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Beenenne. Crucrema ypaBHEHHH, cOCTOAIAsA U3 yciloBus TekydecTu Kymnona — Mopa u
YpaBHEHHIA paBHOBECHS, MOXKET OBITh MCCIIEIOBAHA HE3aBHCUMO OT 3aKOHA TE€YEHUs. JTa CH-
CTeMa ypaBHEHMH SBISETCA MMIIEPOOINYECKOM, TO3TOMY JJISl PELIEHUs pacCMaTpUBAaeMOM CH-
CTEMbl YpaBHEHUH 11€J1€CO000pa3HO MCII0JIb30BATh METOJI XapaKTepUCTUK. B yacTHOM ciyuae
TEOPUU IUIACTUYHOCTH Ul MAaTEPUAIIOB, YCIOBHE TEKYYECTH KOTOPBIX HE 3aBUCUT OT CpPEJIHE-
IO HANpSDKEHMS], IPUMEHSAIOT J1Ba METO/A [l IOCTPOCHUS OPTOrOHAIBHON CETKH XapaKTepH-
CTHK W ONpeAeeHUs MoJs HampspkeHuit: R—S merox m merox koopamnat MuximHa. [lpu
ycioBuu Tekydectd Kyinona — Mopa yros Mexay XapakTepUCTHYECKHMHU HaIPaBJICHUSMU
3aBUCHUT OT yIJIa BHYTPEHHErO TpeHus. B CBsI3U ¢ 3TUM Ha3BaHHBIE BBILIE METOJbI JIOJIKHBI
OBbITH 000OIIEHBI C YYETOM 3TOTO CBOMCTBA XapaKTEPHCTHUK.

Heab. B Teopun miacTHYHOCTH MaTe€pUalOB, YCIOBHE TEKYYECTH KOTOPBIX HE 3aBUCUT
OT CPENHEro JaBJICHHUs, Ul pacueTa MOJs HalpsHKEHUH IUPOKO NPUMEHSAETCS METOX KOOop-
nuHat Muxnuna. Llens Hamel paboTsl — 0000IUTH 3TOT METOJ B CUCTEMY ypaBHEHHH, CO-
CTOAILYIO U3 ycinoBuA TekydecTu Kynona — Mopa u ypaBHEHHI paBHOBECHS.

Mertoa. Mcnonp30BaHbl TEOMETPUYECKHE CBOWCTBA XapaKTEPUCTUK CUCTEMBI ypaBHE-
HUH, cocTosIen u3 ycinoBus Tekydectu Kynona — Mopa n ypaBHeHMI paBHOBecus, Ul BBE-
JleHust 0000IIEHHBIX KOOpAUHAT MUXJIHHA.

Pesyabrarsl. [loka3aHo, 4yTO pelIeHHE CUCTEMBI YPaBHEHHH, COCTOSIIEH U3 YCIOBHS
tekydyectu Kynona — Mopa u ypaBHEHUIl paBHOBECHS], CBOJUTCS K PELICHUIO TelerpadHoro
YPaBHEHHUS U K MOCIEAYIOIEMY HHTETPUPOBAHUIO.

IIpakTHyeckass 3HAYMMOCTb. Pa3BUTHIN METOJI pEelIEHUSI CUCTEMBI YPABHEHUH, COCTO-
Amen u3 ycnosus Tekydectd Kynona — Mopa v ypaBHEHHMI paBHOBECHS, I03BOJISIET M1OTY4aTh
pelIeHus ¢ BBICOKOM TOYHOCTBIO TPU HE3HAYUTEINIbHBIX 3aTpaTax MAllMHHOTO BPEMEHHU.

VYcnosue tekyuyectn Kynona — Mopa, MeToll XapakTepUCTUK, KOOpIWHATBl MUXJIHMHA,
TeserpagHoe ypaBHEHHE.

