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MATEMATUKA

O EAMHCTBEHHOCTHY PEIIEHUA OBPATHON 3ATAYU T ®PAKIIUA
HA HEOIHOPO/HOM TEJIE C KYCOYHO-TEJbAEPOBBIM ITOKA3ATEJIEM
IMPEJTOMJIEHUA B CIIELIUAJIBHOM KJACCE ®YHKIIUN
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PaccmarpuBaeTcs 3amaya BOCCTaAHOBICHUST KyCOUHO-TENBACPOBON (DYHKIINM, OTTMCHIBAIOIIEe KO3(hOUIIMEHT
MpeIOMJICHUS HEOTHOPOTHOTO MPETSTCTBUS MOHOXpOMaTHUIeckoit BoTHbI. KpaeBas 3amavya nudpakiium cBo-
JIUTCST K CUCTEME MHTETPAIbHBIX YpaBHeHM. [loKa3bIBaeTCs 9KBUBAJIEHTHOCTh MHTErpabHOM 1 nuddepeH-
LIMAIBHOM TTOCTAaHOBOK 3amaun audpaxkimu. [TpemiokeH ABYXIIAroBbI METON peleHrsT 00paTHON 3amauu.
Ha mepBoM 1m1are peniaercs TMHeiHOE MHTErpajibHOE YpaBHEHME TIEPBOTO pojia; MOJydeHbl JOCTaTOUYHbIE
YCJIOBUS €MMHCTBEHHOCTH PeIlieHHsI UHTETPaJIbHOTO ypaBHEHHS TIEPBOTO pojia B KJIacce KyCOUHO-TTOCTOSTHHBIX
¢ynkuuii. Ha BTopoM 11are Hen3BeCTHBIN KOG GUIIMEHT MPeJOMICHHUS SIBHO BhIpaXaeTcs Yepes IMOoJydeHHOe

Ha MIePBOM IIIare pelieHue.
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IIpu nccnegoBaHMM O0OpaTHBIX 3a7ay BO3HUKAET
npobyieMa OTBICKaHUS pellIeHUI TaK1X 3a7a4 110 u3Me-
peHMsIM TToJisl BHe pacceuBaTeliss. OCHOBHBIM IMOIX0I0M
K MCCJIEIOBAHUIO O0paTHBIX 3a/1ay SIBJIIETCS pellieHue
cucteM nuddepeHIaIbHbIX YPaBHEHUI METOIOM KO-
HEUYHbIX Pa3HOCTE! UM KOHEUHbIX 3JIEMEHTOB C MOCJ/ie-
IyIolIeld MUHUMU3alell (pyHKIIMOHAA U PEryIsIpu-
3anmeit mo TuxoHoBy. B naHHoOU paboTe mpeaioxXeH
HOBBIM (ABYXIIArOBbII) METOI PEIICHUS] 00paTHOM
3a/1auM, OCHOBAHHBI Ha PEIICHUU JIMHEIHOrO MHTETr-
pajibHOTO ypaBHeHUs. B npeaiaraeMom MeTo/ie He UC-
MOJIB3YIOTCS UTEPAIIMOHHBIC CXEMbI, TPEOYIOIIIUE BbI-
0opa XOpOoIIero Ha4YajJabHOIO MPUOIVKEHUSI.

B onHOpOaHOM TpEXMEPHOM MTPOCTPAHCTBE R ¢ 3a-
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546 CMHUPHOB, OVITAK

Pemrenue 3agaun (4), ynoBiIeTBOPSIOIIEE YCIOBUSIM
rnaakocTu (3), Ha3bIBaeTCsl €€ KBa3MKJIACCUUECKUM
peieHuem. Bepno [1]

Vreepxnenue 1. 3adaua (3), (4) umeem npu
Imk(x) = 0 He 6oaee 0o0HO20 pewenus.

3agava qudpakunu (3), (4) ceogutcs [1] K cucreme,
cocTosiieit u3 ypapHeHus Jiunnvana—IIIBuHrepa B 00-
Jactu P:

Lu = u(x) - j(kz(y) — k3G (x, y)u(y)dy = uy(x), )
’ x e P,

1 MHTCTPpaJIbHOT'O ITPEACTAaBJICHMA I10JI BHE P:

mﬂmﬂmemwmww)
P
x e R\ (PU{x)).

