 
wherein the bacterial genotypes which express the host-ben-
eficial (mutualistic) traits may be supported under genetic 
homeostasis caused by differently directed selective pres-
sures operating in partners’ populations. These pressures 
are resulted from positive metabolic feedbacks (coordinated 
increases of the partners’ reproductive activities due to sym-
biotic interaction) representing an evolutionary mechanism 
which ensures domination of “genuine mutualists” over the 
“symbiotic cheaters”. This is why evolution of facultative mu-
tualism towards an increased efficiency is possible without 
transformation of symbioses into obligatory forms (including 
vertical transmission of microsymbionts in host generations) 
and without a specific allocation of host-provided rewards 
and sanctions among “genuine mutualists” and “symbiotic 
cheaters” (resulted from the clonal in planta propagation of 
microbes). Given the broad distribution of FDS pressures 
and of positive feedbacks in the symbiotic interactions, one 
can suggest that the similar mechanisms can operate in 
many other mutualistic systems.
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моделирование коэволюции бактерий и растений  
при образовании мутуалистического симбиоза 

Проворов Н. А., Воробьев Н. И.

`	РЕЗЮмЕ: Создана модель эволюции способности к мутуалис-

тическому симбиозу у клубеньковых бактерий, которая основа-

на на их положительной обратной связи с бобовыми растениями 

(она описана параметрами, определяющими возрастание репро-

дуктивного потенциала обоих партнеров в зависимости от эффек-

тивности симбиоза). компьютерные эксперименты показали, что 

частотно-зависимый отбор, происходящий в популяциях ризобий 

при конкуренции за образование клубеньков, способствует за-

креплению у бактерий мутаций, которые либо приводят к возник-

новению признаков мутуализма, либо изменяют специфичность 

их проявления. Закрепление признаков мутуализма происходит 

более успешно в монотонном, нежели в колебательном режиме 

эволюции и способствует повышению генетической стабильности 

симбиосистемы.  
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