BBeneHue

st mocko1ehOpMUPOBAHHOTO COCTOSTHUSL UJI€ATTBbHO IKECTKOIUIACTHYC-
CKOTO M WJCAIBHO YIPYTrOTUIACTUYECKOTO TeJla YPaBHECHUS JJI1 HANpPsDKCHUN B
MJIACTUYECKOM 30HE COCTOSIT M3 YCIIOBUS TEKYYECTH U JBYX YpPaBHEHUW PaBHO-
BecHs. JTa CHUCTeMa YPaBHEHHH MOXKET OBITh HMCCIIeJJoBaHA 0€3 MPHUBJICUCHUS

HccnenoBanue BeIMOIHEHO NpH GpuHAHCOBOM noaepxke PODOU nu OAO «PXK]I» B paMkax HaydHOTO
npoekTa Nel7-20-03215.
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3aKOoHa Te4eHusi. Bo MHOTUX cilydasiX OTMEUEHHas CUCTEMa YpaBHEHUMN SIBIISIET-
cs runiepbonuueckoit [1]. Onpenenenne nossi HANPSHXKEHUW CBOAUTCS K OIpeie-
JICHUIO TIOJISI XapakTepuCTUK. [Ipu yclioBUM TEKy4eCTH, KOTOPOE HE 3aBUCHUT OT
CPEIIHEr0 HAIpsKEHUs, MIMPOKO MPUMEHSIIOTCA JBa METOJla MOCTPOCHHUS OIS
XapakTepucTuk: R-S-meTon, mnpenyoxkeHHbId B [2], U MeTOA KOOpAMHAT
Muxmuna [1, 3, 4]. llenecooOpa3HOCTh NPUMEHEHHUSI TOTO WA WUHOTO METOJIa
3aBUCHUT OT 33/JIaHHBIX KPAeBbIX YCJIOBHM. [l ChIMy4ux cpell yclIOBUE TEKyYe-
CTH 3aBUCUT OT CpeJIHEro HampsikeHusd [5, 6]. Kak cienyer u3 coBpeMeHHBIX 00-
30pHBIX padot [7, 8], 10 HacTosIIEero BpeMeHH Hanbosiee MHUPOKO MpUMEHsIe-
MBIM YCJIIOBUEM TEKYUYECTH TAKOro THIa siBisieTcs yciaoue Kymnona — Mopa. B
YaCTHOCTH, 3TO YCJIOBHE B OCHOBHOM HMCIOJB3YETCS B MOJYYHBLIEH MIMPOKOE
pacrpocTpaHeHue MoieNd [9] U B COBPEMEHHON MOJIENN JIJIsi TPaHyJIMPOBAHHBIX
U ChIyYHUX MaTepuanoB, pa3Butrod B [10]. s mocTpoeHuUs: moiisl XapakTepu-
CTUK CUCTEMBI YPaBHEHU, COCTOSIIEN U3 ycI0BUs TeKydecTu Kynona — Mopa u
ypaBHeHU# paBHOBecus, R—S-meton 0600mieH B [11]. B myGnukyemoii padote
JUTSL TIOCTPOCHUS TIOJISI XapaKTEPUCTHK 3TOM CHUCTEMbl YpaBHEHHM 0000IaeTcs
Meroa koopauHaT MuxiuHa. [Tokazano, 4to korga o0a ceMeicTBa XapakTepu-
CTUK KPUBOJIMHEIHBI, PEIICHUE KPAcBOM 3aJayd CBOJUTCS K PEIICHUIO TeJe-
rpaHOro ypaBHeHUs. MeTO/Ibl pelIeHs] 3TOr0 YpaBHEHUs MPU KPAEBbIX yCIIO-
BUSIX, TUIHMYHBIX JJI1 MOJENEH HIEaJbHO MKECTKOIIACTHUYECKOTO W HJI€ABbHO
YOPYTOIIaCTUYECKOr0 TeJa, XOpowo u3ydensl |1, 3, 4]. OtmeTum, 4ro npenma-
raeMblii METOJ] ONPEICICHUS HAMIPSKEHHOTO COCTOSIHUSI MOYKET UCTIOIb30BaThCA
U JIUIS psiJia METAITMUECKUX MaTepraioB, Kak ciaeayeT u3 [12—-15].