VpaBHeHue (5) paccMaTpuBaeTCs B IPOCTPAHCTBE
L,(P); oneparop L: L,(P) — L,(P)HenpepbIBHO 00pa-
™M [2]. UmeeT MecTo [1]

YreepxaeHnue 2. Ecau u e L,(P) — pewenue
ypasHerus (5), mo npodoaxcerue u(x) 6 R? \ {xo} popmy-
a0t (6) yoosnemeopsiem ycaogusm (3).

B crenytoriem yTBepKIeHUM YCTaHOBJIEHA SKBUBA-
JIGHTHOCTb KpaeBoii 3a1auu (3), (4) U CUCTEeMbI UHTET-
paibHBIX ypaBHeHUIA (5), (6).

VrBepxnenue 3. Bcaxoe pewenue u(x) 3adauu
(3), (4) yoosaemesopsiem cucmeme (5), (6). Obpamno, ecau
u € L,(P)— pewenue (5), mo ¢ynxyus u(x), npoooaicen-
Has coenacno (6), — pewenue 3adayu (3), (4).

IToctanoBka obpaTtHo# 3amauu. [lycte D —
Takasi OrpaHIYeHHas 06J1acTh, 4To D N P = ¢, BOIHO-
BO€ 4MCIIO k pukcupoBaHo. TpeOyeTcst BOCCTAHOBUTD
¢byHkumio k(x) B P 110 3HaYEHUSIM ITI0JIST u(X) 1 Taga-
IOLIEN BOJIHBI U(X) B TOUKax x € D, x, ¢ D, y1oBneTBo-
PSIIOIIIYIO YPaBHEHUIO

J.(k2(J’) — k)G (x, Y)u(y)dy = u(x) — uy(x) = uy(x),
P (7)

xeD,

U ypaBHEHUIO

)= [0 = )G Dy = w0,
P
x e P.
Bseném B obnactu P ¢pyHkuuio J(x) = (kz(x) -
- kg)u(x), Ipearnojarasi, YTo BCIoay B P BBIIOJHEHO
yCII0BUE mi}glk(x)l > k,. B coobuennn npemiaraercst
xXe

JBYXILIATOBBIM METOJ BOCCTAHOBJICHUS (YHKINU k(X),
COCTOSIIINI B CIIEAYIOLIEM:

1. Haxomum J(x) B obiactu P o U3BECTHHIM 3Ha-
YEeHUSIM Uy(x) U u(x) B obsactu D 13 TMHEINHOTO ypaB-
HEHUS TIEpBOTO poja

GG, )Ty = uy(x), x € D; )
P

2. Haxogum siBHO (yHKLMIO k(X) B TOYKax 00-
Jlactv P u3 ypaBHEeHUs

————— | G(x, y)J(»)dy = uy,(x), xe P. (10

pEre— £ (x, V) (p)dy = uy(x) (10)

Paccmorpum npumep. Ilycts obiacts P ecTth Ky0
(-1; 1)°, BBenéM dynkumio w(x) = (1 —x3)* (1 —x;%)% x
x (1-x3)* u ompenenum J(x) = —(A + k¢ )y (x). To-
CKOJIBKY \f YIOBJIETBOPSIET OTHOPOHBIM KPAEBBIM YCIIO-
8_\|I = (0, To, TIpUMEHSISI BTOPYIO (pop-
on [yp
myny [puna, momyyaem y(x) = JG(x, v)J (y)dy. Torna

P

BUSIM |, , =

JJIA TIOTeHLMana v(x) = fG(x, »J(y)dy (x € R?) ipu
P _

x € P umeem v(x) = y(x), Hov = 0 BHe P [1]. Takum
00pa3oM, OIHOPOIHOE ypaBHeHME (9) UMeeT HETPUBU -
aJIbHbIE IIaJIKUe pelleHus Npu J1o0bIX k. [ToaTomy
HIKe OyIeM paccMaTpuBaTh KOHEYHOMEPHYIO O0OPaTHYIO
3a1a9gy.