O6006WweHHble KoopauHaTbl MuxnuHa

PaccMOTpUM ITPOU3BOIIBHYIO IUIOCKYIO OPTOIOHAIBHYIO CHCTEMY KOOPAUHAT
(&, M) u mexapToBy cucteMy KoopauHatr (X, y). O0e cucTeMbl KOOPIMHAT IMOKa3a-
HbI Ha puc. 1. PaccMoTpuM mpou3BosibHYIO TOUKY P, ompenenseMyro paanycom-
BEKTOPOM R, Hauasio KOTOPOro COBNAAAET C HAYaJIOM JEKapTOBOW CUCTEMBI KOOP-
nuHaT. BBeneM npsAMOIMHENHYI0 KOOpAUMHATY Y, OTCUMTHIBAEMYIO OT HAaJania Je-
KapTOBOM CHUCTEMBbI KOOPAMHAT [0 HANPABJIECHUIO KOOPAWHATHI 1 B TO4ke P, u
IIPSAMOJIMHENHYIO KOOPJAMHATY X , OTCUATHIBAEMYIO OT Hadajla JEKapTOBOU CHUCTE-
MbI KOOpJIMHAT I10 HAIpaBJICHUIO KoopAuHaTh! & B Touke P. Ilycts €, 1 €, — equ-
HUYHBIE BEKTOPBI 110 HAMPABIICHUAM OCei X U Y, COOTBETCTBEHHO.

Tak Kak KpUBOJMHEWHBIE KOOPJAMHATHI OPTOTOHAJIbHBI, TO OYEBUIHO, YTO
OPTOTOHAJIbHBI U KoopauHaThl MuximHa (puc. 1). XapakTepucTUKU CHCTEMBI
YPAaBHEHUM, COCTOALIEH W3 YCIOBUS TEKYyYECTH, HE 3aBUCAILIETO OT CPEIHETO
HaIIpsSKEHMS, U YPABHEHUM PABHOBECHS, OPTOrOHANBHBL. [103TOMY MOXHO npu-
HSTh, uTO (&, M) SBIAIOTCS XapaKTEPUCTHUECKUMH KOOpIuHaTaMu. B aTom ciy-

yae BEJTUYMHBI X U Y MO OTAEIbHOCTH YAOBIETBOPSIOT TenerpagHoMy ypaBHe-
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Huto [1, 3, 4]. XapakTepuCTUKNA CUCTEMBbI YPAaBHEHUM, COCTOAIICH U3 yCIOBHUSA
Tekydectu Kyrnona — Mopa U ypaBHEeHUN paBHOBECHS, HE SIBJISIOTCS OPTOTO-
HaJbHBIMU [5]. O003HAYMM COOTBETCTBYIOIINE XaPAKTEPUCTUUECKHUE KOOPANHA-
el (o, ). be3 orpanuueHuss OOIIHOCTH MOYKHO MPHUHSAThH, YTO HAIPABICHHE

MaKCUMAaJIbHOTO (B alredpandyeckoM CMbICIIE) TJIaBHOTO HANpsKEHUs G; IPOXO-
JUT Yepe3 MEePBbIA U TPETUH KBAAPAHTHI (puc. 2).
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Puc. 1. OproronanbHble KOOpAUHATE MuxinHa

Torna koopauHatel MuximHa (X, ¥) Touku P onpeensroTes U3 ypaBHCHHS
R =Xe, +Ve,. 1)

VTos MeKIy HalpaBJIeHHEM STOTO INIABHOTO HANPSKEHUS U KaXKIbIM M3 Xa-
PaKTEPUCTUYECKHX HampaBienuii pasen 7t/4+¢/2 [5], rae ¢ — yron BHyTpeHHe-
ro TpeHusi. Eclu yroy BHYTPEHHETO TPEHMS SBJISAETCSA IMOCTOSHHON BEIUYUHOM,
TO YTOJ MEXIY KOOPAMHATHBEIMU KPMBBIMH XapaKTEPUCTUYECKOW CHCTEMBI KO-
OPAMHAT TOXE BCIOMY SBISETCS IMOCTOSHHON BenuurHoM. OGOOMUM A1 TAKUX
CHCTEM KOOPAUHAT OIpEAECICHUE KOOPAUHAT MHUXJMHA. AHAJIOTUYHO CIIy4ar0
OPTOTOHAILHLIX CHCTEM KOOPAMHAT BBEIEM MNPAMOIMHEWHYIO KOOPAMHATY Y,
OTCUUTBLIBAEMYIO OT Hauaja JeKapTOBOM CHCTEMbBI KOODAMHAT 110 HAIPABJICHUIO
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KOOpAMHATHI 3 B Touke P, n MpsAMOIMHENHYIO KOOPAUHATY X, OTCUUTBHIBAEMYIO
OT Hayaja JeKapTOBOW CUCTEMBbI KOOPAMHAT MO HAMPABJICHUIO KOOPJIUHATHI Ol B
Touke P. O4eBH/HO, 4TO Temeps cucteMa KoopauHat (X, Y) He sBIseTcs opTo-
roHanbHOM. TeM He MeHee, ypaBHeHUE (1) uMeeT cuily, €ciii BEKTOpHI €, U €,
HaIlpaBJIeHbI BI0JIb HOBBIX OCE€l X M Y, COOTBETCTBEHHO. DTO YpaBHEHUE MOXK-
HO TIEpenucaTh B BUJE

Xi+yj=Xe, +Ve,, 2)

rae | U — OpTHI JAEKAPTOBOM CHCTEMBI KOOPAHHAT. IIycTh @ — yroi Mexmy
OCBIO X M KacaTeJabHOM K TMHUM 0. B Touke P. Torna mo onpeaeneHuto (¢ — yrou

mexay ocamu X 1 X B Touke O. M3 reomerprueckux coodpaxenuii (puc. 2) mo-
JTy49UM

i-e, =C0SQ,i-e,=-sin(p+¢), j-&, =sing, j-e, =cos(p+9). (3)
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Puc. 2. O6061meHHbIe KOOpAMHATH MUXIHHA

YMHOKEHHEe YpaBHEHHS (2) CKaIIPHO Ha BEKTOp | jgaeT X=Xi-€; + Yi-e,,
a Ha BEKTOp j Y=X]-€;+Vj-€,. Hckmouass B 3THX ypaBHEHHUSX CKaJSIPHBIC
MPOU3BEJCHUS EAMHUYHBIX BEKTOPOB C MOMOIIBIO (3), HAXOIUM
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X=Xcose—Yysin(p+9¢); y=Xsinp+ycos(p+9). (4)
Pemrast 5Tv ypaBHEHUSI OTHOCUTENBHO X U Y, MOJIYy4YUM

% — xcos(p+¢) + ysin(ep+¢) y- Yy COSp— XSing
oS ¢ ’ oS ¢ '

Juddepenunpys nepBoe ypaBHeHUE 10 3, a BTOPOE IO oL, HailieM

& osoo X &
Cosd = B COS((p+ d) + 5BSIn((P+¢) +

op
+[ycos(<p+¢)—xsin<<p+¢)]g—‘g; ©)
&y oy

——C0S ¢ = ——C0S —%sin —(ysing+ xcos )a—(P
oo oo ® oo ® ® (Pﬁoc

YpaBHEHUS XapaKTEPUCTUK UMEIOT BUT [ ]

dy

dy T
_t b A 2= —ct .
i go, i 9(@+¢+2j ctg(p -+ ¢) (6)

3nech mepBoe ypaBHEHUE OMPEIeIsIeT JUHUU CEMENCTBA O, a BTOPOE — JIU-
HUU ceMelicTBa 3. YpaBHeHuUs (6) MOTYT OBITh MTEpENUCaHbI B BUC

oy _ L X Oy X
6a—t9<p G0’ op ctg(e + <I>) B (7)

[Toncrasisst (7) B (5), momydnm

x ~xsin(p-+ )] 22
3B cosd =[ycos(q+ ) XSI”(<P+¢)]aB
&

——cos¢=—(ysinp+ xcos(p)a—(p
oo oo

Hckitodast B 3TUX ypaBHEHMSIX X U Y ¢ OMOIIbIO (4), Haliaem

X N cosé = (Vsing—x) 22
aBcosd) (Y- xsmq)) B aoLcosq) (ysing x)aa. (8)
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EnuHCTBEHHOE CBOWMCTBO CHCTEMBI KoopAMHAT (o, f), KOTOpOE HCIOJIB30-
BAJIOCh IIPU BBIBOJIE (8), COCTOUT B TOM, UYTO CKAISIPHOE NPOU3BEJCHHUE €7 €, —
IIOCTOSIHHAS BEJIWNYMHA.

HanmeeHHoe COCTOsiHUE B Cbll'ly‘-leﬁ cpene

VYpaBuenus (8) ympolinaroTcs MPU y4eTe CBOMCTB XapaKTEPUCTUUYECKUX
KPUBBIX CHCTEMbl ypaBHEHHWH, cOCTOsIIeN U3 ycnoBusi TekydecTd Kyiona —
Mopa u ypaBHeHHUi1 paBHOBecus. B yactHocTH, B [11] mokaszano, 4to

O—=0, = (OH'B)COS(I)! 9)

r7e ¢y — IOCTOsIHHAs, BBeAeHHAas 11 yaooctsa. [loacrasiss (9) B (8), HalineM

%:V—YSinq); %zysinq)—x (10)