Beeném pasouenue ¢ = {I1,} obnactu P; uepes C,(P)
0003HaYMM KJIaCC KYCOYHO-TIOCTOSIHHBIX Ha P (pyHKImi
J(x) = ZJlxl(x) (J; — xoabdULMEHTHI), a yepes

1
ACy(D) — xiacc 06pazos ¢hyHkunii us Cy(P) npu neii-
CTBUU omnepaTopoM Av(x) = JG(x, yw(y)dy,x € D.
P

Teopema 1. Ecau npu 3adannom pazdbuenuu G meaa
3 1122}13
anemenmog I1; eoinoaneno ky > TR /=

P uan

= minl|b; — a;|, mo ypasnenue
i

[GGx, I (»)dy =0, xeD, (11)
P

umeem auub mpusuanvroe peurenue J =0 6 kaacce Cy(P).

Hoxka3zatenbcTBo TeopeMbl 1 cBoautes [ 1] K mpoBepke
HEBBIPOXIEHHOCTU MaTpulbl Ipama I'(k,, n) cucTeMsl
bynkumii Buna exp(ikyx - r; ) Ha IByXMEPHOW eIMHIYHON
cepe S5,(0). 3nech x = (x, Xy, X3), a 1y = (iihy, iHhy,
ishy), i, =0,1, ..., n

YUuThIBasg aHATMTUIECKYIO 3aBUCHMOCTD OTIpee-
JmTesist MaTpuLbl [pama ot &y Kak (pyHKIIMM KOMITIEKC-
HOTO TIepeMEHHOTO TIPY ITPOM3BOJIILHOM # € N, TIoTydaem
CJeIYIOIINI pe3ybTar.
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Teopema 2. Ypasuenue (11) umeem auue mpusu-
anvroe pewenue 6 kaacce Cy(P)npu kaxcoom n € N u aro-
oOvix ky > 0 3a uckarouenuem, O6bims Modicem, KOHEUHO20
YuCAa 3HA4EHUI 60IHOB020 HUcAa K.

Taxxe mMmeeT MecTo

Teopema 3. Ecauug € AC4(D), mo pewenue ypas-
nenus (9) cywecmeayem.

Takum oOGpazom, B TeopeMax 1—3 moyrydeHbl 10CTa-
TOYHBIC YCIIOBUS CYIIIECTBOBAHUS W €IMHCTBEHHOCTHU
pelleHUs] THTErpalbHOro ypaBHeHUs (9), a B CUITY OfI-
HO3HAYHOCTH TMpeacTaBieHus k(x) yepes J(x) — ycaoBusi
CYIIIECTBOBAHMUS I € IMHCTBEHHOCTH PEIIeHUsST 00paTHOI
3a1a4uu.

WUcroynnkn punancuposanusi. PaboTta BeImoiHeHa
npu oanepxkke PODU (rpant Ne 18—01-00219 A)
1 MuHucrepcTBa 00pa3oBaHus U Hayku Poccuiickoit
®enepanuu (cormamenue Ne 1.894.2017/4.6).
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ON THE UNIQUENESS OF A SOLUTION TO AN INVERSE PROBLEM
OF SCATTERING BY AN INHOMOGENEOUS SOLID WITH A PIECEWISE
HOLDER REFRACTIVE INDEX IN A SPECIAL FUNCTION CLASS

Yu. G. Smirnov, A. A. Tsupak

Penza State University, Penza, Russian Federation

Presented by Academician of the RAS E.E. Tyrtyshnikov December 3, 2018
Received December 3, 2018

The problem of reconstructing a piecewise Holder continuous function describing the refractive index of an in-
homogeneous obstacle scattering a monochromatic wave is considered. The boundary value scattering problem
is reduced to a system of integral equations. The equivalence of the integral and differential formulations of the
problem is proved. A two-step method for solving the inverse problem is proposed. A linear integral equation of
the first kind is solved at the first step. Sufficient conditions for the uniqueness of its solution in the class of piece -
wise constant functions are obtained. At the second step, the unknown refractive index is explicitly expressed in

terms of the solution obtained at the first step.

Keywords: inverse scattering problem, reconstruction of piecewise continuous refractive index, integral equations,

uniqueness of solutions.
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