Otmetnm, uto 1ipu ¢ =0 3TH ypaBHEHHMS COBIAJAIOT C YPABHEHUSIMH, I10-

Jy4aeMbIMHU B TEOPUHU IUIACTUMHOCTH MaTEPUAJIOB, YCIIOBHE TEKYUECTH KOTOPBIX
HE 3aBUCUT OT cpeaHero Hampspkenus [1, 3, 4]. BBeneM HOBbIE 3aBUCHMBIE Tie-
pemenHbie X u Y 1o ¢popMynam

X = X exp(na+mp); ¥ =Y exp(no+ mp). (11)

3nechk N u M — HekoTopbie octosiHAbIE. [lomcTaBiss (11) B (10), momyunm

X X =V —Xsing: X 4n¥ =Vsing—X. (12
P oo

[Mpunumass m=-sin$ u n=sin¢, npusenem ypaBuenus (12) k BuIy
X Y _
a— = Y ; ﬁ = —X . (13)

op éat

Kpowme Toro, ypasuenus (11) npumyt dhopmy

X =Xexp[(a—B)sing]; ¥=Yexp[(a—B)sing]. (14)
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Vpapaenus (13) npuBoasTcs K TenerpadHbpIM YpaBHEHUSIM BUAA

2v VA
OX g-o 2
60.0B 60.0B

+Y =0. (15)

Ot YpaBHCHUA pCUIAOTCA MCTOIOM Pumana. B HYaCTHOCTHU, BJOJIb JTF000r0
3daMKHYTOI'O KOHTYpa UMCCT MCCTO YPABHCHHUC

gﬁ(ei—f@jdm 6 _ g dp [=0.
oo o oB OB

3nece f =X nmm f =Y, G(a,b, o, B) — pysxmus Ipuna. ITpuaem
G(a, b, o, p)=J; 2(a-)b-P) |

rme  J [2\/ (@a-a)(b- [3)] — ¢yHkIus beccens HyneBoro nopsaka.

Nmes pemienue ypaBHeHui (15), MOXKHO HATH 3aBUCUMOCTH X M Y OT O U
B. He#ictBurensHo, ypaBHenus (14) natot 3aBUCUMOCTh X U Y OT o U 3, Torna

ypaBHeHus (4) 1 (9) — 3aBUCUMOCTb X U Y OT O ¥ . 3aBHCHMOCTb KBaJpaTHy-
HOT'O MHBapHaHTa TEH30pa HANPSHKEHUA OT o0 ¥ 3 mmeeT BuA [11]

q =%=q0 exp[2(B—a)sin¢]. (16)

rie G, — HauMeHbllee (B anreOpanueckoM CMbICIIE) INIaBHOE HANIPSKEHHE;
(g — MPOU3BOJIbHAS TOCTOSTHHASL.
VYcnosue tekyuectu Kynona — Mopa umeer Bua

g— psing =kcoso, (17)

rne p=—(o;+0,)/2 uk—kodbduimieHT crernieHus, SBISIONINICS TOCTOSHHON
BeJIMYMHON. YpaBHeHus (16) u (17) onpenensitor 6; U G, Kak QyHKIMM o u f.

VYuureiBas (11), 3aBUCHMOCTH KOMITIOHEHT TEH30pa HANPSHKEHUS] B JIEKAPTOBBIX
KOOpJMHATaX OT 0. U [3 HAXOAST C MOMOIIBIO CTaHAAPTHBIX YpaBHEHUI MpeoOpa-

30BaHUSI KOMIIOHEHT TEH30pa B TIOCKOCTU. TakuM 00pa3oM, C y4eTOM HUMEIOIICH-
Csl 3aBUCHMOCTH X U Y OT O M 3 3aBUCUMOCTH KOMIIOHEHT T€H30pa HANPSIKEHHS B

JACKApPTOBBIX KOOpAWHATAX OT X M Y IIOJIYYCHBI B IIapaMETPUYCCKOM BUJIC.
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3aknro4yeHue

[Toka3zaHo, 4TO METO/Ibl, PA3BUTHIEC PAHEE JIJIsl IOCTPOSHUSI MOJIs1 HAPSHKEHNUIH
IpU IUIOCKOH ieopMaliui MaTepuaa, NOJUUHSIOIErOCs YCIOBUIO TEKYUECTH, HE
3aBUCSILEMY OT CPEJHErO HANpSDKEHUS, C MOMOIIBI0 KOOpAWHAT MuXiuHa, MoJji-
HOCTBIO IPUMEHHUMBI JJI1 MaTEPUANIOB, OTUMHSIOIIMXCS YCIOBUIO TeKydyecTH Ky-
joHa — Mopa. JJ1s1 3T0ro 10cTaToyHO BBECTH 0000IIEHHBIE KOOPAMHATHI MUX/IHHa
X u V (puc. 2), a Taxxe Benomorarenbubie Gynkiuu X u Y 1o dgopmynam (14).
Ot BcrioMoratenbHble (YHKIUHU YIOBIECTBOPSIOT TelerpadHOMY YpaBHEHHIO
(15). Takomy >ke ypaBHEHHIO YIOBJIETBOPSIOT KOOPIWUHATH MUXJIMHA B TEOPHUU
IUTACTUYHOCTH, OCHOBAHHOM Ha YCIIOBUM TEKYYECTH, HE 3aBHUCSILUM OT CPEIHEr0
HanpspKeHUsl. MeTo/bl peleHusl COOTBETCTBYIOUIMX KPAeBbIX 3aJau XOpOIIO pa3-
BUTHI [1, 3, 4]. Bece 3T MeTO/IbI IPaKTUYECKH 0€3 U3MEHEHUI MOTYT OBITh UCIIOJb-
30BaHbI JJIs1 ONPEAEIICHUS HAIIPSKEHUH B CBIITyUel cpere.
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The system of equations comprising the Mohr-Coulomb yield condition and the stress equi-
librium equations may be studied independently of the flow law. This system of equations is hy-
perbolic. Accordingly, to solve the aforementioned system of equations, it is reasonable to apply
the method of characteristics. In the special case of plasticity theory for materials whose yield cri-
terion does not depend on the average stress, two methods are used to construct an orthogonal net
of characteristics and to determine the stress field: the R-S method and Mikhlin’s coordinate
method. In the case of the Mohr-Coulomb yield condition, the angle between the characteristic
directions depends on the internal friction angle. Therefore, the above-mentioned methods should
be generalised in accordance with this property of characteristics.

Purpose. In the case of Plasticity theory for materials whose yield strength does not de-
pend on the average stress, to calculate the stress filed, Mikhlin’s coordinate method is widely
used. The purpose of this study is to generalise this method for the equation system consisting
of the Mohr-Coulomb yield criterion and the pressure equilibrium equations.

Methods. The geometrical properties of the characteristics of the equations’ system
consisting of the Mohr-Coulomb yield condition and the equilibrium equations are used to
introduce the generalised Mikhlin coordinates.

Results. It’s been pointed out that solving equation system consisting of the Mohr-
Coulomb yield condition and equilibrium equation comes to solving equation of telegraphy
and to subsequent integration.

Practical Significance. The developed method of system of equations’ solution, con-
sisting of the Mohr-Coulomb yield condition and equilibrium equation enables obtaining high
precision solutions at insignificant computer time expenditures.

Mohr-Coulomb yield condition, method of characteristics, Mikhlin’s variables, equation
of telegraphy.

Introduction

The plane strain deformation state of perfect rigid plastic solid and elastic-
perfectly plastic solid the stress equations in the plastic zone consist of the yield
condition and two equilibrium equations. This system of equations may be stud-
ied without invoking the flow law. In many cases, the above-mentioned system
of equations is hyperbolic [1]. Determination of the stress field is brought to de-
termination of the characteristics field. In the case of the yield condition equa-
tion which is not dependent upon the average stress, the two methods of con-
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struction of characteristics field are used: the R—S method, suggested in [2], and
Mikhlin’s coordinates method [1, 3, 4]. The relevance of application this or that
method of characteristics depends on the set boundary conditions. In the case of
granular medium, the yield condition depends on the average stress [5, 6]. As it
goes out of today’s surveys [7, 8], by now the most widely used yield condition
of such a type has been the Mohr-Coulomb vyield condition. In particular, this
condition is used in a widespread model [9] and in a modern model for granular
materials, developed in [10]. To construct the field of characteristics of the sys-
tem of equations consisting of the Mohr-Coulomb yield condition and the equi-
librium equations, the R—S method is generalised in [11]. In this study, the
method of Mikhlin's coordinates is generalised to construct the field of charac-
teristics of this system of equations. It is shown that in the case when both char-
acteristics are curvilinear, the solution of the boundary value task is brought to
solution of the telegraph equation. The methods for solving this equation under
boundary conditions, typical for models of perfect rigid plastic solid and elastic-
perfectly plastic solid, have been well studied [1, 3, 4].

Let us point out that, the suggested method for determination of stress con-
dition may be used for a range of metal materials as well, as it follows from
[12-15].

Generalised Mikhlin’s coordinates

Let us consider arbitrary plane orthogonal coordinate system (&, ) and the
Cartesian coordinate system(x, y). Both the systems are shown in the fig. 1. Let

us consider arbitrary point P, determined by the radius vector R, the beginning
of which coincides with the beginning of the Cartesian coordinate system. We
introduce a rectilinear coordinate y, counted from the beginning of the Cartesian

coordinate system in the direction of the coordinate n in the point P, and a recti-
linear coordinate X, counted from the beginning of the Cartesian coordinate sys-
tem in the direction of the coordinate & in the point P. Let e, and e,be unit vec-

tors in the direction of axes X and y respectively.

Since the curvilinear coordinates are orthogonal, it is obvious that the Mi-
khlin's coordinates are also orthogonal (fig. 1). The characteristics of the system
of equations consisting of the yield condition which is independent of the aver-
age stress, and the equilibrium equations, are orthogonal. Therefore, we can ac-
cept that are characteristic coordinates. In this case, the values and separately
satisfy the telegraph equation [1, 3, 4]. The characteristics of the system of equa-
tions consisting of the Mohr-Coulomb yield condition and the equilibrium equa-
tions are not orthogonal [5]. Let us denote the corresponding characteristic coor-
dinates. Without loss of generality, we can assume that the direction of the max-
imum (in the algebraic sense) of the main stress passes through the first and the

third quadrants (fig. 2).
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Fig. 1. Mikhlin’s orthogonal coordinates
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Fig. 2. Mikhlin’s orthogonal coordinates
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Then Mikhlin’s coordinates (X, y) of the point P are determined from the
equation

R =Xe, + Ye,. 1)

Then, the angle between the direction of this main stress and each of the
characteristic directions equals n/4+ ¢/2 [5], where ¢ — angle of internal fric-

tion. If the angle of internal friction is a constant value, then the angle between
coordinate curves of the characteristic system of the coordinates is a constant
value everywhere. Let us generalise definition of Mikhlin’s coordinates for these
systems. Just like in the case of orthogonal coordinate systems, we introduce a

rectilinear coordinate y, counted from the beginning of the Cartesian coordinate
system in the direction of the coordinate 3 in the point P, and a rectilinear coor-

dinate X, counted from the Cartesian coordinate system in the direction of the

coordinate o in the point P. It is obvious that now the system of coordinates
(X, y)does not appear orthogonal. However, the equation (1) is valid, if the vec-

tors e, and e, are directed along the new axes X and Y, respectively. This equa-
tion can be written as follows:

Xi+Yy]=Xe, +Ye,, (2)

here i and j are unit vectors of the Cartesian coordinate system. Let ¢ be the

angle between the axis x and the tangent to the line o in the point P. Then, fol-
lowing the definition, ¢ is the angle between the axes x and X in the point O.

Geometrically, we obtain (fig. 2)
i-e, =CcosQ, i-e,=-sin(p+¢), j-e,=sine, j-e,=cos(p+¢). (3)
Multiplication of equation (2) scalarly by the wvector i gives us

X=Xi-e, +Vi-e,, and by vector j — y=Xj-e, + yj-e,. Excluding in these equa-
tions scalar multiplications of unit vectors by means of (3), we find

X=Xcose—Yysin(p+¢); y=Xsinp+ ycos(p-+o). (4)

Solving these equations for X andy, we obtain

% = xcos(p+¢) + ysin(p+¢) 7= yCOSp— XSing

COS ¢ Cos ¢
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Differentiating the first equation by B, and the second by o, we find

8_70054) = %cos(qw d) + (%sin(qw d) +

oB oB
: op
+[ycos(e+¢) — xsin(e + ¢)|—;

P
@co&b = @cosw—%sinq)— (ysinp+ XCOS(p)a—(P.
oo oo oo

oo

()

Equations of characteristics have the form [5]

d d
Y _tgg L= tg((p+ ¢+ Ej =—Ctg( +9). (6)
dx dx 2

Here the first equation defines the lines of the family o, and the second —
the lines of the family 3. Equations (6) may be rewritten in the form

¥ _ tgcpg; Y =—Ctg(@+¢)%

—= : (7)
Bt 6o, P oB

Putting (7) into (5), we obtain
oX : op
—Cosp=| ycos(o+¢)—xsin(e+o¢) |—;
il [ ycos(@+¢)—xsin(e <1>)]8[3
gcosq):—(ysin(erxc:OS(p)a—(P.
oo oo

Excluding in these equations x and y with the help of (4), we find

X com v zsine 2 T coso (vsing ) @
chosd)—(y xsm¢)aﬁ, aacos¢ (ysing x)aa. (8)

The only property of the coordinate system (o, ) which was used in the
conclusion (8) consists in the scalar multiplication €, -e, being a constant value.
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Stress condition in granular medium

The equations (8) are simplified when considering the properties of charac-
teristic curves of the equations’ system consisting of the Mohr-Coulomb yield
condition and the equilibrium equations. In particular, in [11] it is shown that

OP—=Qy = (OL+B)COS(|), 9)

here o, is constant, introduced for convenience. Putting (9) into (8), we find

%:V—Ysind); %:Vsin(b—i. (10)

Let us point out that with ¢=0 these equations coincide with the equa-
tions, obtained in the theory of plasticity of materials, the yield condition of
which does not depend on the average stress [1, 3, 4]. Let us introduce new de-
pendent variables X and Y by formulas

X = Xexp(na+mpB); V=Y exp(no.+mp). (11)

Here n and m — constants. Putting (11) into (10), we obtain

a—Xer)?:\?—)?sin(I); a—Y+n\7=\73in¢—X- (12)
P oa.

Accepting m=-sin¢ and n=sin¢, we transform equations (12) into

Ry X__x 13)

Besides, equations (11) accept the form
X =Xexp[(a—B)sing]; V=Y exp[(a—P)sin¢]. (14)

Equations (13) are brought to the telegraph equations of the form

103



SCIENTIFIC AND PRACTICAL DEVELOPMENT

2\ V2
IR g0 XY v-o (15)
60.OB 60.0P

These equations are solved by virtue of Riemann method. In particular,
along any closed contour there is the equation

gSKGﬁ— f@jdm(f ﬁ—eﬂjdﬁ}zo.
oo oB OB

Here f =X or f =Y, and G(a, b, a, B) — Green's function. Besides,

G(a,b, o, B) =3, 2/(a-a)(b-P) |

where J, [2\/(a —a)(b- B)} — Bessel function of the zero order.

Having the solution of the equations (15), we can find the dependence of x
and y from o and . The equations (14) virtually give dependence of X and y

from o and 3, and then the equations (4) and (9) are the dependence of x and y
from o and (. The dependence of the quadratic invariant of the stress tensor
from o andp has the form [11]

6,6,

9= =0, exp[2(B —a)sin ], (16)

here o, — the lowest (in algebraic sense) main stress;
g, — arbitrary constant.
The Mohr-Coulomb yield condition has the form

q— psind=kcoso, (17)

here p=—(o; +6,)/2 and k — cohesion coefficient which is a constant value.
The equations (16) and (17) determine o; and o, as functions o andf3. Consid-
ering (11), the dependences of stress tensor components in the Cartesian coordi-
nates from o and B are found with the help of standard equations of transfor-
mation of tensor components in the plane. Thus, considering the present the de-
pendence of x and y from o andf3, the dependences of stress tensor components

in the Cartesian coordinates from x and y have been obtained in the parameter
form.
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Conclusion

It has been shown that the earlier developed methods used for construction
of stress field at plane deformation of material, subjected to a yield condition in-
dependent of the average stress, using Mikhlin’s coordinates, are fully applica-
ble for materials subject to the Mohr-Coulomb yield condition. To do this, it is
sufficient to introduce the generalised Mikhlin’s coordinates X and y by formu-

las (fig. 2), as well as the auxiliary functions X and Y by formulas (14). These
auxiliary functions satisfy the telegraph equation (15). The same equation is sat-
isfied by Mikhlin’s coordinates in the theory of plasticity, based on the yield
condition, independent of the average stress. The methods for solving the corre-
sponding boundary value tasks are well developed [1, 3, 4]. All these methods
can be used almost without changes to determine the stresses in the granular
medium.
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